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Abstract: The duality theorem of generalized weak smash
coproducts of weak module coalgebras and comodule coalgebras
over quantum groupoids is studied. Let H be a weak Hopf
algebra, C a left weak H-comodule coalgebra and D a left weak
H-module coalgebra. First, a weak generalized smash coproduct
C x', D over quantum groupoids is defined and the module and
comodule structures on it are constructed. The weak generalized
right smash coproduct C x ; D is similar. Then some isomorph-
isms between them are obtained. Secondly, by introducing
some concepts of a weak convolution invertible element, a weak
co-inner coaction and a strongly relative co-inner coaction, a
sufficient condition for C x ;; D to be isomorphic to C®, D is
obtained, where v e WC(C, H) and the coaction of H on D is
right strongly relative co-inner. Finally, the duality theorem for
a generalized smash coproduct over quantum groupoids, (C x
WwH) x,. H'=C® (Hx ). H"), is obtained.
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uantum groupoids ( weak Hopf algebras), which are

generalizations of ordinary Hopf algebras, were de-
fined by Bohm et al. ! The main motivation for studying
weak Hopf algebras comes from quantum field theories and
operator algebras. Another motivation to study quantum
groupoids comes from the fact that their representation theo-
ries provide examples of monoidal categories that can be
used for constructing invariants of links and 3-manifolds™ .
Many results of the classical Hopf algebra theory can be
generalized to weak Hopf algebras, and the structure of a
weak Hopf algebra is much more complicated than that of a
Hopf algebra"™".

In the classical Hopf algebra theory, Molnar' proposed
an ordinary smash coproduct C x H( semi-direct product),
where H is a Hopf algebra and C is a left H-comodule
coalgebra. Wang'”' extended the smash coproduct to the left
(right) smash coproduct C x,, D(C x, D), and showed the
duality theorem for Hopf comodule coalgebras.

The main motivation of the present paper is to generalize
the smash coproduct in Ref. [7] to the weak conditions,
where C is a left weak H-comodule coalgebra and D is a left
weak H-module coalgebra, and then to show the duality the-
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orem that holds for such a weak generalized smash coprod-
uct over quantum groupiods.

1 Preliminaries

Let k be a fixed field and we work over k. Throughout
this paper, we use Sweedler’s notation'* for a comultiplica-
tion over a coalgebra C, writing A(c) =c ,®c, for all c e
C. In this section, we recall some basic notions for coalge-
bras related to weak Hopf algebras'” .

Let H and L be weak Hopf algebras. Then we recall that
a coalgebra C is a left (right) weak H-comodule coalgebra
if C is a left (right) H-comodule with comodule structure
p': C—H®C, (p': C»>CRH), satisfying ¢,_,, ®c, ®c,, =
Ci_pyCyoyy Ry @cy and ¢y e(c,) =e,(c_yy) elcy),
(cu ®cp®c) =¢,, @y @cyy 0y, and e(cy) ¢y, =&(cy) &,
(c))), for all c e C. Furthermore, a coalgebra C is called
a weak H-L-bicomodule coalgebra if C is an H-L-bicomod-
ule, at the same time C is both a left weak H-comodule
coalgebra and a right weak L-comodule coalgebra.

A coalgebra C is called a left (right) weak H-module
coalgebra if C is a left (right) H-module via h®c F>h—-c,
(c®h toch), satistying A(h—c) =h,—c, ®h,—c, and
g,(h)—c=¢g(h—c,)c,, (A(c—h) =c,«h,&®c,«h, and ¢
«—¢& (h) =g(c,«h)c,). Moreover, C is called a weak H-
L-bimodule coalgebra if C is not only an H-L-bimodule but
also a left weak H-module coalgebra and a right weak L-
module coalgebra.

Definition 1 We call C a left (right) weak L-H-dimod-
ule coalgebra if C is not only a left (right) weak L-comod-
ule coalgebra but also a left (right) weak H-module coalge-
bra such that the following condition pl( h—c) =c _,, Qh—
¢os (p'(ce—h) = cp«<h®c,) holds, forall he H, ceC.

If C is a coalgebra and A is an algebra, then Hom(C, A)
is an algebra with the multiplication * and a unit w,e.,
where * is defined by

(fxg)(c) =f(c)g(c,) f, geHom(C, A); ceC

and we call the result algebra Hom( C, A) a convolution al-
gebra, denoted by Conv(C, A).

2 Generalized Smash Coproducts

Let C be a left weak H-comodule coalgebra and D a left
weak H-module coalgebra. Then we form a weak general-
ized smash coproduct denoted by C x ) D; the lower H
means that the weak Hopf algebra in question is H, and the
upper 1 means that the comodule and module structures are
on the left.

Definition 2  The coalgebra C x ), D is defined on the
tensor product C® D, where D is a left H,-module via its
left H-action, and C is a right H,-module via ¢ «—x =
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e(c ,])S’l(x))co, for all x e H, c e C. The comultiplica-
tion and counit are given by

Alcx) d) =c, x}, Cy_y—d, Ry X, d,
e(cxy, d) =e.(c)e,(d)

forall ce C,deD.

Similarly, suppose that D is a right weak L-comodule
coalgebra, and C is a right weak L-module coalgebra. We
form a weak generalized right smash coproduct denoted by
Cx; D. The coalgebra C x; D is defined on the tensor
product C® D, where D is a left L -module via x—d =
(S (x) d, ) d,, and C is a right L -module via its right
L-action. The comultiplication and counit are given by

Alexyd) =c, x} d,Qc,«—d,, X} d,
g(cx,d) =e.(c)e,(d)

forall ce C, deD.

Example 1 Suppose that H is a weak Hopf algebra and
H" is its dual. Then H is a right weak H" -comodule coal-
gebra via (p'(h),f®g) =(gh,f), where g, he H;fec H".
If C is a left weak H-comodule coalgebra, then C is a right
weak H'"-module coalgebra from example 2. So we may
form the right smash coproduct C x ;- H.

Lemma 1 Suppose that D is a weak H-L-bicomodule
coalgebra and E is a left weak H-module coalgebra. Then D
x , E is a right weak L-comodule coalgebra with L-coaction
induced by the right L-coaction on D, i.e.,

(dxye),@(dxy e), =dyx, e®d,,

Similarly, we have the following lemma.

Lemma 2  Suppose that D is a weak H-L-bicomodule
coalgebra and C is a right weak L-module coalgebra. Then
C x; D is a left weak H-comodule coalgebra with H-coac-
tion induced by the left H-coaction on D, i.e.,

(ex,d) ., ®(ex,d),=d _,,Qcxd,

By lemma 1 and lemma 2, the following theorem is easy
to obtain.

Theorem 1  Suppose that C is a right weak L-module
coalgebra, D is a weak H-L-bicomodule coalgebra and E is
a left weak H-module coalgebra. Then the map taking
(ex'd) x' etocx!(dx) e) is a natural isomorphism
from (Cx} D) x,, Eto Cx;(D x, E), where the smash
coproducts C x, D and D x , E have the left H-comodule
and right L-comodule structures defined in lemma 2 and
lemma 1, respectively.

Proposition 1 (D) Suppose that E is a left weak L-mod-
ule coalgebra and D is a left weak L-H-dimodule coalgebra.
Then D x|, E is a left weak H-module coalgebra under the
left H-action induced by that on D, i.e.,

h—(dx\ e) =h—dx e

(2 Suppose that D is a left weak L-H-dimodule coalgebra
and C is a left weak H-comodule coalgebra. Then C x ,, D is
a left weak L-comodule coalgebra under the left L-coaction
induced by D, i.e.,

(exld) ,®(cxyd,=d_,®cx,d,

It follows immediately from proposition 1 that theorem 2
is obtained.

Theorem 2  Suppose that C is a left weak H-comodule
coalgebra, D is a left weak L-H-dimodule coalgebra and E
is a left weak L-module coalgebra. Then the map taking
(cx)d) x} etocx!(dx) e) is a natural isomorphism
from (Cx ), D) x, E to C x,(D x, E), where the smash
coproducts C x,, D and D x| E have the left L-comodule
and left H-module structures defined in proposition 1 2) and
D, respectively.

Remark We can obtain a right version of theorem 2 for
the weak generalized right smash coproduct and the dual set-
ting of theorem 1. We omit them.

3 Duality Theorem

In this section, as an application of our theory, we prove
the duality theorem for the generalized smash coproduct over
quantum groupoids.

The proof of the following proposition is straightforward.

Proposition 2  Suppose that C is a left weak H-comod-
ule coalgebra and D is a left weak H-module coalgebra, and
furthermore that C is also a right weak L-module coalgebra
and D is a right weak L-comodule coalgebra such that for all
ceC,deD,

dyQc—d , =c _,—d®Qc,

Then there is a natural coalgebra isomorphism from C x j, D
to C x; D defined by mapping ¢ x|, d to ¢ x| d.

Example 2 Let H be a weak Hopf algebra, and let {f;}
be an arbitrary basis of H and {¢,} its dual basis: (¢,.f,) =
6,. Let C be a left weak H-comodule coalgebra and D a left
weak H-module coalgebra. Then C is a right weak H" -
module coalgebra via c<—¢ = (¢ _,,) ¢y, and D is a right
weak H"-comodule coalgebra via d,®d,,, = 2 l (f—d)®

¢@,;. Thus, we have
dyQc—d , = 2 (fi—d) ®p,(c )¢, =¢c _,,—d&c,

It follows from proposition 2 that C x ,, D=C x,. D.
Definition 3 Let H be a weak bialgebra and C a coalge-
bra. We define the following set:

WC(C, H) ={ueConv(C,H) |uxv(c)=e(uc)),vs
u(c) =g, (u(c)), dveHom(C, H), Vce C}

In this case, we say that v is a weak convolution invertible
element of u in WC(C, H).
Similarly, we set

WC(C, H) ={veConv(C, H) \u* v(c) =g (u(c)),v =
u(c) =e(u(c)) , Jue Hom(C, H), Y ce C}

In this case, we say that u is a weak convolution invertible
element of v in WC(C, H).

Example 3 (D) Let H be a weak Hopf algebra with an
antipode S,,. Then we have i, e WC(H, H); 2 Let H be a

weak Hopf algebra with a bijective antipode S,. Then we
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have 1, e WC(H™, H), where H” is a weak Hopf algebra
with the anti-algebra structure.

Definition 4 (D If C is a left weak H-comodule coalge-
bra, then we say that the left H-coaction on C is a left weak
co-inner coaction if there exists an element u in WC(C, H)
such that

p](C) =C_y ®Co =u( Cl)v( C3) ®Cz

for all ¢ e C. Furthermore, we say that a left weak co-inner
coaction is left strongly relative co-inner if u is a coalgebra
morphism.

(@ Suppose that C is a right weak H-comodule coalgebra.
We say that the H-coaction on C is a right weak co-inner
coaction if there exists an element ve WC(C, H) such that

p'(c) =¢,®c, =c,Rulc,)v(cy)

for all ¢ € C. Furthermore, we say that a right weak co-
inner coaction is right strongly relative co-inner if v is a
coalgebra morphism.

Let C be a right weak H-module coalgebra and D a right
weak H-comodule coalgebra. For ve WC(C, H), we set

CR.D={cQdeCRD | c®d=ce,(v(d,))Qd,}

We now have the following theorem.

Theorem 3  Suppose that C is a right weak H-module
coalgebra and D is a right weak H-comodule coalgebra such
that the coaction of H on D is a right strongly relative co-
inner coaction, then C x}, D=C® D as coalgebras.

Proof Set V: C® D—Cx, D,c® d l>c—v(d,) x
i d, where v=5""ou. We claim that ¥ has an inverse map
D:Cxy DI->CQ Dby cx,dl>c—u(d)®, d,, as
follows:

YP(c %, d) =c—u(d)v(d,) X, d, =
c—e(u(d)) x d, =c—d,, x; dye(d,) =
szgt(d(l))_’do :CX;S(S(dou));t(dm))dm =
CX;IS(S(dom)d(l))doo =C><;18(8s(d<1)))d0 =
cxyeldy,)e(dy)d =cx,d

and

PV(c®, d) =c—v(d,)u(dy) ®,d; =
c—e(u(d))®,d, =
c—e(v(d))®,d, =c®,d

Now we check that ¥ is a coalgebra map as follows:

Ac,pW(c®,d) =
¢, v(d,) X} dy,,®c,v(d)y) dyy ) X 3y dyy =
¢, v(d) x 3y dy @c,«v(dy)u(dy ) v(dy) x 3 d, =
c,«v(d) x5 d,Rc,—e (u(d,)))v(d,) x', dg =
c,«v(d) x, d;Qc,«—e (v(d))v(d,) x, ds =
c,«v(d) x}, d;Qe(c,«v(d,))(c;«v(d,)) X}, ds =
c,«—e,(v(d))v(d,) x}, d,Qc,«v(d,) x} d, =
c,«v(d) x, d,Qc,«v(d;) x}, d, =
(YW A ,(c®,d)

and

EcnpP(c®,d) =e(c—e(v(d))) =
e(c—e (v(d))) ®d,) =3C®,D(c®vd)

This completes the proof.

Let H be a weak Hopf algebra and H™ be its dual weak
Hopf algebra. We can see that H is a weak H"-H" -bico-
module coalgebra and a left weak H"-H-dimodule coalge-
bra. The left H-module structure on H and the left " -mod-
ule structure on H " are given by the multiplication maps, re-
spectively. The left H" -comodule structure on H is given by

(p'(h), g®f) = (hg,[)
and the right H" -comodule structure on H is given by
(p'(h),f®g) = (gh.f)

Now, if Cis a left weak H-comodule coalgebra, by theo-
rem 2, we obtain

g heH, feH"

g heH, feH"

(Cxy,H) x, . H=Cx,(Hx,. H")

where C x , H has the left H" -comodule structure defined in
proposition 1 2) and H x ,,. H" has the left H-module struc-
ture defined in proposition 1 (D).

By example 2, C is a right weak H" -module coalgebra.
And H x . H® is a right weak H"-comodule coalgebra by
lemma 1. Then for all ce C, hx,. f e Hx,. H', we
obtain

(X f)o®@c—(hxy ) =c .y —(hxy f)Qc,
Furthermore, by proposition 2, we obtain
(Cxy, H)x, H =Cx . (Hx, H")

Applying theorem 3, we obtain the duality theorem as
follows.

Theorem 4 Let H be a weak Hopf algebra, H" its dual
weak Hopf algebra. Suppose that C is a left weak H-comod-
ule coalgebra, and that the right coaction of H® on
Hx ). H" is right strongly relative co-inner. Then

(Cxy H) x, H =C® (Hx, H)
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