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A new method for integration of a Birkhoffian system
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Abstract: The idea of the gradient method for integrating the
dynamical equations of a nonconservative system presented by
Vujanovic is transplanted to a Birkhoffian system, which is a
new method for the integration of Birkhoff’s equations. First,
the differential equations of motion of the Birkhoffian system are
written out. Secondly, 2n Birkhoff’s variables are divided into
two parts, and assume that a part of the variables is the
functions of the remaining part of the variables and time.
Thereby, the basic quasi-linear partial differential equations are
established. If a complete solution of the basic partial
differential equations is sought out, the solution of the problem
is given by a set of algebraic equations. Since one can choose n
arbitrary Birkhoff’s variables as the functions of n remains of
variables and time in a specific problem, the method has
flexibility. The major difficulty of this method lies in finding a
complete solution of the basic partial differential equation. Once
one finds the complete solution, the motion of the systems can
be obtained without doing further integration. Finally, two
examples are given to illustrate the application of the results.
Key words: Birkhoffian system; integration method; basic
partial differential equation
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t is well known that there is a complete set of highly ef-

fective integration methods for holonomic conservative
systems. When a non-potential force or a nonholonomic
constraint exits, many classical methods run into serious dif-
ficulties. Even if they can still be used, they should be sub-
jected to extremely harsh restrictions!", for example, the
Hamilton-Jacobi method on the promotion of nonholonomic
mechanical systems'”'. On the assumption that the general-
ized momentum in the sense of Hamiltonian mechanics can
be expressed as a function of generalized coordinates and
time, Vujanovic™' presented a gradient method in noncon-
servative mechanics. This method provides an important
tool for the integration of the dynamical equations of holo-
nomic nonconservative systems. Mei'" extended the gradi-
ent method to the nonholonomic system. In recent years,
although the studies of integration methods for constrained
mechanical systems have yielded a number of important re-
sults” ™! the application documents are still rare on the gra-
dient method. In this paper, we further transplant the idea
of the gradient method to a Birkhoffian system. We divide
2n Birkhoff’s variables into two parts, and assume that one
of the variables is the function of the remaining n variables
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and time. Thus the gradient method is successfully extended
to the Birkhoffian system and a new method for integrating
Birkhoff’s dynamical equations is introduced.

1 Differential Equation of Motion of a Birkhoffian
System

The differential equation of motion of a Birkhoffian sys-
tem is'*"!

(58

g 9B R,
aa”  da”

- Ja* ot
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where B = B(t, a) is called Birkhoffian, R, = R (1, a) is
Birkhoff’s function and
_dR, IR

*9a" _aaf (2)

is called Birkhoff’s tensor. Suppose that the system (1) is
nonsingular, i.e.,

det(2,) #0 (3)

then all of @” can be solved by Eq. (1), and we obtain

w=1,2,....2n (4
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where (270, =5, .

2 New Method for Integrating Birkhoff’s Equations

Assume that 2n Birkhoff’s variable ¢" can be divided into
two parts, ¢’ (j=1,2, ..., n) and a’ (o =n+1, .., 2n).
Without loss of generality, suppose that the variable @’ can
be expressed as a function of the variable a” and time ¢; that
is

aj=¢'f(a",t) j=12,...n, o=n+1,...,2n (5)

Hence, we have

Jj Jj
@ =9 4o 0O (6)
da’ ot

Substituting Eq. (4) into Eq. (6), we obtain the basic sys-
tem of quasi-linear partial differential equations,

J J OR ) OR
o ' (0B R _ u(8B IR, o
ot 9a’ oa” ot da” ot

j=1,2,....n, o=n+1,...,2n; v=1,2,....2n (7)

By utilizing Eq. (5), a complete solution of Eq. (7) can be
expressed as

d=¢'(a",1,C,)
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j=12,....n0=n+1,...,2n;A=1,2,....,2n  (8)

where C, are the constants of integration. When Eq. (8) is
substituted into Eq. (7), Eq. (7) will be reduced to an iden-
tity. By applying the initial condition

a“(0) =aj n=1,2,....2n 9

and substituting Eq. (9) into Eq. (8), we can express n
constants of integration, for example, C,,,, ..., C,,, in
terms of the rest of constant C,(k =1, 2, ..., n) and initial
condition af; therefore, we have

d=¢'(a’, 1, a5, C,)
B k=1,2,..,n; o=n+1,..,2n p=12,...,2n (10)
Thus we can obtain the following theorem.
Theorem 1 If the equation
9 _ fixed: k=
aC, =0 jfixed; k=1,2,..,n (11)
is a linear algebraic equation for a"*', ..., @, and the fol-
lowing formula is set up within the domain of 7, a’, i.e.,
2
det( L‘%,) #
dC,0a
jfixed; k=1,2,..,n; o=n+1,...,2n (12)

Then Eq. (10) in combination with Eq. (11) gives a general
solution of the Birkhoffian system (1) in the initial condi-

tion (9).
Proof Differentiating Eq. (11) with respect to 7, we
obtain
2, 2,
0¢ , Id 4o (13)
aC,at  9C,9a”

Taking partial derivation of the basic partial differential
equation (7) with respect to C,, we have

‘o o OR
Mﬁ%m(aﬁ% ,)+
atdC,  9a”aC, da” ot

z@"a[m(wﬁﬂ)]@@_

da’ aa' aa" aC
9 ( 9B +6R )]ad>
aa' da’ oC

j fixed; k, 1=1,2, ...n; 0:n+1, .2n, v=1,2, ..

L 2n
(14)

By using Eq. (11), Eq. (14) becomes

¢ aqu’ g,y(aB+6Ru):O (15)

at9C, aa"ack da’ ot

Comparing Egs. (13) and (15), we obtain

R
a.a =m( 0B )

+
da” 0Ot
2n; v=1,2,...,2n

c=n+l, ..., (16)

Eq. (16) gives the last n equations of Eq. (4).
Differentiating Eq. (10) with respect to ¢, we have

5)d> d)a -d =0

8a (17)

Substituting Eq. (16) into Eq. (17) and utilizing the basic
partial differential equation (7), we have

w( 0B IR, . o
=0 (aa” o j=1,2,...mv=1,2,....,2n (18)
Eq. (18) is the first n equations of Eq. (4).
3 Examples
Example 1  Birkhoffian and Birkhoff’s functions of a
four-dimensional Birkhoffian system are respectivelymi‘”
_L 3 L L L 2.2 :
B—2(a barctanbt) + [a ln(1+bt)]
R =d’, R, =d", R3_R4_0 (19)

where b is a constant. Let us try to find the motion of the
system with the method of this paper.
Birkhoff’s equation (1) gives

d =0, d¢*=0, ¢ -4 +%arctanbt =0
(20)

a-d +21—b1n(1 +b°1) =0
Let
a' =qb1(a3, at, ), a2=¢2(a3, at, 1) (21)
Then the basic partial differential equation (7) gives

1 2
Wy L rctanpt =0, aai; _d* +iln(l +BF) =0

ot b
(22)
The complete solution of the quasi-linear partial differential

equation (22) is easily seen as

a=¢'=C, - barctanbt+

222111(1 +b’f) +(t+C))a’ +C,a*
(23)

a2:¢2:C4

- Larctanbt + LA
b b

ﬁln(l T bP) +Cd +(14C)d

where C,, C,, C,, C, are the constants of integration.
the inertial conditions of the system, we obtain

C,a,
Clag}

Substituting Eq. (24) into Eq. (23), we obtain

Using

1
G =a,
2
C, =aq,

3
_ClaO —

24
—Czag - (24)

t
— —arctanbr +
b

Zzln(l +b’1f) +(t+C))ad +C,a'

(12:(1)2:

trr 22
b 2bln(1+bt) +Ca +(t+C)a

1 1 3 4
a =¢ =a,-Ca, -Ca,

(25)

1
- C,a, - C,a, - —arctanbt +
b
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From where C,(i =1, 2, ..., 6) are the constants of integration.
The initial condition is
0by _, 00 b b
aC, 7 aC, aC, 7 aC, a*(0) =aj u=12 .4 (36)
we have Substituting Eq. (35) into Eq. (33) and making use of the
B af) vad =0, - aé v d' =0 (26) initial condition (36) to cancel C,, C,, we obtain
Therefore, we have a' =¢' =a, - Cya, — Gy + (4 = Cyag = Coay) 1+
1 1
i =d d =d 27 [Cz+(C5+C3)t+C6t2+?t3]a2+(c3+C6t+7t2)a4
Substituting Eq. (27) into Eq. (25), we obtain a =¢' =a, - C,a, — C,a, + ( Cs +Cyt +%t2)a2 +(C, +0d
b b 1 22 3 (37)
@by arctanb? +2b21n(1 FOr) i 28 It is easy to verify that a¢>"/acﬂ =0(=1,2; u=2,3,5,
e L —Lln(l +b0°F) +1td} ) 6) leads to
4 =4 b 2b %o —a,+a =0, —a, +ta’ +a' =0 (38)
Egs. (27) and (28) are the general solutions of the problem  Eq. (38) yields
under consideration, which are in correspondence with the ) - . 5
results given by Mei using the field method"" . a =a, a =a, -1 (39)
.Exam.ple 2 Birkhoffian and Birkhoff’s functions of a Substituting Eq. (39) into Eq. (37), we obtain
Birkhoffian system are
15, 3 1,4
IETE R WP o B 4 _ 011:aé—ftao+tao+fta0
B=aa +2(a),Rl—a,Rz—O,R3—a,R4—O 6 2 (40)

(29)

Let us try to find the motion of the system with the above
method.
Birkhoff’s equation (1) gives

-d° =0, d' -a’' =0, —d' -a> =0, ¢ -a' =0 (30)

Let
a' =¢'(a’ a0, a=¢’(a,d' 1) (31)
Then the basic partial differential equation (7) gives
1 1 3 3
%_&%az_¢3 =O, &_@%aZ_a4=o (32)
at  da at  da
Suppose that the solution of Eq. (32) is of the form
o' =fi() +fi(na +f(a' } (33)
¢ =g(n) +g,(Nd +g(nd

Substituting Eq. (33) into Eq. (32) and equating to zero
terms which contain @, ¢* and free terms, we obtain

R L R R
gl :0’ gZ _g3 :0) g3 _1 :O
Integrating Eq. (34), we obtain
fi=C +Ct
£,=C,+(C +Cy)t+C,F +%t3
£,=C+C el
37 V3 6 2 (35)

8 =C,

g, =C; +C6t+%t2

g, =C, +t

3 3 2 2 4
a —au—jt a, +1a,

Egs. (39) and (40) give the solution of the problem.
4 Conclusion

Vujanovic¢"” applied a gradient method to integrate the dy-
namical equations of the holonomic nonconservative system.
This paper transplants the idea of the gradient method to a
Birkhoffian system, and presents a new method for integra-
ting the Birkhoffian system. The advantages of this method
are that the basic system of partial differential equations is
quasi-linear, the method has flexibility, and we can choose
n arbitrary Birkhoff’s variables @’ as the functions of the re-
maining variables a” and ¢ in a specific problem. The major
difficulty of this method lies in finding a complete solution
of the basic partial differential equation. Once one finds the
complete solution, one can obtain the motion of the systems
without doing further integration.
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