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Deflection and stress of hollow CRCP slab
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Abstract: Based on the equivalence principle of deflection and
stress, the concentrated vehicle load which acts on the center of
continuously reinforced concrete pavement (CRCP) is translated
into the equivalent half-wave sine load by the Fourier transform.
On the basis of this transform and the small deflection theory of
elastic thin plates, the deflection and stress formulae of CRCP
under the concentrated vehicle load with a hollow foundation are
put forward. The sensitivity of parameters is analyzed. The
results show that maximum deflection is directly proportional to
the concentrated vehicle load and the slab width, and inversely
proportional to the lateral bending stiffness and slab thickness.
The effects of slab width and thickness are significant with
regard to maximum deflection. Maximum stress is directly
proportional to the concentrated vehicle load and the slab width
as well as inversely proportional to slab thickness. The effect of
slab thickness is significant with regard to maximum stress.
According to the calculation results, the most effective measure
to reduce maximum deflection and stress is to increase slab
thickness.
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ontinuously reinforced concrete pavement (CRCP) is a

Portland cement concrete pavement structure with con-
tinuous longitudinal steel reinforcement with no preventive
measures for transverse expansion or contraction joints'' ™
The superiority of CRCP is shown under some special condi-
tions (such as overloaded traffic, heavy traffic, uneven set-
tlement and poor hydrogeological conditions).

It is believed that the CRCP will crack naturally™. Re-
petitive loading and thermal loading force the concrete to
crack vertically. The closely spaced transverse and longitu-
dinal cracks cause punchouts'*™. Field investigations of
CRCP indicate that spalling is another cause of damage to
CRCP'. Therefore, the CRCP punchouts and smoothness
are proposed as the basic design parameters in the guide for
mechanistic-empirical design'”’. This method comes from
the given structure and load; therefore, the mechanistic de-
sign method is not proposed.

In this paper, the concentrated vertical load is translated
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into the equivalent half-wave sine load by the Fourier trans-
form. According to the small deflection theory of elastic
thin plates, the deflection and stress formulae of CRCP are
put forward when CRCP on a hollow foundation is subjected
to a concentrated vertical load. These analysis results are
helpful in the study and design of CRCP on a hollow foun-
dation under a concentrated vehicle load.

1 Basic Theory and Differential Equations
1.1 Basic theory

After construction, the early transverse cracks of the slab
are caused by the combined effects of decreasing tempera-
ture and dryness shrinkage. The general crack spacing is
within the range of 1 to 2.5 m'". Compared with the cross-
section area of the slab, the area of steel reinforcement is
very small (0.6% to 0.8% ). As time goes by, the load
transfer efficiency decreases. Therefore, it is safe to ignore
the role of longitudinal reinforcement steel in the analysis.
All the remaining conditions satisfy the Kiechhoff assump-
tion of the elastic rectangular thin slab'’. The small deflec-
tion theory of elastic thin plates is used in this analysis.

1.2 Differential equation of elastic thin plates

According to the basic assumptions of elastic thin plates
and the balance of internal forces and loads, the deflection
differential equation of elastic thin plates is calculated as '™

D,V V'w=P(x) (1)

where w is the deflection of the slab; P is the concentrated
load in the center of the slab; V? is the Laplace operator, V?
=9°/9x> + 9°/dy’; D, is the transverse bending rigidity of
the slab. D, = E,_ h’/12(1 - 1), where E, is the CRCP
transverse elastic modulus''; £ is the thickness of the slab;
v, is the Poisson ratio of the slab. The concentrated force in
the slab is shown in Fig. 1.

VE:

Fig.1 Slab under the concentrated vehicle load
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The moment and shearing force per unit width are given
by
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The stress of the slab is given by
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2 Load Transform

2.1 Method of load transform

With the Fourier transform, the concentrated vehicle load
is expanded as a half-wave sine load with peak load p,.

X

j (5)

P(x) =p, sin

where p, is the maximum value of the sine curve load; B is
the slab width; x is the transverse distance from the edge of
the slab (0 <<x<B). After the balanced load transform, the
load pattern on the slab is shown in Fig. 2.

= sin TX
P(x) =pysin B

Fig.2 Slab under the equivalent half-wave sine load

2.2 Equivalency of load transform

As 0 <x<B, Eq.(5) satisfies Dirichlet conditions'"".
Then, Eq.(5) is equal to P within 0 <x<B.

3 Deflection and Stress
3.1 Deflection in the center of span

Substituting the load transform of Eq. (5) into the elastic
slab balance of Eq. (1), the new elastic thin plates’ differ-
ential equation of CRCP on a hollow foundation under the
concentrated vehicle load is written as

D,V V'w =p, sin% (6)

The right side item of the basic differential Eq. (6) is
p, sin( wx/B), and the left side item is D, ( 9'w/9x* +

20*'w/0x’ 9y + a*w/ay"), which expresses the second-order
and the fourth-order partial derivatives of w with respect to x
and y. For the n-order derivative of sin x, when n is an
even number (2k, k=0,1,2,...), (sinx)® =( =1)"sinx;
when n is an odd number (2k + 1, k=0,1, 2, ...),
(sinx) ™" =( =1)* cosx!""". According to the character of
these higher-order derivatives, w can be written as

X

w=(Ax +A Xy + A7y +Axy’ + A,y +A)sin B

(7)
From the boundary conditions, when x =0, M =0, we
have A, =0. When x =0, M =0, we have A, =0. And
when y=1,/2, M =0, we have A, =A, =A, =0, where [,
is the distance between adjacent cracks.
Then putting A,, A,, A,, A, and A, into Eq. (7), w can
be simply written as
w = A;sin % (8)
Substituting the deflection of Eq. (8) into the elastic thin
plates differential of Eq. (6), we have

mX

j )

D w""(x) =p, sin

After the successive integration of Eq. (9), we can obtain

2

" PoB . X
D w'(x) = - ;’Tz sm%+C1x+C2 (10)
B c,xX Cx
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According to the boundary conditions, we can obtain in-
tegration constants. As x =0, w(x) =0, we have C, =0.
As x=0, w"(x) =0, we have C, =0. As x=B, w(B) =0,
we have CIBB/6 + C,B =0, and with the condition x = B,
w"(B) =0, we can simultaneously have C, =0 and C, =0.

According to the equivalence principle of the load trans-
form, we have

(7 Ty _ 2B
P = fnposm de = Trpo (12)
Po=5p (13)

By putting the coefficients C, =C, = C, = C, =0 and Eq.
(13) into Eq.(11), the deflection formula is written as

PB’ . mx
= sin —- 14
w(x) 22D "B (14)
As x = B/2, maximum deflection is obtained from
3 6PB(1 -4
PB’ (1-v) (15)

w = =
xmax 3 3 3
2D, wE_h

3.2 Equivalence verification of load transform

For the same piece of the slab, the width B and bending
rigidity D_are constants. According to the nature of the de-
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rivative of trigonometric functions, the following formula is
established.

wi(x) wilx) wl"(x) P (%)

w,(x) ~ wi(x)  wY(x)  P,(x)

=constant  (16)

From Eq. (16), we can see that the rules for the change
of loads, deflections and internal forces are consistent. It
shows that the concentrated vehicle load on the slab can be
replaced by the half-wave sine load through the Fourier
transform. In this way, the analysis of the slab deflection
and stress is reasonable.

3.3 Bending moment and shearing force

Now, putting the deflection Eq.(14) into Eq.(2) and Eq.
(3), we can obtain the bending moment and the shearing
force of the unit width as follows:

PB . mx

M = Esm B

3.4 Stress of concrete slab

According to Saint-Venant’ s principle''”, when deflec-

tion Eq.(14) is put into Eq.(4), the stress expression of the
slab is written as

12AL2_6PBz. X

o, = =——"sin
h B

X h 3

When z = /2 and x = B/2, the maximum stress is ob-
tained from

. _3PB
xmax Tth

4 Effect Analysis of Various Parameters on Maximum
Deflection and Maximum Stress

4.1 Effect of parameters on maximum deflection

As shown in Fig. 3, the slab width has a significant effect
on the maximum bending deflection of the slab. Maximum
deflection rapidly increases with the increase in slab width,
while it only gradually increases with the increase in the
load. When the slab width is greater than or equal to 10 m,
the load has a significant effect on maximum deflection.

Similarly, the effect of the slab thickness on maximum
deflection of the slab is as significant as the slab width, but

Slab width/m
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Slab deflection/cm
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Fig.3 Effect of slab width on maximum deflection

with an opposite tendency. Maximum deflection rapidly de-
creases with the increase in slab thickness while it gradually
increases with the increase in the load. When the slab thick-
ness is greater than or equal to 26 m, the load has no signif-
icant effect on maximum deflection, as shown in Fig. 4.
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Fig.4 Effect of slab thickness on maximum bending deflection
4.2 Effect of parameters on maximum stress

Fig. 5 shows the effect of the slab width on maximum
stress. Maximum stress rapidly increases with the increase
in slab width and gradually increases with the increase in the
load.
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Fig.5 Effect of slab width on maximum stress

It is clear from Fig. 6 that the effect of the slab thickness
on maximum stress is also significant. Maximum stress de-
creases rapidly with the increase in the slab thickness while it
increases gradually with the increase in the load. When the
slab thickness is greater than or equal to 28 cm, maximum
stress is less than the slab bending strength (5 MPa) under a
standard axle load (100 kN). When slab thickness is less
than or equal to 27 cm, maximum stress is greater than the
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Fig. 6 Effect of slab thickness on maximum stress
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slab bending strength under a standard axle load and crack-
ing occurs in the bottom layer of the slab. As time goes by,
the crack extends to the top of the slab, and a punchout oc-
curs.

5 Conclusions

1) Based on the equivalence principle of deflection and
stress, the concentrated vehicle load which acts on the cen-
ter of CRCP can be translated into the equivalent half-wave
sine load by the Fourier transform. The formulae and results
given are reliable.

2) Maximum deflection is directly proportional to the
load magnitude and the slab width. Contrarily, it is inverse-
ly proportional to the transverse elastic modulus and the slab
thickness, where the slab width has a significant effect.

3) Maximum stress is directly proportional to the load
magnitude and the slab width. Contrarily, it is inversely
proportional to the slab thickness, which has a significant
effect on maximum stress. Therefore, it should be possible
to increase slab thickness to reduce maximum deflection and
maximum stress.

4) The method can be used to research CRCP deflection
and the stress on soft soil base, loess foundation, liquefied
sand and mining subgrade when the CRCP slab is subjected
to a concentrated vehicle load.

5) When CRCP is under several loads which are not in
the center of the slab, according to the equivalence princi-
ple, the loads can be replaced with concentrated loads in the
center and two bending moments in combination. So we can
first obtain the deflection and the stress under concentrated
loads using the method proposed in this paper. Secondly,
the deflection and the stress caused by bending moments can
be aggregated according to the superposition principle .
In this way, we can obtain the deflection and the stress of
the CRCP slab under complex loads.

References

[1] Deng Xuejun, Huang Xiaoming. Principles and design

EWMEPTHIEATRE

R R
(RamxFad

BE - ATHRAEALE R AFHRN,
T oA 5 28y F R B TR AT H. BT AR e N R R R
£ CRCP #9328 % A= & 7y i+ 5

095 E R RS, 5 AR 69 B R BRL , B AR 6 R
S 3G AR Y R

KEBIR: EMEFIEF
hE S E.U416.216.2

HORIL ok EFRAT ;B

TR T &

NK, M T BB BB 4
B, HAR G AR T w R AR A B R RGP AR G

methods of pavement | M].
Press, 2007. (in Chinese)

[2] Huang Wei, Qian Zhendong. Theory and methodology of
high-class concrete pavement design [ M]. Beijing: Science
Press, 2000. (in Chinese)

[3] Kohler E, Roesler J. Active crack control for continuously
reinforced concrete pavements [ C]//Proceedings of Trans-
portation Research Board 83rd Annual Meeting. Washing-
ton, DC, USA, 2004: 19 —29.

[4] Che D H, Scullion T, Bilyeu J, et al, Detailed forensic in-

vestigation and rehabilitation recommendation on interstate

highway-30 [J]. Journal of Performance of Constructed Fa-

cilities, 2005, 19(2): 155 —164.

Selezneva O I, Darter M I, Zollinger D G, et al. Character-

ization of transverse cracking spatial variability: using of LT-

PP data for CRCP design [ C]//Proceedings of Transporta-

tion Research Board 82nd Annual Meeting. Washington,

DC, USA, 2003: 147 —155.

Zollinger D G, Senadheera S P, Tang T X. Spalling of con-

tinuously reinforced concrete pavements [J]. Journal of

Transportation Engineering, 1994, 120(3): 394 —411.

[7]1 ARA, Inc., ERES Consultants Division. Guide for mecha-
nistic-empirical design of new and rehabilitated pavement
structures [ R]. Chicago, IL, USA: ARA, Inc., ERES
Consultants Division, 2004.

[8] China Highway Planning and Design Institute. JTG D40—
2002 Specification of cement concrete pavement design for
highways [ S]. Beijing: China Communications Press,
2003. (in Chinese)

[9] Wang Xingye, Xiao Jiayu, Tang Yuzhang, et al. Mechanics
analysis and design of composites [ M]. Changsha: National
University of Defense Technology Press, 1999: 100 — 118.
(in Chinese)

[10] Luo Qinglai, Song Baisheng. Higher mathematics: Vol. 2

[M]. Beijing: Higher Education Press, 2006. (in Chinese)

[11] Song Baisheng, Luo Qinglai. Higher mathematics: Vol. 1

[M]. Beijing: Higher Education Press, 2006. (in Chinese)
[12] Xu Zhilun. Mechanics of elasticity [ M]. Beijing: Higher
Education Press, 2002. (in Chinese)
[13] Sun Xunfang, Fang Xiaoshu, Guan Tailai. Mechanics of
materials: Vol. 1 [ M]. Beijing: Higher Education Press,
2004. (in Chinese)

Beijing: China Communications

[5

—

[6

—

CRCP R E S M 7]

TER

$ 8, d 7 210096)

B e A T ik 4 B s £ 3% & (CRCP) b et 4 4 4 25 BB 4 2 vb B HOR
LR R b R T B TR TR A

EREY R R RIEE L F 45 5 P A AR SR
B REHaRE MORRENE FHEFFE M

Hm B AR AR AR KRB A L ) A AR ik

AR DL W CRCP AR 368 5 5 /1 X Ry 3R



