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Abstract: An element a of a ring R is called uniquely strongly
clean if it is the sum of an idempotent and a unit that commute,
and in addition, this expression is unique. R is called uniquely
strongly clean if every element of R is uniquely strongly clean.
The uniquely strong cleanness of the triangular matrix ring is
studied. Let R be a local ring. It is shown that any n X n upper
triangular matrix ring over R is uniquely strongly clean if and
only if R is uniquely bleached and R/J(R) =Z,.
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hroughout, all rings are associative with unity. For a
T ring R, T,(R) denotes the ring of all n x n upper trian-
gular matrices over R. Given a matrix A, A, denotes the (i,
j)-th entry of A, and I, denotes the n x n identity matrix.
The symbols U(R) and J(R) stand for the group of units
and the Jacobson radical of R, respectively.

An element of a ring is called strongly clean if it can be
written as the sum of an idempotent and a unit which com-
mute. A ring is strongly clean'" if each of its elements is
strongly clean. Some results on strongly clean rings can be
referred to in Refs. [2 —9]. In Ref. [10], Chen et al. gen-
eralized the concept of strongly clean rings and introduced
the notion of uniquely strongly clean rings. An element of a
ring is called uniquely strongly clean (or USC for short) if
it has a uniquely strongly clean expression, and a ring is
said to be uniquely strongly clean (or USC for short) if ev-
ery element of the ring is uniquely strongly clean. It was
shown in Ref. [10] that a ring R is uniquely clean (i.e., a
ring in which every element is uniquely the sum of an idem-
potent and a unit'""") iff R is an Abelian (that is, all its
idempotents are central) USC ring, and the ring of all n x n
matrices over any given ring R is not uniquely strongly clean
whenever n > 1. The USC triangular matrix ring was inves-
tigated in Ref. [10], and it was proved that for a commuta-
tive ring R, R is uniquely clean if and only if 7,(R) is USC
for any n > 1.

In this paper, we continue the study of the uniquely
strong cleanness of any n X n triangular matrix ring over a
local ring. Let R be a local ring. We show that R is unique-
ly bleached with R/J(R) =Z, if and only if T,(R) is USC
for any n=1 if and only if 7,(R) is USC for some n=2.
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We start with the following elementary lemma which will
be used freely in sequel.

Lemmal LetR be aring, and let E, A, Be T ,(R).

1) If E> =E, then (E,)’ =E, fori=1,2,...,n.

2) Ae U(T,(R)) if and only if A, € U(R) for i =1,
2,...,n.

3) BeJ(T,(R)) if and only if B, e J(R) fori=1,2, ...,
n.
Lemma 2 Let R be a ring and a e R. Then a is USC if
and only if sois 1 —a.

Proof It is easy to see that a = e + u is a uniquely
strongly clean expression in R if and only if sois 1 —a = (1
-e)+(—u).

Lemma 3 A local ring R is USC iff R/J(R) =Z,.

Proof In view of Example 4 in Ref. [10], an Abelian
ring is USC if and only if it is uniquely clean. By Theorem
15 in Ref. [11], alocal ring R is uniquely clean iff R/J(R)
=Z,. Thus the result follows.

Letae R. I,: R—R and r,: R—R denote, respectively,
the Abelian group endomorphisms given by [, (s) = as and
r,(s) =sa for all seR.

Definition 1" A local ring R is called uniquely
bleached if for any j e J(R) and any u € U(R); the Abelian
group endomorphisms /, —r; and /; - r, of R are isomorphic.

According to Example 13 in Ref. [2], division rings,
commutative local rings, local rings with nil Jacobson radi-
cals, and local rings for which some power of each element
of their Jacobson radicals is central are all uniquely bleached.

Lemma 4 Let R be a local ring such that R/J(R) =Z,
and u e U(R), jeJ(R). The following are equivalent.

1) I, - r;is an isomorphism.

2) For any r e R, the matrix [(b)l ;] e T,(R) is USC.

Proof Denote R = R/J(R). For any given r e R, write
A=[g Jr] Since R=Z,, u=1. f X* =X e T,(R) and A

0
~XeT,(R), thenX:[O XI‘Z] for x,, € R.

1) = 2). By hypothesis, there exists a unique e, € R
€

0
such that ue, —e,j= —r. Let E = [0 1

]. Then E* = E

u r-e,
0 j-1
Since ue, + r=e,,j, it follows that AE =FEA. SoA=E +U
is a strongly clean expression. Note that e,, € R is uniquely
determined by r. Thus, E € T,(R) is unique such that A —
E c U(T,(R)) and AE =EA. This proves that A is USC in
T,(R).

andU:A—E:[ ]eU(Tz(R)) by Lemma 1.

0 e,
2) = 1). Let E = [0 el'] e T,(R) be such that A — E

e U(T,(R)) and AE = EA. It follows that ue, —e,,j =
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—r. Since A is USC, E is uniquely determined by A. So
e,, is uniquely determined by r, which implies the isomor-
phism of [, —r,.

Similar to Lemma 4, we have the following result.

Lemma 5 Let R be a local ring such that R/J(R) =Z,
and u e U(R), jeJ(R). The following are equivalent.

1) [, —r,is an isomorphism.
jor
0 u

Let R be a local ring. The following are

2) For any r e R, the matrix [ ] e T,(R) is USC.

Corollary 1
equivalent.

1) R is uniquely bleached and R/J(R) =Z,.

2) T,(R) is USC.

Proof 1) = 2). LetA=(a;) e T,(R). If a; e U(R)
(resp., a,eJ(R)) fori=1,2, then let E =0 (resp., E =
L). Since R/J(R)=Z,, 1 —ueJ(R) for all ue U(R).
Thus, A =E +(A - E) is a uniquely strongly clean expression
in T,(R). If a,, e U(R) and a,, € J(R) (resp., a, € J(R)
and a,, e U(R)), then [, —r, is isomorphic by the hypoth-
esis. In view of Lemma 4 (resp., Lemma 5), A is USC.

2) = 1). WriteE:[(l) 8]. Then R=ET,(R)E is USC

by Example 5 in Ref. [10]. In view of Lemma 3, R/J(R)
=Z7,. For any given u e U(R), jeJ(R), matrices in the

form of [(L; ;] and [é ;] are USC in T,(R) for all r e

R. Thus, [, - r; and [, - r, are isomorphisms by Lemma 4
and Lemma 5. Hence R is uniquely bleached.

We write R"(resp., R,) for the set of all 1 xn (resp., n
x 1) matrices over a ring R.

Theorem 1 Let R be a local ring. Then the following
are equivalent.

1) R is uniquely bleached and R/J(R) =Z,.

2) T,(R) is USC for any n=1.

3) T,(R) is USC for some n=2.

Proof 1) = 2). We only need to prove the following
claim.

Claim For every A e T,(R), there exists a unique E e
T,(R) satisfying the property P, (A):

E'=E, A-EcU(T,(R)), AE=EA

Notice that R/J(R) =Z,. Any idempotent E satisfying
the property P,(A) must be of the form E, =0 whenever A,
€ U(R) and E, =1 whenever A, e J(R).

If AisaunitorAeJ(T,(R)), then we take E =0 and E
=1, respectively. Hence, we only need to consider A ¢
J(T,(R)) and A is not invertible. The claim will be proved
by induction on n.

By Lemma 3 and Corollary 1, we can assume that n=3.
Let

a a, a,, a a a
11 1 In

A= 0 a.zz e @y, :[0 A2 Ch]ET,,(R)
0 0 .. a 0 0 a,

nn

where A, e T, ,(R), @, ={a,, ....a,, ,}eR"> and @, =

T
lay, va,,,} eR, .

Write
o a‘]eT (R) A':[A2 al]eT (R)
1 0 Az n-1 ’ 1 0 a,,,, n-1
. . . . ell el
By induction hypothesis, there exists E, = ] €
0 E,

T, ,(R) satisfying the property P, , (A,) where E, e
T, ,(R) and e, e R"*, so we have E; =E,, A,E, =E,A,
and A, - E, e U(T, ,(R)). Similarly, there exists E| =
E;
o

where E}*> € T, ,(R) and ¢, € R, ,, and it follows that
E)’=E), A,E\>=E}A,and A, -E, e U(T, ,(R)). Nev-
ertheless, the induction hypothesis implies that there exists a
unique E, € T, , (R) such that E; = E,, A, - E, e

U(T, ,(R)) and A,E, =E,A,. Thus, E, =E/, =E,.

e
: ] e T, , (R) satisfying the property P

nn

(A7)

n-1

en € ey
Now, write E, =| 0 E, e |eT,(R). The remai-
0 0 e

ning proof is to show that A has a uniquely strongly clean
expression in 7,(R). Indeed, it suffices to prove that there
exists a unique element e, € R such that E satisfies the prop-
erty P,(A).

From E\A, =A E,, one obtains

e,a, +e A, =ae +aE, @))
And it follows from E/A| = A E] that

E,a +ea

a, =A,e +ae (2)
Multiplying Eq. (1) on the right by e, yields

e a, e +eA,e =a e e +aFE, e 3)
and multiplying Eq. (2) on the left by e,, we have

¢eE, a +e ea, =eA e +e ae, 4)

nn

By Lemma 2 and the condition R/J(R) =Z,,
the result in two cases.

we prove

Casel a,, a, cU(R). Thene, =¢,=0. Lete,, =
0 e e e
e, e. Then E = [0 E, e, } is an idempotent of
0 o0 0

T,(R). Clearly, A -E e U(T,(R)). Since E; = E, and
(E!)’=E/|, weobtaine, =e,E,ande, =E, e,. Ase, =e¢,,
=0, Eq.(3) becomes

eAe =a,ee +akE,e =aee t+tae,
and by Eq. (4) one has

ea +eea, =e¢eE a +eea, =¢A,¢e

nn nn

Thus, e,a, €, +a, €, =€, a, +e¢,€,a,,, implying AE =EA.
The uniqueness of E is obvious.

Case2 a,,eU(R), a, eJ(R). Then e, =0, ¢, =1

nn?

n

0 el eln
and E=|0 E, e, | Since E; =E, and (E})’ =E!, it
0 0 1
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follows that e, = ¢,E, and E, e, =0. Combining Eq. (3)
with (4), we obtain

a,e e =eA,e =e ea

Thus, a,e e -e ea, =0. Since [, —r

hypothesis, e, e, =0. It is clear that E*> =E and A - E e
U(T,(R)). Now, to show that A is USC, we only need to
prove that such idempotents satisfying AE = EA are unique.
Since [, - r, is isomorphic, there exists a unique e,, € R
such that

.. 1s injective by

ae, —e . da

11*1n In™"nn

e, a —a e —a

In

That is, a, e, +a € +a, =€ a +e,a,,.
to AE = EA, as desired.
2) = 3) is obvious.

It is equivalent

1L, 0
3) = 1). Let E = [0 O]ET”(R). Then 7, (R) =

ET,(R)E is USC by Example 5 in Ref. [10].
1, we are done.
Corollary 2

By Corollary

If R is a commutative local ring and
R/J(R)=Z,, then T,(R) is USC for any n=1.

Proof By Example 13 in Ref. [2], commutative local
rings are uniquely bleached. So the result follows from The-
orem 1.

Remark Note that the condition R/J(R) =Z, in Corol-
lary 2 is necessary. Let R = Z;, be the localization of Z at

3, and letA=[(]) (Z)]ETZ(R). Since A =0 +A and A =

[0 (1)] +1, are two strongly clean expressions in T, (R),

T,(R) is not USC.

In Ref. [5], Chen et al. introduced the notion of a skew
triangular matrix ring over a given ring. For a ring R and an
endomorphism o of R with « (1) =1, let T (R, a) =
{(a;),.,;a; e Rand a; =0 if i >j}. For (a;), (b;) e
T,(R,a), define (a;) +(b;) =(a; +b, ) and (a;) = (b;)

i .
Zalka A] , LS

=(c;), where ¢, =0 fori>jand ¢, =

ME—35& clean =

£ &

J- Then T (R, o) is called a skew triangular matrix ring over
R.

The proof of Theorem 1 can be slightly modified to show
the following theorem.

Theorem 2 Let R be a local ring and « be an endomor-
phism with a(J(R)) =J(R). Then the following are equiv-
alent.

1) R is uniquely bleached and R/J(R) =Z,

2) T (R, a) is USC for any n=1.

3) T,(R, o) is USC for some n=2.
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