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Drazin invertibility for matrices over an arbitrary ring
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Abstract: In order to study the Drazin invertibility of a matrix
with the generalized factorization over an arbitrary ring, the
necessary and sufficient conditions for the existence of the
Drazin inverse of a matrix are given by the properties of the
generalized factorization. Let T'= PAQ be a square matrix with
the generalized factorization, then T has Drazin index k if and
only if k is the smallest natural number such that A, is regular
and U, (V,) is invertible if and only if k is the smallest natural
number such that A, is regular and U, (V,) is invertible if and
only if k is the smallest natural number such that A, is regular
and U,(V,) is invertible. The formulae to compute the Drazin
inverse are also obtained. These results generalize recent results
obtained for the Drazin inverse of a matrix with a universal
factorization.
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hroughout this paper and unless otherwise specified, R

denotes an arbitrary ring with identity 1, M, ,(R) and
M, (R) the set of all m x n matrices and the ring of all n xn
matrices over R, respectively. Given an m x n matrix A
over a ring R, A is called (von Neumann) regular if there
exists an n x m matrix A~ such that AA A =A. A"~ is called
a von Neumann regular inverse of A and the set of all the
von Neumann regular inverses of A will be denoted by A
{1}. An n x n matrix T over the ring R is said to have Dra-
zin index k if k is the smallest natural number such that there
exists a (unique) solution T of the system of equations: 1)
T"=T'""Z:2)ZTZ =Z;3)TZ = ZT. T" is called a Drazin
inverse of index k of T. If k =1, then T”' is denoted by T”
and is called the group inverse of T.

The Drazin inverse and the group inverse of a square ma-
trix are studied in Refs. [1 —2]. Chen"' discussed the Dra-
zin invertibility and the group invertibility of a matrix with
GDH-factorization. In Ref. [4], the sufficient and necessary
conditions are given for a matrix with a universal factoriza-
tion to have a Drazin inverse. Motivated by the previous
studies, we study the Drazin invertibility of a matrix with
generalized factorization in this paper. T = PAQ is called a
GDH-factorization if P is right high and Q is left high. P is
right high if Px =0 implies x =0 and Q is left high if xQ =0
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implies x =0. T = PAQ is called a universal factorization if
there exist matrices P’ and Q' such that P’PA =A =AQQ’.
T = PAQ is called a generalized factorization if the following
conditions are satisfied P A = P,A whenever P AQ = P,AQ
and AQ, = AQ, whenever PAQ, = PAQ,. Clearly GDH-fac-
torization and universal-factorization are both generalized
factorizations, but the converse is not true"’ .

The main results, theorem 1, theorem 2 and theorem 3,
give the necessary and sufficient conditions for a matrix with
the generalized factorization to have a Drazin inverse and the
formula for obtaining the Drazin inverse if the conditions are
satisfied. Hence, the theorems in Refs. [6 —7] can be de-
duced.

Theorem 1 LetAeM, ,(R) be a square matrix and T
= PAQ be a generalized factorization. Let A, = A, A, =

AQ(PAQ) PA,i>1. The following statements are equiv-
alent:
1) T has Drazin index k;
2) k is the smallest natural number such that A, is regular
and U, =A, A,OTPA, +1,-A, A, is invertible;
3) k is the smallest natural number such that A, is regular
and V, =A OTPA, A, +I,-A A is invertible.
In this case, we obtain
T" =PAU;'Q=PV,'AQ=T"PAU’Q =
PVk-zAkQTkH - Tk+1PVk—1AkUk-1Q -
PV 'A U ' QT
Proof 1)<2) Suppose that T has Drazin index k, let
Z=T", then T' = T‘Z'T" and PA,Q = PA,QZ"PA Q. Since
T =PAQ is a generalized factorization, PA,Q is also a gen-
eralized factorization. So, we obtain A, = A,QZ"PA,, i.

e., A,isregular. Let A, €A, {1}, using the same methods
as shown in Ref. [1], we obtain

(A;A,QTPA ) (A A, QZ"'PA)""" =A A,
and
(A;A,QZ""'PA)""' (A A,QTPA,) =A, A,

So A, A,QOTPA, is invertible in A, A,M (R)A, A,. By theo-
rem 1 in Ref. [8], we obtain that U, =A, A,QTPA, +1I, -
A A, is invertible in M,(R). Conversely, suppose that U, is
invertible, and let Z =PAkU,;1Q. First, we obtain
AU, =A,0TPA A AU, =A A QOTPA, =
UkAl:AkUk?lAk?Ak :AkiAkUkil

and

T""'Z=P(AQTPA)U,'Q=PA,Q=T"



Drazin invertibility for matrices over an arbitrary ring

231

Next, we obtain

ZTZ =PA, (A, A U;"QTPA,U,'Q =
PAU;'(A;AQTPA)U;'Q=Z

Note that
Ui = (AkiAkQPAk +In _AkiAk).
(A;AQT’PA, +1,-A_A)
and
Ul =(A;AQT°PA, +1,-A  A,)
(AkiAkQPAk +Iu _AkiAk)
Let
i]k =A/AQPA, +1 -A A,
and
S=A,AQT’PA, +I,-A A,
we obtain

U -U,-S=5-T,

Since U, is invertible, so is U, and U,' = U,’S = SU,".
Immediately, we obtain 7Z = PA kﬁk‘]Q =ZT. Hence, T"
=PAU;'Q.

2)3) LetA; €A, {1}, and suppose that U, is inverti-
ble. Then by theorem 1 in Ref. [8], A, A,QTPA, is invert-
ible in A, A,M,(R)A; A,, so there exists Z e M, (R) such
that A A OTPA,ZA A, = A A, = A A ZA A, QTPA,.
Multiplying by A, on the left side and A, on the right side,
respectively, we know that A,ZA, A A  is an inverse of
A,OTPA,A, in A/ A, M,(R)A,A, . So by theorem | in
Ref. [8], V, is invertible. The converse is analogous. Since

AU, =A,QTPA, =V A,

hence
T =PAU,'Q=PV,'A,Q
And
AU ' =AQTPA U’
SO

T’ =T"'PAU;’Q
Similarly, we have
T” =PV.’A,QT""
We also obtain
T =T"'PAU’Q =PV.’A QT""'

Theorem 2 Let A e M, ,(R) be a square matrix and
T =PAQ be a generalized factorization. Let A, = A, A, =
AQ(PAQ) PA,i>1. The following statements are equiv-
alent:

1) T has Drazin index k;

2) k is the smallest natural number such that A, is regular
and U, =A; A,QPA, +1, - A A, is invertible;

3) kis the smallest natural number such that A, is regular
and V, =A,QPA A, +1, -AA, is invertible.

In this case, we obtain

T =T"'PAU’Q=T"'PV’AQ=
T"'PV,'AU;'Q
Proof By theorem 1, it is sufficient to prove that U, is
invertible iff U, is invertible. Note that U; =U, S =S -U,

where S =A, A,QT°PA, +1, - A, A,. So if U, is invertible,
then i]k is invertible. By induction, we obtain

U/ =A;AQT" "'PA, +1,-A A,
and
S"=A;A QT “""'PA +I -A A,

Let p =k +2, g =k, then we have U’ = S?. Suppose that U,
is invertible, so is S, thus, U, is invertible. Now we prove
T" =T"'PA, U’ Q. First, U,S' =S'U,, by theorem 1,
T" =T""'PA,S'U;'Q. Since PA,S =T PA, =T°PA,U,,
then we obtain

PAU' =T°PA,S"

So
PAU’Q=T'PAS'U;'Q
Thus
" =T"'(T°’PAS'U;'Q) =T""'PAU;’Q
Since
AU =AQPA, =VA, AU '=V A,
we obtain

T =T“'PV’A,Q =T 'PV.'A,U;'Q

Corollary 1 Let T € M, (R), the following statements
are equivalent:

1) T has Drazin index k;

2) k is the smallest natural number such that T* is regular
and f]k =(TH T* +1, —( T ~T" is invertible;

3) k is the smallest natural number such that T* is regular
and T/k =T(T" " +1, - T'(T") " is invertible.

In this case, we obtain

TD‘ — T2k—l’vk—2 — Tk—]T/k—ZTk — Tk—]vk—lTkEk—l

Theorem 3 Let A e M, ,(R) be a square matrix and
T =PAQ be a generalized factorization. Let A, = A, A, =
AQ(PAQ) ' PA,i>1. The following statements are equiv-
alent:

1) T has Drazin index k;

2) k is the smallest natural number such that A, is regular
and U, =A;A,QPA +1,-A; A, is invertible;

3) k is the smallest natural number such that A, is regular
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and V, =AQPA,A; +I,-A,A; is invertible.
In this case, we obtain

T" =PA,U;“""Q=PV,"""A,0

Proof Note that A, U, =A,QPA =AQPA, =V, A, on the
other hand, (U,)> = A;AQPAQPA + I, - A[A, =
A A QOTPA +1,-A; A,. By induction, we obtain

(U,)' =A A, QT 'PA+1,-A[ A,
SO
(0)"=A;A,QT"'PA+I -A A, =T,

Similarly (f/k)k = T/'k. So by theorem 2, (1) &(2) <(3).
Since A, U, =A,QPA, then

PA, =PA,QPAU;' =TPA,U;'
By theorem 2,
T =T""'PAU*Q=T"*(TPAU"YU,*"'Q=... =
PAU " Q

Since A, U;' =V,'A,, we obtain T” =PV, **"A,Q.
LetAe M,  (R) be a square matrix and T =PAQ be a

universal factorization, then by theorem 2 we can obtain the

theorem in Ref. [7]. It is clear that for any T € M, (R),

T =1TI, is a generalized factorization. Now by theorem 1
and theorem 3, we immediately obtain theorems 1, 2 and 3
in Ref. [6]. And we also obtain the characterization on the
group inverse of a matrix with generalized factorization.
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