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Abstract: In order to decrease the sensitivity of the constant
scale parameter, adaptively optimize the scale parameter in the
iteration regularization model (IRM) and attain a desirable level
of applicability for image denoising, a novel IRM with the
adaptive scale parameter is proposed. First, the classic
regularization item is modified and the equation of the adaptive
scale parameter is deduced. Then, the initial value of the
varying scale parameter is obtained by the trend of the number
of iterations and the scale parameter sequence vectors. Finally,
the novel iterative regularization method is used for image
denoising. Numerical experiments show that compared with the
IRM with the constant scale parameter, the proposed method
with the varying scale parameter can not only reduce the number
of iterations when the scale parameter becomes smaller, but also
efficiently remove noise when the scale parameter becomes
bigger and well preserve the details of images.
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he search for efficient image denoising methods is still
T a valid challenge at the crossing of functional analysis
and statistics. During the last decade' ™', the relationships
between the variational regularization method and the wave-
let shrinkage have become one of the most active areas of
research. In this paper, we are motivated by the following
classical denoising problem of images degraded by the addi-
tive white Gaussian noise.
Given a noisy image f(x,y):2—R, where (2 is a bound-
ed open subset of R, we obtain a decomposition equation:

f(x,y) =g(x,y) +n(x,y) (1)

where g(x, y) is the true image and n(x,y) is the noise
with (x,y) e 2 and n(x,y) ~(0,58).
The most classical variational model is

u=arg min{J(u) +A | f-u|3} 2)

ueBV(D)

For some scale parameter A >0, where BV ({2) denotes the
space of functions with a bounded variation on 2, | - || ,is

L, norm. J(u) is the regularization item and || f-u | is
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the fitting item. A is chosen to balance the inconsistency and
the deviation from the noise image f(x, y). Therefore,
much research is concentrated on the regularization item
J(u). The total variation model of Rudin-Osher-Fatemi
(ROF) for image denoising is considered to be one of the
best denoising models. But there are two serious issues con-
cerning the ROF model"™ . First, it is very complicated to
compute the solutions of the optimization problems induced
by the variational method. Secondly, it is difficult to extract
textures from images by using the ROF model. An iterative
regularization method (IRM) """, which replaces the reg-
ularization term by a generalized Bregman distance'”, is
proposed. This model is

u, =arg minfJ(w) + 5 | f+v-ul ) Go

ueBV(D)

Vier =V +f_u1<+| (3b)

A large A corresponds to very little noise removal, and
hence u(x,y) is quickly close to f(x,y) and the quality of
image denoising is not effective. A small A yields an over-
smoothed u(x, y) and the iterated times are enhanced. In
spite of the sophistication of the recently proposed methods,
most algorithms have not yet attained a desirable level of ap-
plicability'"* ™"

In this paper, we propose a new denoising method with
the varying scale parameter, where the regularization item is

J(u) = JI | Vu | dxdy. We propose a method to obtain the
0

scale parameter from the iterative regularization. Finally,
some numerical examples are presented and show that the
proposed method can improve the quality of the image de-
noising and reduce the optimal number of iterations.

1 [Iterative Regularization Method

The iterative regularization method makes use of some sig-
nals in the removed residual part for the denoising algo-
rithms. For p € dJ(v), we define the non-negative quantity,

D’(u,v) =Dj(u,v) =J(u) -J(v) - (p,u-v) (4
Then, the equivalent representation of Eq. (3) is

(5a)
(5b)

u,,, =arg min{D’;(u,vk) +% I f+v, —u| f}

ueBV(D)

P =D +f- L

where u, =0, v, =0 and D (u, v) is the Bregman distance
between u and v. As the optimal number of iterations k in-
creases, u is close to the noisy image f. The scale parameter
A tunes the weight between the regularization term and the



454 Li Wenshu, Luo Jianhua, Liu Qiegen, He Fangfang, and Wei Xiujin

fidelity term. The iterative refinement method yields a well-
defined sequence of minimizers {u, }which satisfies | u, —

fleslluc, ~f 7 andif fe BV(Q), then ||u, ~f| ;<
J(f)/k, i.e., u, monotonically converges to f in L*((2) at
a rate of 1//k. For g e BV(£)and v >1, we obtain

D(g’ uk) $D(g, uk—l)
st flu=fllo=ylg-fle

Thus, the distance between a restored image u, and a pos-
sible exact image g decreases until the L*-distance of f and
u, is greater than the L’-distance of f and g. This result can
be used to construct a stopping rule for our iterative proce-
dure.

2 IRM with Varying Scale Parameter

We know that for the IRM, the bigger the scale parameter
A is, the smaller the number of iterations is to the stopping
criterion, but u is quickly close to the noise image f, the
quality of the image denoising is not ideal. When the scale
parameter A is smaller, the number of the iterations will be
enhanced. Therefore, it is important to choose an optimal
value A.

2.1 Varying scale parameter
Let J(u) = ﬂ | Vu | dxdy, and differentiate both sides
n

with respect to u for Eq. (3a). We obtain

( Ta ‘Vu)+/\(f+vk—u)- (6)

Multiplying Eq. (6) by V( ﬁv u) and integrating over

x and y, we obtain

Qv( \vlu

u)V( | V]u | Vu)dxdy +

(7
/\ﬂ ( Vu) (f+v, - u)dxdy =0
Then, we obtain the following equation:
ﬂ = Vu|dxd
Al 6 7 S

[7(re

In numerical implementations, we accordingly use A, ,,to
denote A in Eq. (8). Applying the proposed scale parameter
to the IRM with initial values u’ =0, v’ =0, we obtain dif-
ferent scale parameters A, ., for different iterations. Eq. (3)
can be written as

R

Ay = :
1
QV(WVuk)(uk -f-v,)dxdy
u,, ., =arg min{ ‘Vu ‘ A [ f+ve—u Z} (9b)

ueBV(2)
vk+] :vk +(f_uk+]) (9C)

Vu)(u —f-v,)dxdy

(9a)

Eq.9(a) gives an adaptive value A,,,, which appears to
converge as k—c .

2.2 Initial scale parameter

By the numerical experiment, we find that the quality of
image denoising is not ideal when the initial values u’ =0,
»" =0. If the initial condition holds, Eq. (9a) will be divid-
ed by zero.

If an initial scale parameter value A, is randomly given,
we calculate A, by

ﬂ ( k)V( ‘Vluk ‘Vuk)dxdy o)
" ﬂ ( uk)(uk -f-v,)dxdy

After the iterations take some steps, we obtain the sequence
vectors{A, }and find that A, has some properties as follows:
1) The sequence vectors{A,} monotonically decrease as
the number of iterations k increases (see Fig. 1(c)).
2) As the number of iterations k increases, the sequence
vectors{ A }will first decrease, and then increase closely to
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Fig.1 Trend of the scale parameter A, as the number of iter-

ations k increases. (a) Monotonically increasing; (b) Decreasing
with change-point; (c) Monotonically decreasing



Iterative regularization method for image denoising with adaptive scale parameter 455

Ao (see Fig. 1(b)).

3) The sequence vectors { A, } monotonically increase as
the number of iterations k increases (see Fig. 1(a)).

Therefore, we can obtain the initial value of the varying
scale parameter by the trend of the sequence vectors {A,}. In
Fig. 1, taking the “Barbara” images for an example, the
trend of the sequence vector {A,} is obtained when the scale
parameter A, is 8. 33, 4.34 and 0. 013, respectively.

2.3 IRM framework with varying scale parameter

According to the above analyses in sections 2. 1 and 2. 2,
our general iterative regularization procedure can be formu-
lated as

ueBV()

. /\O
u,,, =arg ml)n{.](u) 5 [f+v, —ul i}} (11)

Step1 We randomly select A,, and let u, =0, v, =0
and j=0,1,2, ....

1) According to Eq. (11) and Eq. (10), we calculate u,,,,
v;,, and X]. by the number of iteration j. Generally, j=2.

2) We observe the trend of the sequence vectors {A,}.
According to the properties of section 2. 2, we obtain the in-
itial value A, of the proposed method.

Step2 Letu,=0, vy=0and k=1,2, ....

1) According to Eq. (9) and the initial value A,, we cal-

culate u,,,, v, and A,,, by the number of iterations k;
2) We obtain image u, and stop the iteration when
If-u l <o

3 Result and Discussion

All the solutions to the variational problem are obtained
using the gradient descent in a standard fashion. Now we
use the Chambolle algorithm''. The only nontrivial difficul-
ty comes when |V u | ~0. We solve the problem, as is

f\vu ldxdy to J, (u) =

0

f V |Vu |? +& dxdy, where ¢ is the small positive num-
0

ber. In our calculation, we set & = 10 ' and the iteration
unit interval 7 =0. 2 for the Chambolle algorithm. The per-
formance of the denoising algorithm is measured in terms of
peak signal-to-noise-ratio (PSNR), which can be defined as

usual, by perturbing J(u) =

. 255° ) (12)

1 i 2
mz - (fmn_umn)

m=1 n=

PSNR = 10lg (

where f is the original image and u is the denoising image.

Fig.2 and Fig. 3 display the results with the constant and
the varying scale parameters of the IRM with the “Camera-
men” images adding the Gauss noise ¢ =20 when A is smal-
ler and bigger, respectively.

(e) (f)

(g) (h)

Fig.2 Denoising images obtained by constant scale parameter for IRM and proposed method when A becomes
smaller. (a) k=1, PSNR =19.7 dB; (b) k=5, PSNR=25.1 dB; (c) k=15, PSNR =30 dB; (d) k=21, PSNR =28.8 dB;
(e) k=1, PSNR =25 dB; (f) k=2, PSNR=30.2 dB; (g) k=3, PSNR=28.3 dB; (h) k=5, PSNR=25.4 dB

(e) (f)
Fig.3 Denoising images obtained by constant scale parameter for IRM and proposed method when A becomes
greater. (a) k=1, PSNR=27.2 dB; (b) k=2, PSNR=28.7 dB; (c) k=15, PSNR =23.5 dB; (d) k=21, PSNR =23.5 dB;
(e) k=1, PSNR =26.3 dB; (f) k=2, PSNR =30.2 dB; (g) k=3, PSNR =28.4 dB; (h) k=5, PSNR =25.6 dB

(d)

(8) S
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Figs.2 (a) to (d) show that more iteration steps are re-
quired to stop criterion with the smaller scale parameter A,
=0. 67; Figs.2 (e) to (h) show that the proposed method
requires fewer iteration steps to obtain the optimal denoising
results. First, we use the constant scale parameter A, =0. 67
to iterate three times and obtain a decreased sequence vector

{A.}. According to Eq. (11), we obtain the initial value A,
=, =5.74. The last two plots show that || f-u, |,
monotonically decreases with the iterations, first dropping
below ¢ at the optimal iterate k =12 and 3, respectively. It
shows that the proposed method converges faster than the
IRM with the constant scale parameter.

As shown in Fig. 3, with the large scale parameter A, =
10, the original IRM converges to the noisy image f quick-
ly, and only one iteration is needed to reach the reqirement.
Obviously, the denoising result is not satisfied. However, a
promising result is obtained by the varying scale parameter
strategy where the initial value A, = A, =7. 84 according to
Eq. (11).

4 Conclusion

We propose a novel iterative regularization model with
the varying scale parameter. A new iterative scale parameter
A is obtained according to the trend of the sequence vectors.
Generally, we can obtain the initial scale parameter A using
three steps of the iteration. By practical examples, we can
see that the proposed method can reduce the number of itera-
tions. Thus, a fast and robust method is obtained.
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