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Abstract: The measures of path charge are important
considerations in traffic assignment of road networks. Factors,
such as travel time, fixed charge and traffic congestion which
affect road users’ choices of trip paths, are analyzed. Travelers
usually decide their trip paths based on their personal habits,
preferences and the information at hand. By considering both
deterministic and stochastic factors which affect the value of
time (VOT) during the process of path choosing, a variational
inequality model is proposed to describe the problem of traffic
assignment. A lazy loading algorithm for traffic assignment is
designed to solve the proposed model, and the calculation steps
are given. Numerical experiment results show that compared
with the all-or-nothing assignment, the proposed model and the
algorithm can provide more optimal traffic assignments for road
networks. The results of this study can be used to optimize
traffic planning and management.
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s an important part of traffic planning, traffic assign-

ment generally assumes that the selection of trip paths
of road users is based on only one principle: travel time or
expenses, without considering the fact that different travel-
ers have different criteria on the effects of VOT. Establis-
hing the traffic assignment model considering different pref-
erences between travel time and expenses is not only the ba-
sis of the charging system of traffic networks but also the
premise of traffic control and induced traffic.

In the study of the traffic assignment problem, researchers
have presented various formulations''™ . The theory of traf-
fic assignment considering only deterministic factors has
been well-established. Beckmann et al.'* established the
optimal model corresponding to the Wardrop equilibrium
principle under the assumed case that the travel cost is sepa-
rable from travel time. In connection with the case of asym-
metric travel cost, Smith™ built up the equivalent formula
corresponding to the Wardrop equilibrium and proved its
uniqueness. The key assumption of the deterministic traffic
assignment theory is that travelers are completely rational
and clearly grasp the traffic conditions and information,
which is usually impracticable. Generally, road users
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choose trip paths based on the estimation of travel cost
through incomplete information, so the traffic assignment
model based on the stochastic theory can reflect actual traffic
conditions more rationally'*” .

The existing traffic stochastic assignment theories are still
imperfect. On the study of route cost ( the key issue of traf-
fic assignment), researchers treat travel cost and travel time
as two weakly correlated parts. Gabriel et al. ™ proposed a
route cost function based on travel cost, and Larsson et
al. ! established a route cost formula based on travel time.
All these models have an imcomplete consideration on travel
cost and travel time and ignore the fact that different indi-
viduals have different values of time. This paper builds up a
traffic assignment model based on perceived time which is
influenced by deterministic and stochastic factors. An actual
and practical algorithm is designed to solve the stochastic
traffic assignment problem. The proposed model and algo-
rithm can distribute traffic flow more optimally.

1 Stochastic Assignment Model
1.1 Definition of network and symbol

Consider a road network G = (N, L) which has node set N
and arc set L, and [ = (i, j,)is an arc directed from node i,
to j,. Let p be a path starting at origin 0, 0 e N and ending
at destination d, d e N; and let x, and u, be traffic flow in-
fluenced by deterministic effects and stochastic effects, re-
spectively. b, is node j’s predecessor arc in tree T; v, is to-
tal trips from origin o to destination d.

1.2 Perceived time

The road users’ perceived time is mainly influenced by
two components: deterministic and stochastic. Either or
both may be flow-dependent. Let d, state the effect of the
deterministic component and s, the effect of the stochastic
component, and then the perceived time of trip path / can be
defined as

gp( @) = Z, d(x) +a 12, s,(x))
e <

where o is the weight of the stochastic component. With
given «, the probability density function( PDF) of the per-
ceived travel time from node o to node d is f(«lo, d).

Assumption 1( Wardrop’s principle) Each trip from o to
d has its own « and uses a path that minimizes g,(«a) for its
particular value of «. The probability of an o-d trip using
path p is

prob[plo,d] = ﬁ:rlf(a\o,d)da

where o' and o” are the negative of the slopes of the effi-
cient frontier’s two edges adjacent to p. Then for all 0 € N,
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aeA, a feasible traffic assignment x = (x,(a):0e N, l e
L, o€ A) satisfies

zxo[(a) - anl(a) = vn,,,f(a\o, d)

Lji=d Li=d

It is also easy to obtain the following formulae:

X = Zx/(a) = Z Zle(lz(a)
u, = Zax,(cx) = Z Zaxa,(a)

where x, is the total traffic flow through arc /, and u, is the
distributed traffic flow through arc / under the effects of sto-
chastic factors.

YVoe N,a e A,l € L

YVoe Nyae Al e L

1.3 Variational inequality

Because the effects of deterministic factors and stochastic
factors are asymmetric, we can build a variational inequality
model to represent stochastic traffic assignments.

2 (d(%) (x

lel

_xz*) +31(x1*)(u1 _ul*)) =0 (1)

S. t.

X = le(a) 2 Zxol(a)

A A N

u, = Zaxl(a) = Z‘ Zax“,(a)

d,=0,5,=20

Yoe NyaeAlel

Voe Nyae A,l e L

Viel

2 Lazy Loading Algorithm for Traffic Assignment

In order to solve the variational inequality problem of ex-
pression (1), the lazy loading algorithm for traffic assign-
ment can be used. The basic steps are as follows.

Step 1 Set upper bound o™ =1 on VOT weight «;

Step 2 Calculate the lower bound a™ of VOT, o™ =
(d,-d,-d])/(s, +s] —s,), and execute the program of
scanning nodes. If a =«
nodes n'; if o =™, correspond nodes n to set D, D =
{nlneNna’=a"1.

Step 3 If D =(J, quit and return (x, u), update the ori-
gin node o and weight o; otherwise, turn to step 4.

Step 4 Let j' = D, compute trips destined for j’ from ori-
gin o:

max

, assign trips destined for these

(dx,, du,) = vq,( fuf(a lo,)) da, fuaf( alo,)) da, )

Step 5 Define [ = b;; cascade node j’s trips: (x,,u,) =
(%, + 2 +dop,uy + 2, +duy), (x,u,) = (%, +u, +dx,
u, +u, +du,); and initialize (x;, u;) =(0,0).

Step 6 Decrease o-bound of node j', set a; = o”, and
go to step 2.

3 Numerical Experiment

A numerical example is carried out to clarify the mechan-
ics of the lazy loading algorithm for traffic assignment based
on a 9-node and 12-arc road network. This network has four
arcs which charge the fixed fee as shown in brackets in
Fig. 1 and the arc time is in minutes. This simple example
has exactly 500 trips going from node 1 to each of the re-

maining 8 nodes. « is the VOT weight, and we assume that
trips cannot distinguish VOT below 0. 001 yuan and the a-
weight PDF for all the OD pairs is uniform from 0 to 1.

o[ falo) da = 500(a, - o)

vljf Olf( o ‘O,j) da = 25()( (ij _ (a,,)) 2)

60 60

60| 30((5) 60

18 18
(10)

(10)

60, 30)(5) 60
60 60

Fig.1 Diagram of a road network

Fig. 2 explains the annotation of several variables in the
algorithm. The tree’s node labels «; show the exclusive low-
er bound of VOT, dashed arcs show links that will swap in-
to the next tree, and double circles are nodes whose minimal
path will change. The network’s arc labels (x;, u,) represent
assigned traffic flows, and node labels (dx;, du;) are the
destination flows accounted for in this step.

Fig.2 Annotation of several variables in the algorithm. (a) Tree;
(b) Network

Step 1  Set upper bound o™ =1. The lower bound of
calculated VOT weight falls on node 5; ai™ =(2-1-0)/
(6 +0-3.6) =0.416; tree 3 has new paths to nodes 5,6, 8
and 9.

Step 2 Execute program of scanning nodes, o) =a™" =
1,i=2,3,4,7, so assign trips(500, 250) to the correspond-
ing nodes; «) =a™ =0.416,i=35,6,8,9, correspond
nodes to set D, and D ={5,6,8,9}.

Step 3 Compute the loaded traffic flow

(de.dw) = v,(["f(aloj)da, [ oftalo,))da, ) =
(500(a; — a"),250(a; - (a")?) = (292,207)

Step 4 Update traffic flow on arcs, see Fig.3.

Step 5 Decrease a-bound of node j', set a; = 0.416,
and go to step 2.

After the first cycle, the feasible tree and assigned traffic
flow is shown in Fig. 3.

After the fourth cycle, the final feasible tree and traffic
flow assignment can be obtained (see Fig.4).

Tab. 1 shows the comparison between all-or-nothing algo-
rithm and the lazy loading algorithm for traffic assignment
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under fixed charge conditions.
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Fig.3 Feasible tree and traffic flow assignment after first cycle.

(a) Tree; (b) Network
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Fig.4 Final feasible tree and traffic flow assignment. (a) Tree; (b)
Network

21681 327

Tab.1 Comparison of all-or-nothing algorithm and lazy
loading algorithm for traffic assignment

All-or-nothing assignment  Lazy loading traffic assignment

OD pair - -

Paths Traffic flow Paths Traffic flow

12 12 500 12 500

13 123 500 123 500

14 14 500 14 500

14-5 292

1-5 14-5 500 1255 208

14-5-6 292

1-6 14-5-6 500 1-2-5-6 104

1-2-3-6 104

17 14-7 500 14-7 500

14-5-8 292

1-8 14-5-8 500 1-2-5-8 125

14-7-8 83

1-4-5-6-9 292

19 14-5-6-9 500 1-2-5-8-9 125

1-2-3-69 83
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4 Conclusion

Under the condition of road networks exacting fixed
charged paths, traffic assignment is more complex compared
with uncharged networks. The traffic assignment model and
its algorithm are studied in this paper to solve the traffic as-
signment problem of charged networks. As a variational
inequality, the proposed model can reflect different habits,
preferences, and the VOT of different travelers. The lazy
loading algorithm for traffic assignment uses an effective
node-scanning method and traffic flow loaded program to
assign traffic flow. The operational speed of the algorithm is
ideal and the result of traffic assignment is more actual com-
pared with all-or-nothing assignment.
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