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Abstract: Let H be a Hopf algebra and B an algebra with two
linear maps o, 7: H® H— B. The necessary and sufficient
conditions for the twisted crossed product B# H equipped with
the tensor product coalgebra structure to be a bialgebra are
proved. Then, B# H is a coquasitriangular Hopf algebra under
certain conditions. This coquasitriangular Hopf algerbra
generalizes some known cross products. Finally, as an
application, an explicit example is given.
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I n 1993, Majid "' showed that if (H, B) is a coquasi-
triangular Hopf algebra, then the bicrossproduct
H D] H admits a coquasitriangular Hopf algebra struc-
ture given by

B(a®h,b®g) = 2 U'(a’blgl)o'_](bzgz’h)

for all a, b, h, g € H. This new construction H D<IBH is
called Drinfel’d quantum double. An analogue for the
twisted smash products introduced in Ref. [2] was studied
by Wang in Ref. [3].

The classical Hopf crossed products were introduced by
Blattner et al. "', In 1999, Kim et al. ' found the suffi-
cient and necessary conditions for the classical Hopf
crossed product with the Hopf crossed coproduct coalge-
bra structure to be a Hopf algebra, generalizing the results
given by Wang et al."!, which mainly generalizes
Radford’s biproduct theorem in Ref. [8]. Motivated by
the above referenced papers, in this paper we mainly con-
struct a new algebra B#, H for a left H-weak module alge-
bra B by a Hopf algebra H and study the conditions when
B#' H is a braided Hopf algebra. Our result generalizes
the main result in Ref. [3].

1 Definitions and Terminologies

Throughout this paper, K will denote a fixed field. All
the algebras, coalgebras, (co)modules, @ and Hom are
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over K. For the basic definitions and facts about coalge-

bras, Hopf algebras and comodules, we refer to

Sweedler’s book!”. In particular, the comultiplication of
a coalgebra C is denoted by A(c¢) = z ¢, ®c, for all ¢
e C, and the structure map of a left C-comodule V is de-
noted by p(v) = 2 Vo, ®v, forall ve V.

Let A be an algebra with unit 1, and C a coalgebra with

counit £.. Then the convolution algebra C * A = Hom( C,
A) (as vector spaces) has the multiplication ( with the

unit 1,&.) given by (f* g)(c) = 2 f(c,)g(c,) for all
f, ge Hom(C, A) and ¢ € C. Moreover, we say that a
linear map fe Hom( C, A) is a convolution invertible line-
ar map if there exists a g e Hom(C, A) such that f+ g=g
#*f=1,e.. In this case, we say that f is invertible and
we call g the convolution inverse of f, denoted by f'.
Let (B, uy, A;) be a bialgebra. Then we denote the
twisted product (resp. coproduct) of B by u”(a®b) =

ba (resp. AP(b) = 2 b,®b, ) for all a, b € B, and

denote the resulting bialgebra by B” (resp. B**). Let S
denote the antipode of a Hopf algebra H and, if S is bi-
jective, S will denote its composition inverse.

We first recall from Ref. [10] that a coquasitriangular
Hopf algebra is a pair (B, o), where B is a Hopf algebra
and ¢ is a convolution invertible linear map from BQB to K
satisfying the following three conditions for all x,y, z € B.

Za(x’zl)a-(yvzz)
O-(x7yz) = ZO’(%I,Z)(T(xZ,y) (1)
ZU'(xlvyl)xzyz = zy]xla'(xz,yz)

Let (B, o) be coquasitriangular and let ¢ ~' be the con-
volution inverse of o. By Ref. [10], we have

o(xy,z) =

o (xy.2) = Y o (v.5) 0 (%,2,)

Y o (290 (2,,2) (2)
Zo'il(xnyl)yzxz = leylo'il(xzv%)

for all x, y, ze B. It is a consequence of the above that

o '(x,y) =a(S8(x),y) =0(x,8(y)) and a(1, x) = &(x)

=o(x,1) for all x, ye B. Moreover, if (B, o) is coqua-

o (%, y2) =

sitriangular, then (B™, o ~') and (B, ¢ ") are also co-
quasitriangular.

Definition 1 Let B, H be Hopf algebras. A linear
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map u: B H—K is called a skew pairing if the following
hold for all a, be B, h,le H.

u(ab, h) = Zu(a,hl)u(b,hz)
u(a,hl) = Y u(ay, ) u(ay, h) (3)
w(a,1) =&(a), u(l,h) =&(h)

Any skew pairing u is invertible with the convolution in-
verse given by w'(a,h) =u(S(a),h) forallaeB, heH.

Given a skew pairing u on a pair of Hopf algebras (B,
H), one may construct a new Hopf algebra, the quantum
double B <] ,H or just B X1 H. As a coalgebra, the
double is isomorphic to B&®H. The multiplication is giv-
en by the rule

(1®h)(a®l) = z u(a,, h)(a,®@h)u "'(ay, hy) (4)

Let B and H be Hopf algebras. Let p: BOB—K, B: H
QH—K, c: HQH—B, - HYH—B and u: B H—->K
be some convolution invertible linear maps and let v: HQ
B—K be a convolution invertible linear map. Then we
have the following definitions.

Definition 2 (H, B)is called a quasi-braided Hopf al-
gebra associated to parameters (o, u, v) if the following
conditions hold,

> Bk, 1)B(g L) =
> w(a(h,. 8)7(hy. g;). 1) B(hyg,. 1)
Y BCh,. DB(hy. g) = =
> T(hy, L) vy, o(g,, 1) T(gy 1)) [
> B(hy, g) (a(hy, 8,)T(hy, 8,) Ohyg,) =
> (a8, h)7(gsn hy) @8,hy) By, 8,) ]

[Mooo

i

for all h, g,l e H.

Definition 3  The triple (B, H, u) is called a skew
braided pairing associated to parameters (o, 7, p) if the
following conditions hold,

u(ab,z) = Y u(a,z,)u(b,z,)
Z u(a,, g,L)pla,,0(g,,1)71(g;, 1)) = Z u(a,,u(a,, g)
2 u(a,, g)(a,®g,) = z (g,a,8g,)u(a,, g)

(6)

for all g,l,ze H,a,beB.

Definition 4 We call (H, B, v) a skew opposite brai-
ded pairing associated to parameters (o, 7, p) if the fol-
lowing conditions hold,

v(h,bc) = Y v(h,, c)v(h,, b)
2 p(a-(hl’gl)T(h3’g3)’C[)V(hng’Cz) :2 V(h, C[)v(g’cz)
N, v(h, b)) (hs b,®hy) = Y, (b, ®h,)v(hy, b,)

(7)

for all h,ge H, b, ce B.
Remark 1 Let v =u"'T, where T is the flip map.
Then u satisfies (6) if and only if v satisfies (7).

2 A Coquasitriangular Structure on B# H

In this section, we will study the necessary and suffi-
cient conditions for B#, H to be a coquasitriangular Hopf
algebra, generalizing the main results in Ref. [3].

Let H act weakly on B '*'. This means that Hopf alge-
bra H measures algebra B, i.e, there is a linear map H®
B—B, given by h®a +—ha, such that hl =¢(h)1 and
h(ab) = z (h,a)(h,b), forall he H,a,beB. Let o:
H®H—B and 7: H® H—B be two linear maps. If we de-
fine F: HQH—B®H and X: HQB—BQH by F(h®k)
= Z o(h,, k)r(hy, k) @hyk, and X(hQ®a) = z ha
®h,, for h, ke H,a e B, as in Ref. [11] respectively,
then we obtain a multiplication

(a®h) (b®K) = Y a(hb)a(hy, k) 7(hy, k) @k,

on BQH for all a, be B, h, ke H and denote the resul-
ting (possibly non-associative) algebra by B# H.
If B# H is an associative algebra with 1#1 as an identi-
ty element, then we call B# H a twisted crossed product.
In what follows, we always assume that 7 has a convo-
lution inverse which is denoted by 7' and 7 is a right 2-
cocycle, 1i.e., it satisfies the following condition:

Y 7(hgD)T(hy,g,) = Y, T(h 8,2,)7(8,.2))

By Ref. [11], the following proposition is obvious.
Proposition 1 Let B# H be defined as above. As-
sume that ¢ has a convolution inverse. If r(HQ H) C
Z(B), i. e, the center of B, then B# H is a twisted
crossed product if and only if o and 7 satisfy the follow-
ing conditions:
N, o1, k)7(1, k) @k, =1®k
Y, o(h, )r(hy, 1) ®h, =1®h
z hlo(k,, g)7(k, g)1o(hy, k,g,)T(hy, k,g,) ®hikyg, = %
1]
2 o(h,, k)7(hs, ks) o(h,k,, g,)T(h,k,, ;) @hsksg, (|
> Uk b)a(hy, k) T(h,, k) @ik, = %
L1
)

0o

Z O'(hl, kl)T( h4, k4)(hzkzb) ®h3k3
(8

for all be B, h, k, g H.

Example 1 1) Consider the case when 7 is trivial,
that is, 7(h, k) =e(h)e(k), for all h, ke H. Then Prop-
osition 1 simply says that B# H = B#_H is the usual
crossed product (see Refs. [4, 6,11]).

2) If 7 and o are all trivial, then we obtain the usual
smash product B#H = B#  H (see Ref. [9]).

Example 2 Let B = K be the field in Proposition 1.
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Then we have the following special cases:
1) A bitwisted algebra A H_ with the multiplication giv-
en by

hsk= Y o(h,k)hkr(h,, k)

for all h, ke H;

2) When 7 =¢ ' in 1), we have the twisted algebra
K_[H] (see Ref.[12]);

3) When 7 is trivial in 1), we obtain the left twisted
algebra H’ (see Ref. [13]);

4) When ¢ is trivial in 1), we obtain the right twisted
algebra H_(see Ref. [13]).

The proof of the following proposition is straightfor-
ward.

Proposition 2 Let B# H be a twisted crossed prod-
uct. Then for all a, be B, h, ke H, we have

1) (1®h) (1Qk) = Y a(h,, k) T(hy, ky) @h,k,:

2) (a®1)(b®1) =(ab®1);

3) (a®1)(1Qk) =a®k;

4) (1@h) (b®1) = Y (h,b) ®h,;

5) B is a subalgebra of B# H with the inclusion algebra
map i: B—B# H (b -b®1).

Now by Ref. [14], we can obtain the following theo-
rem.

Theorem 1 Let B be a bialgebra and B#, H a twisted
crossed product. Assume that ¢ is a convolution inverti-
ble map. If 7(H® H) CZ(B), then the twisted crossed
product B# H equipped with the tensor product coalgebra
structure is a bialgebra if and only if the following condi-
tions hold:

AChb) = Y hb,®h,b,, &(hb) =&(h) &(b)
S e(a(h,, k)7(hy. ky)) =e(h)e(k) }

S ACo(hy, k) 7(hy, k) @A(h,k,) =
S a(hy, k) (hy, k) @a(h,, k) 7(hg, ky) @hyk, @hsk

forall be B, h,k,ge H.

As a corollary of this theorem, we have

Corollary 1! Let o: HQ H—K be a convolution in-
vertible map satisfying the left 2-cocycle condition. Then
the twisted algebra K [ H] is a bialgebra with the multi-
plication

hsk= Y a(h,k)hkao " (hy k)

for all h, k € H. Furthermore, K_[ H] is a Hopf algebra
with the antipode given by

S7Ch)y = Y, o(h,, S(hy))SChy) o (S(h,), hy)

where § is the antipode of H.
Proof Let B =K be the field and 7 =¢ ' in Theorem
1. Then, by Example 2, the twisted algebra K [ H] has

the above multiplication. Finally, it is obvious that the
conditions (9) in Theorem 1 hold. The proof of the state-
ment is straightforward.

Next, we will investigate relationships between coqua-
sitriangular Hopf algebra structures on B and B# H. Let
(B# H, o) be a braided Hopf algebra. Then set

pla,b) =5(a®1,bR1)
B(h, ) =o(1Qn,1R1)
u(a,h) =5(a®1,1Qh)
v(h,a) =(1Qh, a®1)

for all a,be B and h,le H.

Proposition 3 ~ With the notations as above. Let (B
# H, o) be a coquasitriangular Hopf algebra. Then we
have

5(a®h,b®g) = Y. u(ay.g)p(ay, b,)B(h,. g,)v(h,. b,)
(10)

for any a,be B and h, g € H.

Proposition 4 With the notations as above. Let (B
# H, o) be a coquasitriangular Hopf algebra. Then

1) (B, p) is a coquasitriangular Hopf algebra;

2) (H,p) is a coquasitriangular Hopf algebra associat-
ed to parameters (o, u, v);

3) (B, H, u) is a skew braided pairing associated to pa-
rameters (o, 7, p);

4) (H, B,v) is a skew opposite braided pairing associ-
ated to parameters (o, 7, p) .

Theorem 2 Let (B, p) be a braided Hopf algebra,
(H,B) be a quasi-braided Hopf algebra, (H, B, V) a
skew opposite braided pairing, and (B, H,u) a (o, 7, p)-
skew braided pairing. Then (B# H, &) with & given by
(10) is a coquasitriangular Hopf algebra if and only if the
following conditions hold:

2 v(h, ¢,)p(b,c,) = 2 v(h,, ¢,)p(hb,c)) [
1]
Y Bk 1)u(h, 1) = Y By, L)p(hb, 1) o
z B(hy, g,)v(h,, g c) = 2 v(hy, c)B(h,, g) ]
L]
Y, ula,, g,)play, g,0) = Y, pla,,c)ula,, g) ]
for all a,b,ce B and h, g,l e H.
Proof Consider the condition (1) for (B# H, 7).
First, we have

z u(a,(h,b),(o(hy, g,)7(hy, 8)),, 1) p(a,(hb), +

(o(hy, 8,)71(hy, 85)),, ¢,)B(Ns8,, 1) v(h,gs, C,) <
2 u(al(h|b|)(o'(h3’gl)T(he’g4))17ll)p(az(hzbz) .
(U(hzs gl)T(hs’g4))2’Cl)ﬁ(h4gzalz)V(h5g3a CZ)L
z u(a,(h,b)o(hy, g)7(hs, 8), 1) pla,(h,b,) -

(6,1)
O-(h(,’ 84)7'( hs’ g(,)» c])B(h4g2’ lz)v( h7g5’ CZ):
N, ua,, L)u(hb,, L)u(o(hy, g)7(hs, g). 1) +
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B8, L) p(a,, c))p(hyb,, c,) p(o(hs, 8,)T(hs, &) C5) *
(7,1

v( h7g5, C4) —

z uCa,, [)uCh,b,, 1,)B(hy, 1) (g, L) p(a,, ¢,)

p(hyb,, c,)v(hy, c;)v(g,, ¢,)

Letting / =1 and ¢ =1 in the two sides of the above equa-
tion, and using (9), we have (11). Conversely, it fol-
lows from (11) that the above equation holds.

Similarly, consider the condition (1) for (B# H, o) if
and only if we have (11). Finally, by a similar method
to the one in Ref. [3], we can prove the condition (1) on
(B# H, o).

3 Applications

This section is devoted to the special cases of section 2
and we derive a generalized Drinfel’d double.

Case 1 If u and v are trivial, then we have that hb =
e(h)b, i.e., itis trivial. Hence, we have that (B, p) is
a braided Hopf algebra and (H, H, 8) is a skew pairing
Hopf algebra, and the following conditions hold:

Y. B(h,,g) (o (hy, g)T(hy, 8,) ®hyg;) =
Z (o(g,,h)7(gs, hy) ®g,h,)B(hy, g,)
Y pla,o(g,1)7(g, 1)) =e(a)e(g) e(])
Y, pla(h, g)7(hy 8,).¢) =&(c)a(g) s(h)
In particular, if we assume that 7 = ¢ ' then (6) and (7)
automatically hold and (5) becomes
Y B(hy. g) (o(hy, ) (B, 8,) Ohygy) =
Z (o(g, hl)o'il(gw hy) ®g,h,)B(h,, g,)

In this case, we have that (B#Zrl H, o) is a coquasitrian-
gular Hopf algebra, where

0(a®h,bQg) =p(a,b)p(h, g)

Case2 If o: HQH—K and 1 =¢ ', then (B, p) and
(H’,B) are coquasitriangular Hopf algebras. (B, H, u)
and (H, B, v) are skew pairing Hopf algebras, and the
following conditions hold:

z u(a,, g,)(a,®g,) = Z (g,a,88,)ula,, g;)
z v(h,, b)) (h,b,®h,) = 2 (b, ®@h,)v(h,, b,)

Notice that if we choose v = u ™' then it follows from (6)
that

Z 8,a®g, = Z “(alvgl)(az®g2)”7](a3’gs)

So we have

(a#th) (b#g) = Y a(h,b)#h,"g =
> au(b,, b)) b,#h; gu™" (bs, hy)

showing that B#H” = B <] ,H’, a generalized Drinfel’d
double.

In this case (B D<I,H’, o) is a coquasitriangular Hopf
algebra, here

o(a®h,b®g) =p(a, b)B(h, g)

Case 3 Let B=K. Then we have the following prop-
osition.

Proposition 5 If (H’, 8) is a coquasitriangular Hopf

algebra, then (H, ) is a coquasitriangular Hopf algebra
with

alh, g) = 2 U'_I(gwh])B(hz’gz)U'(h37g3)

for all h, g e H.
Proof By the condition (1) for (H’,B), we have

Y, o(h,g)o  (hy, g)B(g,. D) = Y, B(h1)B(g. 1)
Thus,
B(hg, 1) =
Y o(hy, )0 (hy, 8)Bg, Do~ (hy, g)o(hs, &) =
Y o(hy, g)B(hy, 1)B(8,. L) o (hy, &)

and the definition of «(h, g)implies that

z a'(l],hlg])a(hzgz,12)07](h3g3,l4) =
Y o (h, gDl ) alhy, LYo (b, 1) -
0'(14,g2)0‘(g3’ls)a'il(gwls)a'(hssgs)

Now, one can do a calculation for all &, g, [ € H as fol-
lows:

athg.D) =Y, o(ly, hy)a(h, 1o (hs, 1) a(ls, g5)
al g ) o (85, L) o(h, 8) o(hyg,, k) =
N o' (Lh.g) o (L, ) o (L, hy) -
alhy, 1)o ™ (he 1) o (L, g) (g5 1) o™ (84 L) =
Y o7 Lk, g)alhy, L)oo (hy, ) -
o(l,, &) algs, l5)o(hy, g,l) =
S alh l)o (b, g) o  (hy L) -
o(ly, 8)a(g, ly)a(h,, 1g,) (by (1) for B) =
> alhl)a(g, L)

From the above discussions, it is not hard to obtain the
following result.

Theorem 3 Let B#ZJH be a twisted crossed product.
Let o(Hx H) CK. Let (B, p) and (H, a) be coquasitri-
angular Hopf algebras. Then ( B#/ H &) is a coquasitri-
angular Hopf algebra with

o(a®h,b®g) = z ua,, g,)p(a,, b,)a(g,, h)) *
a(hz,g3)o'_l(h3,g4)v(h4,bz)
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As corollaries of Theorem 3, we have the following cor-
ollary.
Corollary 2 Let (H, a) be a coquasitriangular Hopf

algebra and ¢ a normal 2-cocycle. Then (H’, &) is a co-
quasitriangular Hopf algebra, where o is given by

o(h,g) = 2 O'(gwh|)a(hz’gz)U'_](hz’gs)

Corollary 3 Let B <] H be the quantum double.
Suppose that (B, p) and ( H, a) are coquasitriangular
Hopf algebras. Then (B I}<] H, o) is a coquasitriangular
Hopf algebra, where ¢ is given by

o(a®h, b®g) =ula,, g,)p(a,, b)) alh,, &) u(Sy(b,), h,)

for all a,be B and h,ge H.

Example 3 Let G be the cyclic group of order n gen-
erated by g. Fix a bicharacter ¢: G x G—k " (that is, & is
a homomorphism in both entries). Assume that g is anti-
symmetric (that is, (g, h) =e(h, g) 'forall g, he G).
We define a linear map a: k[ G] ®k[ G] —k by a(gi, gf)
=w" for all ge G. Then (k[ G], ) is a coquasitriangular
Hopf algebra.

We note that the quantum double D(G) = k[ G] D],
k[ G] is in fact tensor product Hopf algebra of k[ G] with
itself. In this case, by Corollary 3, the coquasitriangular
Hopf algebra structure g on D(G) is determined by

T(g'®g.e§'QVe) =0 "s(g' g e(g, g")

for all i,j,s,te{1,2,...,n}.
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