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Symmetries and conserved quantities
of generalized Birkhoffian systems
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(College of Civil Engineering, Suzhou University of Science and Technology, Suzhou 215011, China)

Abstract: Three kinds of symmetries and their corresponding
conserved quantities of a generalized Birkhoffian system are
studied. First, by using the invariance of the Pfaffian action
under the infinitesimal transformations, the Noether theory of the
generalized Birkhoffian system is established. Secondly, on the
basis of the invariance of differential equations under
infinitesimal transformations, the definition and the criterion of
the Lie symmetry of the generalized Birkhoffian system are
established, and the Hojman conserved quantity directly derived
from the Lie symmetry of the system is given. Finally, by using
the invariance that the dynamical functions in the differential
equations of the motion of mechanical systems still satisfy the
equations after undergoing the infinitesimal transformations, the
definition and the criterion of the Mei symmetry of the
generalized Birkhoffian system are presented, and the Mei
conserved quantity directly derived from the Mei symmetry of the
system is obtained. Some examples are given to illustrate the
application of the results.
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he Birkhoffian mechanics is the generalization of Ham-
T iltonian mechanics. In 1927, Birkhoff!" gave a new in-
tegral variational principle and a new form of the equations
of motion in his famous works Dynamical Systems, which is
more general than the Hamiltonian principle and Hamilton’s
equations. Santilli'”” generalized the equations and, at his
suggestion, they are called Birkhoff’s equations. In addition
to the generalization of Galilei’s relativity, Santilli studied
Birkhoff’s equations, the transformation theory of Birkhoff’s
equations and so on''. Since 1993, Mei et al. have con-
structed the theoretical framework of Birkhoffian dynam-
ics®™ . which include a series of contributions such as
Birkhoft’s equations and the Pfaff-Birkhoffian principle, the
Birkhoffian mechanics of holonomic and nonholonomic sys-
tems, the integration theory of Birkhoffian mechanics, the
inverse problem of Birkhoffian mechanics, the stability of
motion of Birkhoffian mechanics, the prescription of algebra
and geometry of Birkhoffian mechanics, and the theory of
symmetry of Birkhoffian mechanics. Galiullin et al. ™"
also made a study of the inverse problem of Birkhoffian sys-
tem dynamics, the symmetry and the integral invariants of
Birkhoffian systems and so on. Mei et al. ”"' advanced a
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generalized Birkhoffian system in 1993, which is superior to
traditional classical mechanical systems. In this paper, we
study the symmetries and conserved quantities of generalized
Birkhoffian systems, including the Noether symmetry and
the Noether conserved quantity, the Lie symmetry and the
Hojman conserved quantity, as well as the Mei symmetry
and the Mei conserved quantity.

1 Differential Equations of Motion of Generalized
Birkhoffian Systems

The generalized Birkhoff’s equation is"”
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where B = B(t, a) is the Birkhoffian; R, =R, (1, a) are
Birkhoff’s functions. The arbitrary differentiable functions
A# =A#(t, a) are called additional items and

m=172.
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is called the Birkhoff’s tensor. A mechanical system whose

motion is described by Eq. (1), or a physical system whose

state is described by Eq. (1), is called a generalized Birk-

hoffian system. When A, =0, the generalized Birkhoff’s
equation (1) becomes a Birkhoff’s equation™'.

Suppose that Eq. (1)is nonsingular, i.e.,

det(£2,) #0 (3)

Then all of @ can be solved by Eq. (1), and we obtain

@ =" §g+a;”—/1y w=1,2, .. 2n (4
where
00, =5, (5)
Expanding Eq. (4), we obtain
@ =h(t,a) w=1,2, .., 2n (6)
2 Noether Theory of Generalized Birkhoffian Sys-

tems

The Noether symmetry of generalized Birkhoffian system
is an invariance of the Pfaffian action under the infinitesimal
transformations. The Pfaffian action is"™

A = ftz[RV(t, ayd’ - B(t, a)]dt (7)

Introduce the infinitesimal transformations of an r-param-
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eter transformation group G, with respect to time ¢ and varia-
ble a as

1T =t+ A a7 (7)) =a" (1) + Ad” w=1,2, ..., 2n

(8)
and their expanded form

t" =t+e & (1, a), a*’
n=1, 2,

=a"+am§i(t, a)
,2n a=1,2,...,r (9)

where ¢, are the infinitesimal parameters; &;, &, are infini-
. - (3
tesimal generators. We obtain'’

. , d R OB
— M — Y .
AA = L[(Rﬂa B) (A +( S at)AH
(aR"a” )Aa +R,Ad |di (10)
da” da"

According to the relationship between the simultaneous
variation § and the non-simultaneous variation A in calcula-
tion, we obtain'

Ad" =6d" + d" At (11)
Ad" =6d" + d" At (12)
and notice that
d
w2 Qo
8a" = dt8a (13)
Then Eq. (10) can be written as
R, oR
AA=fa{ SR —B§0)+[(a Lﬂ)a”—
4 aa*  oaa”
oB Za
= - R, #} dr (14)

where ;ﬂ‘j =&, —d'&;. Egs. (10) and (14)are two elementa-
ry formulae of the variation of the Pfaffian action.

Definition 1  Suppose that the Pfaffian action (7)is a
generalized quasi-invariant of the infinitesimal transforma-
tions. That is, for every transformation of (8), the follow-
ing relationship

AA = —f{l[%(AGN) +A,8a" |dr (15)
always holds, where AGy = ¢,Gy (¢, a). Then the invari-
ance corresponding to the transformations (8) is called a
Noether symmetry of the generalized Birkhoffian system.

From definition 1 and Eq. (14) or Eq. (10), we obtain the
following criterion.

Criterion 1 For the infinitesimal transformations (8), if
the following conditions

(o e
R +A#(§# —-d'&)) = —

are verified as being identical, then the invariance corre-
sponding to the transformations is a Noether symmetry of
the generalized Birkhoffian system.

From Egs. (14) and (15), and using Eq. (1),

)g - BE +

a=1,2,..., r (16)

we have

the following proposition.

Proposition 1  For the generalized Birkhoffian system
(1), if the infinitesimal transformations (8) correspond to
the Noether symmetry, then the system has r linearly inde-
pendent first integrals, such as

IN=R¢; - BE + Gy =C* (17)

a=1,2,...,r

Proposition 1 can be called the Noether theorem of the
generalized Birkhoffian system (1). Using this proposition,
we can obtain a Noether conserved quantity (17) from a giv-
en Noether symmetry of the generalized Birkhoffian system.

Now we study the inverse theorem of the Noether theo-
rem. Assuming that the generalized Birkhoffian system (1)
has r linearly independent first integrals

Iy =13(t, a) =C* (18)

a=1,2,..,r

we try to determine the corresponding Noether symmetric
transformations.

Expanding Eq. (16), making the coefficients of ¢“ and
the terms excluding 4" equal to zero respectively, we have

g U R 06
9a" " od"  da””" 0

#_1,2,...,2

A=
(19)

oGy, & d
T T

+
ot Y at  da

+AE =0 (20)
Let the integrals(18) be equal to the Noether conserved

quantities (17), i.e
R&, - BE + Gy =1 (21)

By calculating the partial derivative of Eq. (21) with re-
spect to a* and ¢, and comparing with Eqgs. (19) and (20),
respectively, we obtain

aR, 9R)\ . (B oR I
(SR (28,0 g O

aa"  da oa" ot
w=1,2,...2n (22)
OR ol
0B 9% _p )er =2 (23)
da” ot vIRY ot

Hence, we have the following proposition.

Proposition 2  If the generalized Birkhoffian system (1)
has r linearly independent first integrals (18), then the in-
finitesimal transformations determined by Eqs. (22), (23)
and (21) must correspond to the Noether symmetry of the
system.

Example 1 The Birkhoffian, the Birkhoff’s functions
and the additional item of a generalized Birkhoffian system
are

B=l(a) +(a)" +(a)’]

R =da’, R,=d', R,=R, =0 (24)
()’

A, =a', A, =0, A, =d’, /14:a‘—T

Eq. (16) can be written as



148 Zhang Yi
—d'¢ +(d -a)g +(d -a)é, - o_, @ 9
1 | 3 4. ‘ . X():§OE+§M6? (36)
7[(5;')2 +(a)’ +(d")’ 1€, +a'é, +a'é, +
a'(& —d'E) +d (& -d'E) + and its first extension vector
1 0 3 0
(a ) : :
[a' =247, -d'e) + Gy =0 (25) XV = x© +(§ﬂ—a’“§o)a% (37)
Eq. (25) has the following solutions By using the invariance of the ordinary differential equa-
o o o L o o tions under the infinitesimal transformation'*”', the Lie sym-
502_0’ 5‘2_0’352 ;1’ 53 _20’ & _]0’ 2G =0 (26) metry of the generalized Birkhoffian system is an invariance
£ =0, & =a, &=a, &=-a, §=0 of the generalized Birkhoff’s equations under the infinitesi-
27 i
_L[(al)z — () -(a"] } (27)  mal tran.sf.ormatlon (35). .
2 2, Definition 2  If and only if
; 24’ a
620 &= T &= &= ) 2B R
a a XO[a -0 22+ T -, ]| =0 =1,2,...2n
32 (28) v at v /-'L 9~ B
&=-1 G=d+at+ %) o
4 = ’ - a] (38)
According to criterion 1, the generators(26) to(28) all when
correspond to the Noether symmetry of the system. Using 9B OR
proposition 1, we obtain a* = V( oa ¥ o tV -A )

Iy=d'=C' (29)

= L(@) +(a) 4 ()T =C (30)

L=d+di-at-Y9) ¢ (31)
a

where C', C* and C’ are the integral constants.

Next, we study the inverse problem of the Noether sym-
metry. Assuming that the system has an integral (30), then
Egs. (22), (23) and (21) can be respectively expressed as

_§3=a1» -&,=0, §1=a3’ Eﬁrz_[a4 l+%]§0_a4
(32a)
[a“ + L )]a— (32b)
a§l+a§2 (a) +(a) +(a) 16, + Gy =
7[(0')2+(03)2+(04)2] (32¢)
If we take

GN=%[(01)2—(03)2—(614)2] (33)

then we obtain
& =0, ¢ =a3v & :a4’ & = _a19 £, =0 (34)

3 Lie Symmetry of Generalized Birkhoffian Sys-
tems

We introduce the infinitesimal transformation

t" =t+eé(t, a), a’
m=1,2,

=a" + g&, (1, a)

eew 2n (35)

and take the infinitesimal generator vector

then the invariance corresponding to transformation (35) is
called a Lie symmetry of the generalized Birkhoffian sys-
tem.

From definition 2 and the vector (37), we obtain

d d

0)
arbe ™ o =X (h)

w=1,2,...2n (39)

where

(40)

g |a

0, 9
at " 9a*

Eq. (39) is called the determining equation of the Lie
symmetry of the generalized Birkhoffian system.

Criterion 2 If the generators &), ¢, of the infinitesimal
transformation (35) satisfy the determining equation (39),
then the corresponding invariance is called a Lie symmetry
of the generalized Birkhoffian system.

Hojman'*' presented a conservation theorem in which the
conserved quantity is constructed in terms of a special Lie
symmetry transformation( with Af =0) only, without using
either Lagrangian or Hamiltonian structure. For the general-
ized Birkhoffian system, the general Lie symmetry transfor-
mation( with Az70) of the system may also directly lead to a
Hojman conserved quantity, and we have the following
proposition.

Proposition 3 For the generalized Birkhoffian system
(1), if the infinitesimal transformation (35) corresponds to
a Lie symmetry of the system, and there exists some func-
tion A = A(t, a) satisfying the following condition

oh,
—& 4 iln/\ =0

aa"  dr (1)

then the Lie symmetry of the system can directly lead to a
Hojman conserved quantity, such as

H 7()‘50)

A ot (42)

] d,
*37( AE) — g6 =C
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Using Eq. (39) and Eq. (41), we can easily verify prop-
osition 3.

Example 2 Consider a generalized Birkhoffian system,
such as

B=t[(da")’+(d")’], R, =ta’, R, = —ta'

A =ada, A= -ad (43)
Eq. (39) can be expressed as
d d d d
Efl—aZE():fz, Efz"'alao:_f] (44)
Eq. (44) has a solution
& =a'sint, £ = —(a’)’cost, £ =a'a’cost  (45)
The condition (41) can be written as
d
—In\ = 4
ar nA =0 (46)
Eq. (46) has a solution
A=1 47)

Substituting Eq. (45) and Eq. (47) into Eq. (42), we ob-
tain

(48)

I, =a'cost —a’sint = C

The conserved quantity (48)is a Hojman conserved quan-
tity directly derived from the Lie symmetry (45) of the sys-
tem.

4 Mei Symmetry of Generalized Birkhoffian Sys-
tems

Mei et al. " * presented a new invariance of the La-
rgrangian system which is called the form invariance. The
form invariance or the Mei symmetry is different from the
Noether symmetry, and also different from the Lie symme-
try. For the generalized Birkhoffian system, the Mei sym-
metry can be defined as an invariance that the dynamical
functions B(¢, a), R#(t, a), A#(t, a) appearing in the
generalized Birkhoff’s equation (1) still satisfy the original
equations after undergoing the infinitesimal transformation
(35).

Under the infinitesimal transformation (35), there are

R =R (1", a")=R,(t, a) +& X" (R,) +0(&")
A=At a’) =A,(1 a) +& X (A) +0(&)
(49)

B* =B(t*, a*) =B(t, a) +¢ X“(B) +0(&) }

Hence we have the following definition.

Definition 3 Under the infinitesimal transformation
(35), if the form of the generalized Birkhoff’s equation (1)
remains invariant, that is

(aRV B 6R#:)a'y LM L—
ga*  9a’ aa* ot *

w=1,2 ..2n (50)

then the corresponding invariance is called a Mei symmetry

of the generalized Birkhoffian system.
Substituting Eq. (49)into Eq. (50), ignoring & and high-
er-order infinitesimal terms, and using Eq. (1), we obtain

(AR KR X" _OXV(R,)
aa" da” aa* ot

-X"(A)  p=12,..2n (51)

Eq. (51) is called the determining equation of the Mei
symmetry for the generalized Birkhoffian system.

Criterion 3  If the generators &), £, of the infinitesimal
transformation (35) satisfy the determining equation (51),
then the corresponding invariance is called a Mei symmetry
of the generalized Birkhoffian system.

For the generalized Birkhoffian system, the Mei symme-
try can directly lead to a new conserved quantity which we
call a Mei conserved quantity.

Proposition 4 For the generalized Birkhoffian system
(1), if the infinitesimal transformation(35) corresponds to a
Mei symmetry of the system, and there exists a gauge func-
tion Gy, = G, (¢, a) satisfying the structure equation,

[XV(R)d" -X"(B)1& +X""[X"(R)d -X"(B)] +
XV(A) (€, —d"¢) = -Gy (52)

then the Mei symmetry of the system can directly lead to a
Mei conserved quantity, such as

I, =X"(R)¢, -X" (B¢ +G, =C (53)

Using the determining equation (51) and the structure
equation (52), we can easily obtain the Mei conserved
quantity (53).

Example 3 The generalized Birkhoffian system is

B:%(a')ﬁ +%(a2)2, R =d’, R, =0
) (54)
A, = —Taz, A, =0

The differential equation (1) of motion can be written as

d' =a’, d = —((11)5—%612 (55)
The determining equation (51) can be written as
) 0 ) d
iia'z +5(a")*¢, +(a')’ ill+ : izl+é:
a da Ot
2 2
SaE - (56)
d d i
i @) Erog @ B0
a da da
The structure equation (52) can be written as
_(al)sflfo +X“)[dl§2 _(a])sfl _az‘fz] +
2 2 i
FOE TR —d ) +Gy=0 (5T)
Eq. (56) has a solution
£ =0, & = -2ta' -3ra’, & =3 (a")’ (58)
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According to criterion 3, the generators (58) correspond
to a Mei symmetry of the system. Substituting the genera-
tors (58)into Eq. (57), we can obtain

G, =9t'(a")’a’ -18Fa'a’ - 181 (a*)’ (59)

Substituting the generators (58) and Eq. (59) into Eq.

(53), we obtain
I, = -6f'(a")’ -18fa'a’ -18£(a’)* =C  (60)

The conserved quantity (60) is a Mei conserved quantity

directly led by the Mei symmetry of the system.
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