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Stabilization design for continuous-time Takagi-Sugeno fuzzy systems
based on new relaxed conditions
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Abstract: This paper deals with the problem of stabilization
design for a class of continuous-time Takagi-Sugeno( T-S) fuzzy
systems. New stabilization conditions are derived based on a
relaxed approach in which both fuzzy Lyapunov functions and
staircase membership functions are used. Through the staircase
membership functions approximating the continuous membership
functions of the given fuzzy model, the information of the
membership functions can be brought into the stabilization
design of the fuzzy systems, thereby significantly reducing the
conservativeness in the existing stabilization conditions of the T-
S fuzzy systems. Unlike some previous fuzzy Lyapunov
function approaches reported in the literature, the proposed
stabilization conditions do not depend on the time-derivative of
the membership functions that may be the main source of
conservatism when considering fuzzy Lyapunov functions
analysis. Moreover, conditions for the solvability of the
controller design are written in the form of linear matrix
inequalities, but not bilinear matrix inequalities, which are
easier to be solved by convex optimization techniques. A
simulation example is given to demonstrate the validity of the
proposed approach.
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onlinear control systems based on the Takagi-Sugeno

(T-S) fuzzy model'! have received much attention
over the last decade. The merit of such fuzzy model-based
control methodology is that it offers an effective and exact
representation of complex nonlinear systems in a compact
set of state variables.

Within the general frameworks of T-S fuzzy model-based
control systems, stability analysis and controller synthesis
issues are commonly investigated based on searching a quad-
ratic Lyapunov function'”. Unfortunately, the results de-
rived by quadratic Lyapunov functions are found to be very
conservative'”’. Many subsequent works'*” are devoted to
obtaining less conservative conditions based on the quadratic
Lyapunov function. Extra variables may provide advantages
to LMI solvers, allowing them to find solutions when the
conventional conditions fail due to numerical reasons. In or-
der to reduce the conservativeness, alternative classes of
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Lyapunov function candidates have been proposed. It is not-
ed that the piecewise Lyapunov function is an interesting al-
ternative. However, the control design using piecewise Lya-
punov functions are generally in terms of bilinear matrix ine-
qualities (BMIs) which are not easy to be solved by convex
optimization techniques. Another alternative Lyapunov
function candidate was developed for continuous-time T-S
fuzzy systems in Ref. [6], and discrete-time T-S fuzzy sys-
tems in Ref. [7], namely fuzzy Lyapunov functions. These
approaches are employed to reduce the conservativeness giv-
en by the quadratic Lyapunov function, though the results in
the continuous-time domain are not as powerful as those cor-
responding to the discrete case. This asymmetry is explained
by the fact that most of these Lyapunov functions depend on
the same membership functions of the model, hereby taking
into account structural information at the price of dealing
with the time-derivatives of membership functions. Since
the explicit presence of the time-derivative of membership
functions in the stability and stabilization conditions, fewer
results concerning the fuzzy Lyapunov function in the con-
tinuous-time domain have been reported. To overcome this
deficiency, a new line-integral fuzzy Lyapunov function ap-
proach to analysis and design of T-S fuzzy systems was pro-
posed in Ref. [8]. The derived results do not depend on the
time-derivatives of membership functions. Nevertheless, as
the stabilization design still relies on BMIs, one must resort
to a special algorithm and properly choose some parameters
to obtain a fuzzy controller. All the aforementioned studies
do not consider the membership functions of the fuzzy mod-
el in the analysis and design issues for the T-S fuzzy sys-
tems. It is revealed that the information of membership
functions plays an important role in the relaxation of the re-
sult of stability analysis'”"”. In this paper, we present an
LMI-based controller design method for continuous-time T-
S fuzzy systems using the fuzzy Lyapunov function ap-
proach, in which the information of the membership func-
tions are fully utilized.

1 Problem Formulations and Preliminaries

Consider the following T-S fuzzy model with r plant rules
as follows:

Plant rule i IF x,(¢) is F|, ..., and x,(¢) is F.

n’

THEN

x(t) =Ax(t) +Bu(t) i=1,2,...,r (1)

where x(¢) is the state, and u(t) is the input. F;(j =1,2,
..., n) are the fuzzy sets. r denotes the number of IF-THEN
rules. A, and B, are constant matrices. The final T-S fuzzy
system 1is inferred as
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r

x() =Y h(x()(Ax(t) +Bu(1)) (2)

i=1

where i, (x (1) = TTay (5 ()] [Ty (5 (),
j=1 =1 j=1

w;(x;(1)) is the grade of the membership function of x;( 1)

in ), and

h(x(1)) =0, »r hi(x(1) =1 (3)

In the following, we will drop the argument of %,(x(t))
and denote {1,2, ..., r} by R for simplicity. In this paper,
the fuzzy controller is designed using the concept of parallel
distributed compensation.

Control rule i IF x,(t) is F|, ...
THEN

, and x,(t) is F'

ne

u(t) = -Kx(1) ieR
The defuzzified output of the fuzzy controller is proposed
as

r

u(n) = - 3 hKx(n) 4
i=1
Substituting Eq. (4) into Eq. (2) gives the following
closed-loop T-S fuzzy system dynamics:

r r

0= nh(A, -BK)x(1) (5)

i=1 j=1

For convenience of comparison between this paper and the
existing ones, existing stabilization conditions derived by
the quadratic Lyapunov function are given as follows.

Theorem 1'"""  Closed-loop T-S fuzzy system (5) is
asymptotically stable with the control gain given by K, =
M, X ~!', if there exist a symmetric matrix X and any matri-
ces {M,};_, such that

0, <0

ieR
6
6, +96,<0 } (6)

i<jeR
where 9, =XA; +AX-M,B; -BM,.

Remark 1 The stabilization conditions proposed in theo-
rem 1 have been shown to be very conservative'”'. Conser-
vativeness comes from two main facts: the first one is using
the same simple quadratic Lyapunov function for all the T-S
models, and the second fact is that solving Eq. (6) is done
independently to form membership functions #,.

2 Main Results

The following null product will be used to derive new sta-
bilization conditions:

r r

2x" (WX (W (%) - Y

hh(A, ~BK)x(1) =0
(7

The proposed stabilization conditions are based on the
fuzzy Lyapunov function developed in Ref. [8].

i=1 j=1

V(x(0) =2 [ - fle)-de (8)

where I'(0, x) is a path from the origin to the present state
x; (+) stands for the inner product of vectors.

Remark 2 To be a Lyapunov function candidate, Eq.
(8) should be independent of (0, x)™'. One solution for
V(x(1t)) to be path independent is given by

r r

flix) =Y h(P,+D)x= Y hPx 9)

i=1 i=1

where
0 p, ... P, d, 0 ... 0
N T
P Doy e O 0 0 ..d,

Theorem 2 Let u be a given scalar. Closed-loop T-S
fuzzy system (5) is asymptotically stable with the control
gains given by K, =S, R™", if there exist predefined scalar
A, satisfying h.h, — hoh; — A, =0 and matrices ¥, {T, >
0};_,, {W;};.,,{S,;};., and R, such that

2,+02,+W,+W, +2Y <0 (10)
3D (b +4,) (2, +W,) +1,Y) <0 (11)
i=1 j=1

W]l W12 er
le sz WZr =0 (12)
er WZV Wrr

where

-AR-RA] +BS; +SB] *
0 .

7| T,-pAR" +uBS'+R  u(R+R")

Proof Eq. (8) is considered as a Lyapunov function
candidate. Taking its time-derivative along the trajectories
of system (5) and then applying Eq. (7), it follows that

r r

V()< Y, Y, hh(x" ()Px(1) +x (1) Px(t) +

20" (1) W (1) ~2x"() WA, - BK)x(1) +
2x (HpWx(t) —2x" (HuW(A, - B.K)x(1)) =

S nhlx(n xT(0] x

i=1 j=1
-WA, -BK) -(A,-BK)'W =«
X
[ P, —p WA, -BK) + ¥ WP+ 'PT)
x(1)
3o (13)
Denote @(¢) =diag(W', W) &(t),R=w"', T, =RP.R",
and S, :RK/.T. From Eq. (13), we have

r r

V(x(n) =Y Y hho'(1)2,001) +

i=1 j=1
r r

> > (hh—hh) 6" (1)£2,0(1)

i=1 j=1

(14)

where 71,. are the staircase membership functions, which con-
sist of a finite number of discrete values to approximate the
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continuous membership functions #,. To facilitate the stabi-
lization design for T-S fuzzy system (5), the staircase
membership functions %, proposed here satisfy the properties

r r

of membership functions in (3), namely Y, 3 hh =1.

i=1 =1
r

Considering » > hai,W,=0 and hh, - hh, - 1,;=0, we
i=1 j

iz

proceed from Eq. (14) with Y'=Y".

r

V(x(1) = Y 2 h,h,0" (1) 2,0(1) +

i=1
r T

>SS (hh, -hh)0" (2,001 +

1 j=1

r r

> Y hhO ()Wt +

1 j=1

r r

> > (hhy-hh)0 () Y6(2) =

1 j=1

r r

> X 0Ol +),) (2, + W) +1,1)0(1) +

i=1 j=1
r r

Z z (hihj _il[ilj _Azj)oT(t)(ﬂ,‘j +01,‘ +

2 A4
W, + W, +2Y)0(1) (15)

From Egs. (10) and (11), we have V(x(t)) <0. Then
the asymptotic stability of the T-S fuzzy system is guaran-
teed.

3 Numerical Example

Consider a T-S fuzzy model in the form of Eq. (2) with
the following parameters:

a=loor o7 Asloss o)
T St I 13 R A

The membership functions of the considered system are
defined as

1 x,(1) < 10
hl(xl(t))={—xl(t)+2/12 -10<x,(1) <2
0 x, (1) >2

hy(x, (1) =1 =h(x,(1)) = hy(x,(1))

0 x (1) <=2
h3(x1(z))={xl(t) +2/12 -2=<x,(n) <10
1 x,(t) >10

As in Ref. [10], the staircase membership functions em-
ployed in this example are chosen as h, = h, (oB), (a -
0.5)B<x,(t) <(a+0.5)B. Considering 8 =0.05, it can
be found that A, = —0.004 145, A,, = -0.002 773, A, =
-0.004 162, A, = A, = —0.002070, Ay; = Ay =
—-0.000 681, A,; =A; = —0.002 018, which satisfy the
inequality h.h; - 711.71] - A,;=0. Theorem 2 is applied to veri-
fy the stabilization design of fuzzy systems for several val-
ues of parameters, comprising @ € [2,9] and b e[ - 10,
35]. For comparison purposes, the stability regions given
by different stabilization conditions are shown in Fig. 1 and

Fig. 2. It can be seen that the proposed relaxed stabilization
conditions are able to produce a larger stability region.
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Fig.1 Stability regions given by Ref. [11] and theorem 2
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Fig.2 Stability regions given by Ref. [10] and theorem 2

4 Conclusion

A new approach to the stabilization design for a class of
continuous-time T-S fuzzy systems is presented in this pa-
per. The new stabilization conditions are derived based on a
relaxed approach in which both fuzzy Lyapunov functions
and staircase membership functions are used. Larger stabili-
ty regions can be guaranteed compared with previous re-
sults. A simulation example is given to illustrate the validity
of the proposed approach.
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