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Abstract: An R-module M is called Gorenstein FP-injective if
there is an exact sequence ‘--—E, —»E,—E’—E' —--- of FP-
injective R-modules with M = ker (E° — E') and such that
Hom(E, —) leaves the sequence exact whenever E is an FP-
injective R-module. Some properties of Gorenstein FP-injective
are obtained. Moreover, it is proved that a ring is left Noetherian
if and only if every Gorenstein FP-injective left R-module is
Gorenstein injective. Furthermore, it is shown that over an n-FC
and perfect ring R, a left R-module M is Gorenstein FP-injective
if and only if M=F® H for some FP-injective left R-module F
and some strongly Gorenstein FP-injective R-module H. In view
of this, Gorenstein FP-injective precovers and Gorenstein FP-
injective preenvelopes are considered.
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L et R be a ring. A left R-module M is called FP-injec-
tive (or absolutely pure)''™, if Ext' (N, M) =0 for
all finitely presented left R-modules N. The FP-injective di-
mension of M, denoted by FP-id( M), is defined to be the
smallest nonnegative integer n such that Ext"*'(F, M) =0
for every finitely presented left R-module F. If no such n
exists, set FP-id(M) = oo . In what follows, we write FI for
the class of all the FP-injective left R-modules. Let C be a
class of left R-modules and M a left R-module. According
to Ref. [3], we say that a homomorphism ¢: M—C is a C-
preenvelope of M if C e C and the abelian group homomor-
phism Hom( ¢, C'): Hom (C, C')—>Hom(M, C’) is subjec-
tive for each C' e C. A C-preenvelope ¢: M—C is called a
C-envelope, if every endomorphism i C—C such that fo =
¢ is an isomorphism. Dually, we have the definitions of C-
precovers and C-covers. C-envelopes ( C-covers) may not
exist in general, but if they exist, they are unique up to iso-
morphisms. It has been recently proved that every left R-
module has an FP-injective ( pre) cover over a left coherent
ring R™.

Recall that a left R-module N is called Gorenstein injec-
tive', if there is a Hom(Inj, —) exact exact sequence -
—E,—E,—E'>E'—--of injective left R-modules such
that N =ker(E°—E'), where Inj stands for the class of all
the injective left R-modules. A right R-module M is called
Gorenstein flat', if there is a — ®Inj exact exact sequence
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o F,—F,—F —F'—--- of flat right R-modules such that
M =ker(F°—F"). Gorenstein injective and Gorenstein flat
modules have been studied by many authors”™. These
modules have nice properties when the ring in question is n-
Gorenstein (a ring R is called n-Gorenstein if R is a left and
right Noetherian ring with self-injective dimension at most n
for an integer n=0 on either side). In Ref. [9], an R-mod-
ule M is called Gorenstein FP-injective if there is an exact
sequence --—E,—E,—E"—E'—--- of injective R-modules
with M =ker( E°—E") and such that Hom(E, -) leaves the
sequence exact whenever E is an FP-injective R-module. In
this paper, we call it a strongly Gorenstein FP-injective
module.

In this paper, a left R-module M is called Gorenstein FP-
injective if there is an exact sequence --—E,—E,—E'—E'
—-+- of FP-injective left R-modules with M = ker( E°—E")
and such that Hom(E, —) leaves the sequence exact when-
ever E is an FP-injective left R-module. It is well known
that a ring R is left Noetherian if and only if every FP-injec-
tive left R-module is injective'”. There is a generalization
of this classical result. It is proved that a ring is left Noethe-
rian if and only if every FP-injective left R-module is
strongly Gorenstein FP-injective if and only if every Goren-
stein FP-injective left R-module is Gorenstein injective ( see
Theorem 1). This also shows that “a left coherent ring R”
in Ref. [9] is superfluous.

Recall that R is called an n-FC ring'®’, if R is a left and
right coherent ring with FP-id(,R) <n and FP-id(R;) <n
for an integer n=0. If R is an n-FC ring, we prove that the
weak global dimension wD (R) < n if and only if every
Gorenstein FP-injective left R-module is FP-injective ( see
Proposition 1). It is shown that over an n-FC and perfect
ring R, a left R-module M is Gorenstein FP-injective if and
only if M=F® H for some FP-injective left R-module F and
some strongly Gorenstein FP-injective R-module H ( see
Theorem 2) ; and then for an n-FC and perfect ring R, every
R-module has a Gorenstein FP-injective preenvelope, and
every pure-injective R-module has a Gorenstein FP-injective
precover. If R is a two-sided coherent and perfect ring, then
R is a QF ring if and only if every R-module is Gorenstein
FP-injective if and only if R is a 0-FC ring. If n is a non-
negative integer, R is a two-sided coherent and perfect ring,
then R is an n-FC ring if and only if every n-th Inj-cosyzygy
of an R-module is Gorenstein FP-injective if and only if ev-
ery n-th minimal FI-syzygy of an R-module is Gorenstein
FP-injective.

We begin with the following definition.

Definition 1 Let R be a ring. A left R-module M is
called Gorenstein FP-injective if there exists an exact se-
quence E = ---—E,—E,—E"—E'—--- of FP-injective left
R-modules such that M = ker ( E’ — E') and such that
Hom(E, —) leaves the sequence exact whenever E is an FP-
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injective R-module.

Remark 1 1) Obviously, we have the following impli-
cations:

injective modules = FP-injective modules = Gorenstein
FP-injective modules;

injective modules = strongly Gorenstein FP-injective
modules = Gorenstein injective modules;

strongly Gorenstein FP-injective modules = Gorenstein
FP-injective modules.

2) If R is left Noetherian, then the class of Gorenstein
FP-injective left R-modules coincides with that of Gorenstein
injective left R-modules. What about the converse? We will
give a positive answer in Theorem 1.

3) By symmetry, all the images, the kernels and the co-
kernels of E are Gorenstein FP-injective.

The class of Gorenstein FP-injective left R-modules is
closed under direct products by definition.

It is well known that a ring R is left Noetherian if and on-
ly if every FP-injective left R-module is injective ( see Theo-
rem 3 in Ref. [10]). Now, we give a generalization.

Theorem 1 The following are equivalent for any ring R.

1) R is left Noetherian;

2) Every FP-injective left R-module is Gorenstein injec-
tive;

3) Every FP-injective left R-module is strongly Goren-
stein FP-injective;

4) Every Gorenstein FP-injective left R-module is Goren-
stein injective;

5) Every Gorenstein FP-injective left R-module is strong-
ly Gorenstein FP-injective.

Proof 1)=3)=2), 1)=4)=2) and 1) =5)=3) are
trivial.

2)=1). Let I be any set and E,(i € I) be injective left R-
modules. By 2), we obtain that @,_,E; is Gorenstein injec-
tive. Hence, there is a Hom(Inj, —) exact sequence E—
®._,E, with E injective. It follows that Hom(E;,, E) —
Hom (E,, ©,_,E,)—O0 is exact, for any E,, i e l. This in-
duces that [ Hom(E,, E) — [ Hom (E, ®,_,E)—0 is

el el

exact, that is, Hom (®,_,E,, E) > Hom( &,

i

iel
IEIEi’ @iglEi)
—0 is exact. Therefore, @,_,E, is isomorphic to a direct
summand of E, and so it is injective. Thus 1) holds by
Proposition 18. 13 in Ref. [11].

Remark 2 By the previous theorem, we obtain that a
left coherent ring R in Ref. [9] is superfluous. For any ring
R, if the class of strongly Gorenstein FP-injective left R-
modules is closed under direct sums, then R is left Noetheri-
an. A strongly Gorenstein FP-injective module need not be
FP-injective. Let R =Z/4Z, where Z is the ring of integers.
Then R is a quasi-Frobenius ring, every projective ( resp.
injective) R-module is injective (resp. projective). Thus,
2R is strongly Gorenstein FP-injective, since there is an ex-

act sequence--- f R f R ! -+, where f(x) =2x for x
e2R. 1Itis clear that im(f) =ker(f) =2R. But 2R is not in-
jective.

Lemma 1 Let R be a left coherent ring and M be a

Gorenstein FP-injective left R-module. Then the FP-injec-
tive dimension of M is zero or infinite.

Proof Assume that FP-id(M) < «. Then there is a
Hom(FI, —) exact exact sequence 0>M—E" >E'—--—

E"—0 with each E' FP-injective. It is easy to see that M is
FP-injective.

Remark 3 If R is a left coherent ring with wD(R) <
o , then the class of Gorenstein FP-injective left R-modules
coincides with that of FP-injective left R-modules. What
about the converse? This is a partial answer in the following
proposition.

Proposition 1 The following are equivalent for an n-FC
ring R.

1) wD(R) <n;

2) Every Gorenstein flat right R-module is flat;

3) Every Gorenstein FP-injective left R-module is FP-
injective;

4) Every strongly Gorenstein FP-injective left R-module
is FP-injective;

5) Every strongly Gorenstein FP-injective left R-module
is injective.

Proof 1)&2)e4)o5) follows from Refs. [6, 9]. 1)
=3) and 3) =4) follow from Lemma 1 and 1) of Remark
1.

Recall that a left R-module M is called Fl-injective if
Ext'(G, M) =0 for any FP-injective left R-module G'"”.
For convenience, we shall write “R-module” to mean “left
and right R-module” in the rest of this paper unless other-
wise specified.

Lemma 2 Let R be a left coherent ring and M be a
Gorenstein FP-injective left R-module. Then M = F® H for
some FP-injective left R-module F' and some FI-injective left
R-module H.

Proof Since M is Gorenstein FP-injective, there is a

d
Hom(FI, —-) exact exact sequence ---—FE, %EO —E°

——E'—-.. of FP-injective modules with M = ker (E’ —
E'). Set K =coker(M—E’). By Ref.[4], K has an FP-in-
jective cover: G°—K with kernel M°. So we have the com-
mutative diagram with exact rows:

0 M f G’ K 0
1 Ly [

0 M5 E K——0
lo B I

0 w L K 0

Note that By is an isomorphism, and so E’ = ker(B) @
im(y). Thus im(y) = G’ and ker () are FP-injective.
Moreover, M’ is an Fl-injective module by Ref. [ 13].
Since ¢ is an isomorphism by the Five Lemma, we have
M =ker(o) @im(¢p), where im(¢p) =M’. In addition, we
obtain the commutative diagram:

0 0 0
! ! l

0——ker(g) —ker(8) — 0 —0

! ! !

0—s M % B — 5 K—50
o B l
0— M , G — K—0

Hence ker( o) =ker(B) by the 3 x3 Lemma in Ref. [14].
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This completes the proof.

Theorem 2 Let R be an n-FC and perfect ring. Then M
is a Gorenstein FP-injective left R-module if and only if M
= F® H for some FP-injective left R-module F and some
strongly Gorenstein FP-injective left R-module H.

Proof “<”is clear.

“=". Since M is Gorenstein FP-injective, there is a

d
Hom(FI, - ) exact exact equence --+—E| —]>EO —E

——E' —--+ of FP-injective modules with M = ker (E’ —
E'). Set K = coker(M—E"). By Theorem 2. 6 in Ref. [4],
K has an FP-injective cover G’ — K with kernel M’. By
Lemma 2, we obtain that M = M@ H’, where H’ is FP-in-
jective and M’ is Fl-injective. Let ---—F,—F,—M’—0 be
a minimal left Fl-resolution of M°’. From Lemma 3. 13 in
Ref. [12], we obtain that each F, is injective. This means
that ---—F, —»F, ®H —M°’®H’—0 is an Fl-resolution of
M. Since M has an exact left FI-resolution by hypothesis, in
terms of Theorem 8. 2. 14 in Ref. [5], we obtain that ---—
F,—F,—~M"—0 is exact. Therefore, M’ is strongly Goren-
stein FP-injective by Lemma 3. 1 in Ref. [9].

Corollary 1 Let R be an n-FC and perfect ring, and M
be an R-module.

1) If M has a strongly Gorenstein FP-injective preenvelope,
then M has a Gorenstein FP-injective preenvelope;

2) If M has a strongly Gorenstein FP-injective precover,
then M has a Gorenstein FP-injective precover.

Proof 1) Let M be an R-module. Then M has an FP-in-
jective preenvelope f: M — F by Ref.[5]. On the other
hand, by hypothesis, there is a strongly Gorenstein FP-in-
jective preenvelope g: M—G. We claim that h: M—F @
G (h(m) =f(m) +g(m), YmeM) is a Gorenstein FP-in-
jective preenvelope. For any Gorenstein FP-injective N, N
=F, @G, for some FP-injective left R-module F| and some
strongly Gorenstein FP-injective left R-module G, by Theo-
rem 2. Lett,: F,®G,—F, and t,: F,®G,—G, be projec-
tions. Hence, for any homomorphism «: M—N, there are
B: F—F, and yv: G—G, such that ¢, o« =gf and t,a = yg.
This shows that « = (B8®y)h, and so 1) holds.

2) Let M be an R-module. Then M has an FP-injective
cover f: F—M by Theorem 2. 6 in Ref. [4]. On the other
hand, by hypothesis, there is a strongly Gorenstein FP-in-
jective precover g: G— M. We claim that h: F&® G—
M(h(a+b) =f(a) +g(b), YaeF, be G) is a Gorenstein
FP-injective precover. For any Gorenstein FP-injective N, N
=F, DG, for some FP-injective left R-module F, and some
strongly Gorenstein FP-injective left R-module G, by Theo-
rem 2. Let n,: F,—F @®G, and n,: G,—F, ®G, be injec-
tions. Hence, for any homomorphism a: N—M, there are
B: F,—F and y: G,—G such that an, =f8 and an, = gy.
This shows that a« = 2(8@vy), and so 2) holds.

Corollary 2 Let R be an n-FC and perfect ring. Then

1) Every R-module M has a Gorenstein FP-injective pre-
envelope f; M— F® G such that frr, and fm, are monic,
id(L) <n -1 whenever n=1, where 7,: F® G—F and
m,. F®G—G are projections, L = coker(fir,). Moreover,
if id(M) < o, then G is injective.

2) Every pure-injective R-module has a Gorenstein FP-in-
jective precover.

Proof This result follows from Corollary 1, Theorem
3.3 and Theorem 4. 1 in Ref. [9].

Proposition 2 The following are equivalent for a two-
sided coherent and perfect ring R.

1) R is a QF ring (i.e., 0-Gorenstein ring);

2) Every R-module is Gorenstein FP-injective;

3) R is an FC ring.

Proof 1)=2) follows by Proposition 2. 6 in Ref. [15].

2)=3). By 2), R is Gorenstein FP-injective, and so
there is an epimorphism E—R with E FP-injective. There-
fore, FP-id(R) =0, that is, R is an FC ring.

3)=1). By Theorem 8. 4. 31 in Ref. [5], the flat dimen-
sion of any FP-injective R-module E<0. Note that R is per-
fect. Hence each FP-injective R-module is projective, that
is, R is a QF ring.

Proposition 3 Let n be a nonnegative integer. Then the
following are equivalent for a two-sided coherent and perfect
ring R.

1) R is an n-FC ring;

2) Every n-th Inj-cosyzygy of an R-module is Gorenstein
FP-injective;

3) Every n-th minimal Fl-syzygy of an R-module is
Gorenstein FP-injective.

Proof 2)<1). By Theorem 8.4.31 in Ref. [5], R is
an n-FC ring if and only if the flat dimension of any FP-in-
jective R-module E<n. Note that R is perfect. Then R is an
n-FC ring if and only if the projective dimension of any FP-
injective R-module E<n if and only if every n-th Inj-cosy-
zygy of an R-module is Gorenstein FP-injective since
Ext""'(E, M) =0 for any R-module M.

3)=1) follows from Theorem 8. 4. 31 in Ref. [5].

2)=3). If n=0, 1)=3) by Proposition 2.

Suppose that n=1. Let M be any left R-module. By The-
orem 2. 6 in Ref. [4], M has an FP-injective cover: F,—M
with kernel K,. Thus K, is Fl-injective by Lemma 2. 1. 1 in
Ref. [13]. From Lemma 3. 13 in Ref. [12], we obtain that
K, has an FP-injective cover F, — K, with F, injective.
Hence, if --+—F,—F;—M—0 is the minimal left FI-resolu-
tion of M, then each F,(i=1) is injective. Note that R is an
n-FC ring by the equivalence of 1) and 2). By Theorem
8.4.31 in Ref. [5], every left Fl-resolution is exact at F,,
for every i=n — 1. This implies that the n-th syzygy K, is
Gorenstein FP-injective by 2).

Remark 4 Enochs and Jenda have proved that a two-
sided Noetherian ring R is n-Gorenstein if and only if every
n-th Inj-cosyzygy of an R-module is Gorenstein injective
(see Theorem 12.3.1 in Ref. [5]), while Proposition 3
shows that a two-sided coherent and perfect ring R is n-FC if
and only if every n-th Inj-cosyzygy of an R-module is
Gorenstein FP-injective. The following is an example of a
two-sided coherent and perfect ring which is not two-sided
Noetherian. Let F be a field, V an infinite dimensional vec-
F 0
vV F
herent and perfect ring but which is neither left Noetherian
nor right Noetherian by Exercise 5B. 6 in Ref. [ 16].

tor space over F, R = ( ) Then R is a two-sided co-
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