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Abstract: To better design and analyze concrete structures, the
mechanical properties of concrete subjected to impact loadings
are investigated. Concrete is considered to be a two-phase
composite made up of micro-cracks and solid parts which
consist of coarse aggregate particles and a cement mortar
matrix. The cement mortar matrix is assumed to be elastic,
Based on the Mori-Tanaka
concept of average stress and the Eshelby equivalent inclusion

homogeneous and isotropic.

theory, a dynamic constitutive model is developed to simulate
the impact responses of concrete. The impact compression
experiments of concrete and cement mortar are also carried
out. Experimental results show that concrete and cement
mortar are rate-dependent. Under the same impact velocity,
the load-carrying capacity of concrete is higher than that of
cement mortar. Whereas, the maximum strain of concrete is
lower than that of cement mortar. Regardless of whether it is
concrete or cement mortar, with the increase in the impact
velocity, the fragment size of specimens after experiment
decreases.
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A s one of the main structure and engineering materi-
als, concrete has been widely used in civil and in-
dustrial construction. The structures may be subjected to
normal loads such as weight, and they are also exposed to
impact loadings due to explosions and earthquakes. To
better design and analyze these structures, it is necessary
to investigate the mechanical characteristics of concrete
subjected to impact loadings.

There is much literature on the rate sensitivity of con-
crete!"™ . The early tests on concrete under dynamic load-
ing are performed with pendulum and drop weight tests.
The split Hopkinson pressure bar ( SHPB) and the one-
stage light gas gun apparatus are also used to study the
dynamic mechanical properties of concrete. According to
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the experiments above, concrete is rate-dependent.
Currently, there are many kinds of dynamic constitu-

5-7 . .
57 The common characteristic

tive models for concrete
of those models is that they have too many parameters,
some of which are very difficult to be determined by ex-
periments. However, there are few documents on the dy-
namic constitutive model for concrete from a microme-
chanical viewpoint.

In this paper, concrete is considered to be a two-phase
composite made up of micro-cracks and solid parts which
consist of coarse aggregate particles and a cement mortar
matrix. Suppose that the cement mortar matrix is elastic,
homogeneous and isotropic. On the basis of the Mori-
Tanaka average stress concept and the Eshelby equivalent
inclusion theory, a dynamic constitutive model for con-
crete is established. At the same time, the impact com-
pression experiment and the quasi-static experiment on
concrete and cement mortar are carried out.

1 Constitutive Relation

Concrete typically consists of micro-cracks and solid
parts which contains coarse aggregate particles and a ce-
ment mortar matrix. Assume that the strain is small and
the concrete strain € is the composition of elastic strain &°
and nonlinear strain g£°,

e=¢ +¢ (1)

where £° is the strain associated with the solid prior to
damage accumulation; £ is the strain due to the presence
of initial micro-cracks and the subsequent growth of ten-
sile micro-cracks.

Based on the Hook law, the elastic relationship is also
assumed to be between the elastic strain £° and the stress
g,

£=M: o (2)

where M is the compliance tensor of the solid,

0, 4730
M_(c,+1)(1+v)|:| c,+10
B 4AE -3 -
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For the plane stress, ¢, =(3 —v»)/(1 +v); for the plane
strain, ¢, =(3 —4v); E and v are Young’s modulus and
Poisson’s ratio of the solid.
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1.1 Elastic constants of solid

As mentioned above, the solid part is regarded to be a
two-phase composite consisting of coarse aggregate parti-
cles and the cement mortar matrix. The volumetric modu-
lus of the coarse aggregate particles and the cement mor-
tar matrix are denoted by k and k,, respectively, and their
shear moduli are denoted by u, and u,. Let f, and f, be
the volume fractional concentrations of the coarse aggre-
gate particles and the cement mortar matrix, respectively.
Based on the concept of average stress by Mori and Tana-
ka' and the Eshelby equivalent inclusion theory'”', the
overall volumetric modulus £ and shear modulus w of the
solid are defined as

k_q, fi -
k, ik ko ]
3k, +4u,  k, —k, =

f (| (3)
Hooy 1 L]
Mo 6 fo (ko +2p,) m o H
5 3ky+4Aw, L]

Based on the elastic theory, the Young modulus E and
the Poisson ratio v of the solid are

Oku

3k -2u
E= =
3k+,u,’

Y6k +2u

(4)

1.2 Nonlinear strain

On the basis of the sliding crack model for brittle mate-

10-14 . .
1" the new micro-cracks in cement mortar are nu-

ria
cleated approximately along the maximum principal com-
pressive stress. The new micro-cracks and pre-existing
micro-cracks along the maximum principal compressive
stress grow and interact with each other, thus forming
macro-cracks and finally leading to the fracture of the ce-
ment mortar.

For concrete, there are many micro-cracks of random
sizes and orientations.

All the initial micro-cracks are assumed to be located
on the interface between the cement mortar and the aggre-
gate facet (see Fig. 1(a)). With the increase in applied
external compressive load, the growth of kinking cracks
will be initiated. When the stress intensity factor K, of the
wing crack reaches the fracture toughness K., the wing
crack grows along a curved path and eventually turns par-
allel to the applied stress (see Figs. 1(b) and c).

For simplicity, suppose that these micro-cracks are of
the same size, distributed homogeneously and parallel to
each other. The nonlinear strain caused by micro-crack
growth is

‘N Ag, 5
&= [Aez] (5)

where Ag, and Ag, are the strain due to individual micro-
cracks along the coordinate system direction, and N is the

0'1¢
)
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micro-crack density.

Micro-crack
-

Aggregate particle

Fig.1 Growth of individual micro-crack. (a) Initial state; (b)
Growth of crack; (c) Kinking of the crack

The linear relationship between the strain Ag,, Ag, and
the stress o, and o, is assumed. Based on the sliding
crack model of brittle material subjected to biaxial
174 Ag, and Aeg, are expressed as

Ag, _ Su Sulfo 6
[Agz]_[sn Szz][o'z] ©

where §; are constants, which can be expressed in the fol-

compressive stress

lowing forms by the coefficient comparison.

AB +AB, 1 ) I+1,. O
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where A,(i=1,2,...,10) and C, are parameters related to

size 2¢ and the orientation angel § of a primitive micro-
cracks; B;(i =1, 2,3,4) are parameters connected with

tensile wing micro-cracks; [, and /, , are equal to 0.27¢

[14]

and 0.083¢, respectively
Then the overall strain is

[gl] _[gf+g?] (e +DH)(1+p O

O
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Under the one-dimensional stress (o, =0), the relation-

e d
&, &, +¢92

ship between the stress and the strain is

ag,
g, =—+NS,0,, & =

g,
E _VE-'—NS”UI (9)
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Substituting o, and ¢, in Eq. (9) with ¢ and &, re-
spectively, we obtain

E
g = &
1 NA (1 +-2) +Na, el
L L
* 1“( 1)+ I+1

s

(10)

Eq. (10) can be written in a simple form,
o=Ee

where E is the effective elastic modulus.
Parameter D is introduced to denote the attenuation
effect of the micro-crack density and the growth of the

micro-crack on the elastic modulus. Then,
E=(1-D)E (11)
where
l L+1,,
NA,ln(l +7) +NA, |—F7
[, [+1,
D(N,I) = (12)
l I+1,,
l+NAlln(1+Z)+NA2 141,

2 Description of Micro-Crack Damage

2.1 Micro-crack growth criteria

Concrete is rate-dependent. When subjected to impact
loading, the micro-crack growth criteria is

(13)

where K,d(i ) is the fracture toughness of concrete subjec-
ted to impact loading. After the theoretical analyses and
experimental researches, B pro-
posed the following equation of fracture toughness under
the action of impact loading,

KIBKId(i)

Freund and Hutchinson

. K,
Ko(l)=——""——

14
(1-1/C)* (1)

where K. is the initial value of fracture toughness under
the quasi-static conditions; 3 is the experimental fit coef-

[ is the growth rate of the micro-crack; Cy is the
Rayleigh wave velocity, which is determined by

c _0.862 +1.14v E
R 1+v N2(1 +v)p

where p is the concrete density and v is the Poisson ratio.

ficient;

2.2 Micro-crack nucleation

The micro-crack nucleation is a random process. Grady
and Kipp''®
researching on the explosion of shale. In the model, the
micro-crack density N and the strain g satisfy the two-
parameter Weibull distribution,

N=ks"

presented a micro-crack damage model when

(15)

where k, and m are the parameters to describe the fracture
behavior of the material.

2.3 Micro-crack growth

When researching on micro-cracks, Wang'"”' found
that the growth of micro-cracks is connected with the di-
mensions of the micro-cracks and the current stress state.
Based on the energy balance, a growth model of the mi-
cro-crack is given in the following form,

I 1-

l ~2)\E

w(o, —oy) Ce (16)
where A, is the specific surface energy per area; o, is the
interior tensile stress caused by the damage evolution of
which is usually not equal to the value of

For the sake of simplicity, the in-

micro-cracks,
the exterior stress o ;.
terior tensile stress o, is given by

/3
o, =B, jsijsr’i

where B, is the material coefficient and s, ( =0, —1/30) is

(17)

the deviatoric stress tensor.

According to the critical conditions for brittleness frac-
ture caused by the Irwin micro-crack instability'"™ | the
threshold stress for micro-crack nucleation can be ex-
pressed as

Kic
1)

where a,, is the critical nucleation size whose value de-

(18)

Oy =

pends on the material properties. f( %) is a function de-

pendent on the geometrical size of the concrete specimen,
given in the following form,

c =372 c
f( ) ( W) [1.1214+o.0294w—

3
C C
2.1907(W +3.5511(W) -
5
C C
6.2459(W) —21.1853(W) +
c 7
20.0463(W) —6.4967(W)] (19)

where W is the transverse size of the specimen. Because
c\ . T
the value of f (W) is near to 1. 0, for simplicity, let

f (%) =1.0 in the model.

3 One-Dimensional Dynamic Constitutive Model
A one-dimensional dynamic constitutive model for con-

crete is
o =FE¢ e<ey
E=¢&y,

o0 =E¢ - E(De + Dé) (20)
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where the range of g, is from one fourth to one fifth of
the peak strain.

Damage D is defined by Eq. (12). The evolution
equation of the damage is

‘%Am{1+ VF]
+kAeVﬁ+l]

kyme"

[1 +k,A g'"ln(

4 Model Parameters
4.1 Experiment

A 74-mm-diameter split Hopkinson pressure bar
(SHPB) is used to test concrete specimens. The mix pro-
portions of concrete are listed in Tab. 1. For comparison
purposes, The
cement mortar has the same composition as the mortar

cement mortar specimens are also made.

phase in the concrete. The specimens were wet-cured for

-172 2
k,e" l[ ! +72(l +l* ) (4 -1..) ] seven days, then stored in the laboratory until testing.
[+1 2\ 1+, +1, =@ During the period of air-drying, the ends of the speci-
mens were ground plane and parallel with each other.
1+kA814 +kA8
Tab.1 Composition of concrete specimens

Ingredient Cement Coal ash Silicon ash Sand  Aggregate particles =~ Water HSG AE

Mass/g 300 50 20 300 500 125 2.5 2.5
According to the elastic theory, the elastic modulus, 0.09 MPa - m"?; the surface energy A, =0.08 MJ - m ?;

the Poisson ratio, the volume modulus and the shear 100

modulus meet the following relationships,

E,
2(1 +v,)

Ei

S

i

o= i=0,1 (22)
where subscript i =0 is consistent with the cement mortar
matrix, and i =1 with the coarse aggregate particles.

By combining Eq. (22) with material parameters ob-
tained from the quasi-static experiment, the volume mod-
ulus and the shear modulus of the cement mortar matrix
and the coarse aggregate particles are obtained. From
Eq. (3) and Eq. (4),
ratio,

the elastic modulus, the Poisson
the volume modulus and the shear modulus of the

concrete can be obtained.
4.2 Experimental analysis

In the test,
different strain rates in each. To simplify the analysis,

there are four groups of experiments with

the values of the strain rates are averaged. Therefore, the
strain rate can be considered to be a constant in the test.
Fig. 2 shows the comparison between the stress-strain
curves of concrete and those of cement mortar. With the
same strain rate, the load-carrying capacity of concrete is
higher than that of cement mortar due to the influences of
the coarse aggregate particles. However, the maximum
strain of concrete is lower than that of cement mortar.

It can also be seen from Fig. 2 that the load-carrying
capacities of concrete and cement mortar increase corre-
spondingly with the strain rate. So concrete and cement
mortar are rate-dependent.

The comparison of the experimental results with the
simulated results from the constitutive model is shown in
Fig. 3, where o, is the dynamic compressive strength and
o, is the quasi-static compressive strength. The model pa-

rameters are as follows: The fracture toughness K. =

70/s
—— Concrete
- - Cement mortar

Stress/ MPa
&

1 1 1 1 ]
0.005 0.010 0.015 0.020 0.025

Strain

0
0

Fig.2 The stress-strain curves of concrete and cement mortar
at different strain rates
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Bischoff et al.[*]
Our experiment

Predicated result

*

agy/o,
= e S o Y]
NN OO LNO Lo wn o

-2
Igé

Fig.3 Comparison of the predicated results and the experimen-
tal results

the material coefficient 8, =0.2; the nucleation parameter
k2=3 ><102°; m:6;
0.001; the orienta-
tion of micro-crack § =45°; and the fit parameter 8 =1.
Some typical pictures of the concrete and cement mor-

the critical nucleation size a,,
the size of micro-crack 2¢ =60 pm;

tar specimens after the experiments are shown in Fig. 4
and Fig.5, from which we can find that .

1) Regardless of whether it is concrete or cement mor-
tar, with the increase in the impact velocity, the size of
the specimen after the experiments decreases. When the
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specimens are at a low strain rate, a few micro-cracks
grow stably and unite, then expand unstably and lead to
bigger pieces. However, when specimens are at a high
strain rate, a large amount of micro-cracks grow and
unite simultaneously, and then make the specimens frag-
ment into smaller pieces.

2) As we know, there are many coarse aggregate parti-
cles in the concrete. Micro-cracks may be nucleated on
the interface between the coarse aggregate particles and
the cement mortar. With the same impact velocity, there
are more micro-cracks to grow and interact with each oth-
er in the concrete specimens than in the cement mortar
specimens. So the fragments of the concrete specimens
are smaller than those of the cement mortar specimens.

(b)

3) The concrete and cement mortar specimens after the
experiments become quadrilateral cones in the quasi-static
compression experiment. Whereas, the concrete and ce-
ment mortar specimens after the tests keep intact with a
strain rate of 10/s. When the strain rate is equal to 10/s,
the duration time of impact loading is so short that there
is not enough energy for pre-existing micro-cracks to
grow and new micro-cracks to be nucleated. The speci-
mens after the tests keep intact. While in the quasi-static
compression experiment, though the strain rate is very
low, the duration time of loading is so long that there is

enough energy for pre-existing micro-cracks to grow and
new micro-cracks to be nucleated. So the specimens after
the experiments become quadrilateral cones.

(e) (d)

(a) (b)

5 Conclusion

In this paper, concrete is considered to be a two-phase
composite made up of micro-cracks and a solid part which
consists of coarse aggregate particles and a cement mortar
matrix. On the basis of the Mori-Tanaka concept of aver-
age stress and the Eshelby equivalent inclusion theory, a
dynamic constitutive model is established to simulate the
impact responses of concrete. The impact compression
experiments on concrete and cement mortar are also car-
ried out. Experimental results show that concrete and ce-
ment mortar are rate-dependent. The load-carrying capac-
ity of concrete is higher than that of cement mortar. Re-
gardless of whether it is concrete or cement mortar, with
the increase in the impact velocity, the fragment size of
specimens after the experiments decreases.
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