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Mechanics analysis of vehicle bumping at approach slabs
with superelevation
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Abstract: In order to analyze the pavement stress caused by vehicle bumping at an approach slab, a simplified four-wheeled bi-
axle vehicle-moving model is proposed. The effect of damping and vibration reduction in the process of vehicle-moving is not
considered. Based on the position change of vehicle wheels at the approach slab, the vehicle dynamic vibration equations are
summarized. Meanwhile, the undetermined coefficients of the vibration equations are obtained using the boundary and initial
conditions of the vehicle. The analytical motion solutions of rear and front wheels at different stages are concluded.
Consequently, a four-wheeled vehicle model is developed and vibration equations are provided, which can be used to analyze
the impact of complicated stress on pavement. The results show that the excessive stress and stress concentration will occur at
the approach slab, and it needs to be strengthened.
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B ridge approach slabs are normally constructed on the embankment soil connecting the bridge deck with the adjacent
paved roadway. The slab function is to provide a smooth transition between the bridge deck and the roadway pave-
ment. However, soil embankment settlement often causes the bridge approach slabs to loosen from the support soil.

[1]

When this occurs, the slab will bend and deform in a concave manner . Due to the differential settlements of the

bridge approach embankment and bridge abutments, the junction profile of road and bridge generates an elevation
difference resulting in the vertical movement of vehicles as they pass over. This is called vehicle bumping'” .

In the past decade, there was some research conducted on the bumping problem from the aspects of materials, com-
putations and modeling"”™ . This research tried to reduce the settlement of the bridge approach embankment and bridge
abutments. Green et al. ' modeled the bridge and vehicle separately and combined mode shapes with an iterative pro-
cedure for calculating the dynamic bridge response. The nonlinear vehicle models consist of a leaf-spring, four-axle,
articulated vehicle. The research shows that the air-suspended vehicle causes lower dynamic responses than the leaf-
spring vehicles. Zhao et al. !""" used the 1/2 vehicle model and found the dynamic model of a moving vehicle, and then
they established the vibration equation. Combined with the practical engineering, the variability of force caused by a
vehicle approaching and leaving was revealed. Zhang et al. ' investigated the dynamic response analysis of the man-
vehicle-road system using the Laplace transform, in which the vehicle is modeled as a three-degree-of-freedom system.
Then, they introduced the maximum transient vibration value (MTVV) of acceleration as the comfort evaluation index
and gave the effects of some parameters on the determination of allowable differential settlement. Shi et al. ' devel-
oped an analytical vehicle-bridge coupled model and investigated the dynamic behavior of slab bridges with different
span lengths under various vehicle speeds and road surface conditions. Szurgott et al. "'*! carried out the experimental
tests of three permit vehicles and concluded that poor, loose, and slack cargo tie-downs can trigger a hammering load
effect resulting in a magnification of the dynamic response of the vehicle-bridge system. Bump-related problems have
been commonly recognized and previous studies just use a 1/4 or a 1/2 vehicle model to consider the force analysis.
However, in this paper the dynamic model of the four-wheeled bi-axel vehicle is developed and the vehicle width pa-
rameter is introduced. Ignoring the effects of damping and vibration reduction in the vehicle moving process, the vehi-
cle vibration equation and the general solution are obtained. Eventually, the research investigates the boundary condi-
tions when the vehicle front/rear wheels are respectively at different stages (bridge deck, approach slab and pavement)

[10]

and concludes the dynamic motion equations of various stages when the vehicle bumping occurs at approach slabs.
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1 Modeling and Motion Equation

Generally speaking, the nonintegrated vehicle model is adopted to analyze pavement dynamic load and pressure when
a vehicle is moving over an uneven pavement and bumping at the approach slabs''*"* "
cle model is adopted. Then, the basic motion equation can be established at the approach slab between the bridge abut-
ment and the pavement. Suppose that R is the vehicle gravity center in the freedom system of multi-degrees as shown
in Fig. 1 and Fig.2, where M is the vehicle mass, and /| is the moment of inertia when the vehicle revolves around the
y axis. The primary motion of the moving vehicle is the vibration from the vertical displacement and the rotating vibra-
tion around the centroid. /, and /, are the distances between the centroid and the vehicle’s front/rear axles; b, and b, are
the distances between the centroid and the vehicle’s left/right axles; [ is the distance between front and rear axles; b is
the distance between the left and right axles; E,, E,, E, and E, are the spring stiffnesses of the four wheels; v is the
vehicle speed; L, is the horizontal distance of the approach slab; u,, u,, u, and u, are the vertical displacements of the
four wheels; ug and u, are the centroid vertical displacements of the front and rear axles, respectively; u,, is the vertical
displacement of the vehicle centroid; and y,, y,, y, and y, are the landing place heights of the four wheels.

. A four-wheeled bi-axle vehi-

Pavement Rear wheel u
superelevation Uy OFront Hihsel & ?
<
Gravit ter R
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<
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b b ¢
Fig.1 Schematic diagram of the moving vehicle at pave- Fig.2 Position distribution diagram of vehicle
ment and bridge deck wheels and its gravity center

According to [, +1, =1, b, +b, =b, the centroid displacement u  equation is represented as

P+ b uy = JE+blu + JE+bu, VU +bu,= /L +biu, + /I +blu,
um:%(um,+um2):7: (/L +biu + by + L b, + /L buy) 0
2/ +b

The second derivation of Eq. (1) is

dzum M d’u d’u d’u d’u
M= = /W( Jb +b; dﬁl + /L +b; dt; + /L +b; dt; + /[ +b; dt;‘) (2)
+

Based on the vertical motion balance conditions, the following equation can be inferred.

2

du,
-M d7 =(u, —y)E, +(u, -y, E, +(u3 _y3)E3 +(u, -y,)E, (3)
The following differential equation can be obtained from Egs. (2) and (3) as
d2 d2 7d2 d2
L( Pty P2y b2y P+ D ?) -
2 /P + b dr dr dr dr

(u, =y)E, +(uy =y,) E, + (uy —=y;) Ey + (u, -y, E, (4)

When a vehicle revolves around its centroid, the rotation equation is described as

d2
I, T:f =(u, =y)E L, +(u, =y,) E,l, = (uy = y,) E;1, = (u, —y,) E, I, (5)
Considering the vehicle rotation angle, we have

_u b +uyb, _uyb, +usb, _us —ug  u by +u,by —uby —usb,

p T I bl

(6)

Us

According to Eq. (6), Eq. (5) can be transformed into
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d’u, du,  du,  dFu, pl
by —+b,— 2 _T[(ul =YDE L+ (uy =y,) Byl = (uy =) Esly, = (uy —y,) ELL] (7

df ¢ Tt dA tdR

. . . . 15
Because the vehicle front and rear axles share the same suspension system and the superelevation slope is o!'"”', we have

dzul dzu2
u, —u, = btana, I (8)
d’u, d’u,
u, —u, = btana, dtz. = a7 )
From the solution of simultaneous Eqs. (4), (7), (8) and (9), we obtain the motion equations as follows:
dzlzl [« L+by + /I, +b))MIEl, +2 /I +b'E| I .(ul oy
de Amr( e+ + JU+b + JE+b + JE+D). ’
(VT +b; + /T +D)YMIE,L, +2 /T + P E,, '(u] btana—y,) +
LM +0) + T+ b+ JE b+ L+ D).
(JE+B + JE+D)MIEL +2 /T + b E,I, low =y +
LM (ST + JE+b + JEAb + JE+DH] T
(JE+b + /T +b)MIE,L, +2 /T + D E,I .(u; + btana - y,) (10)
LM JE+B + JE+b + JE+b + JE+b)]
d%fs _[2 VPP EIL - (/L +b + /T +b})MIE, ], (s =) +
A AMLCJT 0] + T+ + T+ b+ JT+ D)) ]
[ 2 \WEZI" ~ li +b? * «/li +b§)MlEzll .(u] - btana - y,) +
LML JE+0) + JE+ b+ JE+b) + B+ b))
[ 2 /P + b Ed (/L +b, + /I, +b,)MIE,], .(”3 Sy
LMI(JE+02 + JE+b + JE+b + JE+bH]
[ 2 mE4I.\- ~(JE+bi + /L + b)) MIE,L, .(ug + btana - y,) (11)
LML /L +b; + /6 +b + JE+b + JEb))

2 General Solution of Motion Equation

Based on the second-order linear vehicle motion equations, we introduce coefficients a, to ay, and Eqgs. (10) and

(11) can be simplified as

d*u

dtzl =a,(u, -y,) +a,(u, -btana -y,) +a;(u, -y,) +a,(u, +btana - y,)

d’u (12)
dt; =as(u, —y,) +a,(u, —btana —y,) +a,(u, —y,) +a,(u, + btana - y,)

where

_ (JL+by + /I +b)MIEL +2 /T +bD'E|I Y (VI +b; + /1, +b)MIE, L +2 /I + B E, I,

ML JE B+ JE B+ JEAb + JE+B)  MI(JE+B + JE+B + JEAb + JE+B)
(/B +by + /I +b)MIEL +2 /T +b'E Y (I +b; + /1, +b)MIE,L +2 /I + B’ E,I,

CMI(JT oAb+ JE b+ JE B+ JEAB)  MI(JT B+ JE b+ JE b+ JE+B)

_ 2PNV EL-(/Eab + JEARDMEL 2 /T +BEL (/LB + /L) MIE],

L MI(JT B+ JE b+ JE B+ JEAB)  MI(JT B+ JE+b + JE+ + JE+DB)
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2P +DEd (/I +b; + /I +b)MIE,, 2VE+PEL - (/L +b; + /1, +b;)MIE,L,
a

7_MI\,(/ll+b;+ Fabl+ JE+b + JE+b)  MI(JC+B + JE+b + JE+b + JE+b))

Assuming that a differential operator D =d/d¢, Eq.(12) can be simplified as

(D’ —a, —ay)u, —(a, +a,)u, +(a,y, +a,btana + a,y, +a,y, +a,y, — a,btana) =0 (13)
(D’ —a, —ay)u, — (a5 +ag)u, +(asy, +asbtana + a,y, +a,y, +ay, — a;btana) =0
The solution of simultaneous equations can be obtained as
d'u, d’u,
& -(a,+a,+a, +ay)— a7 +[(a;, +ay)(a, +a,) —(as +ag)(a, +a,)lu, +
&y, d’y, d’y, d’y,
—+a +a,—5 +a +abtana—abtana)—
( 5 dtl 6 dtz 7 dtz 8 dtz 6 8
(a, +a,)(asy, +agbtana + agy, + a,y, +agy, — a;btana) +
(a5 +ay)(a,y, +a,btana + a,y, +a,y, +a,y, —a,btana) =0 (14)

Actually, Eq. (14) is a fourth-order, non-homogeneous, linear differential equation, and its solution is a component
of the general solution of homogeneous equation (15) and the particular solution of non-homogeneous equation (14).
du, d’u

i -(a, +a2+a7+a8)?23+ [(a, +ay)(a, +a,) - (a5 +a,)(a, +a,) Ju, =0 (15)

A characteristic equation of Eq. (15) is obtained as
A =(a, +a, +a, +a)\’ +(a, +a,)(a, +a,) - (a; +a,)(a, +a,) =0 (16)

The solution of characteristic equation (16) is

\/(a, +a,+a,+ay) + ,/(a, +a, +a, +ag)2 -4[(a, +ay)(a, +a,) —(as +a)(a, +a,)]
2

\/(a, +a,+a,+ay) - /(a, +a, +a, +a8)2 -4[(a, +ay)(a, +a,) —(a; +a)(a, +a,)]
2

A, =%

Az *

The general solution of Eq. (14) can be obtained as
u, = Ce"" + Cye™ + Cie + Coe +u”
where u” is the particular solution of Eq. (14).

3 Motion Equation and Solution

There is a slope connection between the bridge and the pavement when the vehicle bumps at approach slabs. In order
to satisfy the continuity, it is inferred that the slope is the cosine half-wavelength, which is y = Acos(mvt/L ) (0 <x<
L,), where A =h/2, h is the height difference between the bridge abutment and the pavement, and L, is the slope
length. When we analyze the vehicle bumping, if the bridge abutment elevation is higher than the pavement elevation,
and A >0, it means that a vehicle moves off the bridge abutment, downhill. Nevertheless, if A <0, it indicates that
the vehicle heads for the bridge abutment, uphill. The bridge superelevation interior equation is y =A (x<<0) and the
pavement superelevation interior equation is y = —A (x=L,). If the bridge abutment elevation is lower than its adja-
cent pavement elevation, and A >0, it means that the vehicle heads for the bridge abutment, downhill, Nevertheless,
if A <0, it indicates that the vehicle moves off the bridge abutment, uphill. The bridge superelevation interior equation
isy= -A(x=L,) and the pavement superelevation interior equation is y = A(x<<0). Therefore, the stage equations are
founded and listed as follows according to the relative positions of the four wheels.

1) The first stage: The vehicle front wheels head for the slope and the rear wheels remain on bridge abutment.

vt

vt l
Y1 =Acos  — + btana, y, = Acosf Ost<—- (17)

P P

v, =A, v, =A + btana Osts% (18)



Mechanics analysis of vehicle bumping at approach slabs with superelevation 225

Substituting Eqgs. (17) and (18) into Eq. (14), we have

d4u3 dzu3
i -(a, +a, +a, +ag)?+[(a7 +ay)(a, +a,) —(as +ag)(a, +a,)lu, +

2.2 2.2
TV ™V oV n%
[ - aSA TCOS ft - a6A TCOS ft +ag btana — asbtana -

P P P P

(a, +a,) [a5 (Acos qLLVt + btana ) + a btana + a,Acos %Vt +a,A +a,(A + btana) — agbtana ] +

p p
(a5 +ay) [al (Acos %vt + btana) + a,btana + a,Acos qLLvt +a,A +a,(A + btana) — a,btana ] =0 (19)
P P

To simplify Eq. (19), we assume that

v
B, =a, +a, +a, +a,, %:k, B, =(a, +ay)(a, +a,) - (a5 +ay)(a, +a,)
P
B, =(as +a,)k’A, By =(a, +a,)(a; +a,)A - (a, +a,)(a, +a,)A + a,btana — a,btana

d'u d*u
Namely, dij - B, T; + B,u, — B,coskt + B; = 0, and the particular solution is
¢ ¢

o 4 /B — 4B, (B,B; coskt — 4B,B, — 4B,k* — 4B,B k) — 4B, coski(B; - 4B,)"” (20)

J/B: —-4B,(B, - /B —-4B,)(B, - /B, -4B, +2k)(B, + /B, —4B,)(B, + /B —4B, +2k)

2) The second stage: The vehicle rear wheels move onto the approach slab and front wheels remain on the slope.

L
¥, :Acos%w+btana, ¥ :Acos%w Lok (21)
] ; v v
- — L
y, =Acos Tr(%l) y, =Acos TV =D | prang %stsf (22)
P p

Substituting Eqgs. (21) and (22) into Eq. (14), we then use the same method to solve the differential equations.

d*u, d*u,
F - (a, +a, +a; + ay) dT"’ [(a; +ag)(a, +a,) = (a5 + ag) (ay + a,) Ju; -
[(a +a )A(ﬂ—y)zcoslm +(a;, +a )A("T—U)zcosM - agbtana + agbtana | +
5 6 Lp LP 7 8 Lp Lp 6 8
[(ay +a,) (as +a5) - (q +az)(a7+ax)]ACOSTr(1)27_l):O (23)
p
To simplify Eq. (23), we assume that
Y 2
7= k, By =— (a5 + a4)k”, B, = asbtana — agbtana
P
By, =-1[(a; +a,)(a; +as) - (a, +a,)(a; +a5) - (a; + as)kz]A
d4u3 dzuz wl : :
Then, 1 - B ? + B,u, + ByAcoskt — Bmcos(kt - L—) + B,, = 0. Applying the Maple software, the particular
t t

P
solution is

1
u = .
VB —4B,(B, + /B —4B,)(B, + /B —4B, +2k°)
exp (%N/ZBI -2 ./B} - 4B, t) [BgAcoskt — B, cosktcos %l — B, ,sinktsin %l + B”]
2 [j — P p dZ .

/B —4B, \/2B, -2 /B’ - 4B,
exp ( - %JzB, ~2 /B - 4B, z)(Bi + /B —4B,B' + /B —4B,K'B, - 4B,B, - 2B, /B - 4B, -

— kil + mwl
4B + °B) + B, B, + B, /B — 4B, + 2B, K + (BQACOS;“ _ B0 %)(31 + /B 4B +

p
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exp ( - % V2B, -2 /B - 4B, z) (BgAcoskt _ B, coshtcos “LT—Z _ B,,sinkisin “LT—Z N B”)
P

L de -
JB —4B, \J2B, -2 /B - 4B,

exp (;— J2B, -2 /B — 4B, t)(B? _4B,B, - 2B, /B — 4B, + /B —4B,K’B, - AB,K* + K'B’) ] (24)

3) The third stage: The vehicle front wheels move off the approach slab and the rear wheels remain on the approach slab.

L, L,+1
y, = —A+btane, y, = - A 7$I$ ) (25)
_ — L L +1
y; =Acos it aelN y, =Acos T =D | ptana P<r<t (26)
’ L, L, % %

Substituting Egs. (25) and (26) into Eq. (14), we use the same method to solve differential equations.

d'u, d’u,
&7 -(a, +a, +a, +ag)?+[(a7 +ag)(a, +a,) —(as +ag)(a, +a,)]u, +
[(a, +a,)(a. +a,) -(a, +a,)(a, +a,) - (a, +a )kz]AcosMJr(a —a,) btang =0 (27)
3 4 5 6 1 2 7 8 7 8 L 6 8
P
d'u, d’u, l _ . L
Namely, & - B, ?+Bzu3 - B,,cos kt—L + B,, =0, and the particular solution is that
»
W= 1 .
VB —4B,(B, + /B} -4B,)(B, + /B! - 4B, +2k)

exp (%JzBl _2 /B — 4B, t)(Bmcosktcos m L B, sinkisin "LT—Z - B”)

2 [j - = : de -
/B 4B, \/2B, -2 /B’ - 4B,

exp(_;—/zg, ~2 /B — 4B, L)( B, —4B,B. + B —4B,B, - 2B, /B, 4B, + /B — 4B,K'B, +

2152 2 ktLp - ml 3 7 2
k*B) —4B,k") —Bmcosi(B] + /B, -4B,) + BB, + B,, ./B, - 4B, + 2Bk ) +

p

exp ( - %JZB] -2 B? -4B, t)(BmcosktcosqLil + Bmsinktsin%l - B“)
p p dZ .
JB - 4B, \J2B, -2 /B - 4B,
exp (- /28, =2 /BT —4B,1)(B) ~4B,8, ~2B, [/B] 4B, + /B ~4B,K'B, + K'B] ~ 4B,}) ]
(28)

Undetermined coefficients in the general solution of the dynamic motion equations are determined by the boundary
conditions. The following discusses how to calculate these coefficients according to various boundary conditions. First,
at the first stage, there are three boundary conditions, including =0, u, =0, u} =0, | =0. Thereby, its equations
are shown as follows:

4 /B -4B,[B,B: -4B,B, -4B,k' -4B,B k'] -4B,(B. -4B,)"”

+
/B -4B,(B, - ./B: -4B,)(B, - ./B: —-4B, +2k’)(B, + \/B: -4B,) (B, + /B, —4B, +2k")

C,+C,+C,+C, =0

CA+CA, +CA, +CA, =0

-4 /B -4B,B,B} kK’ +4B,k*(B; -4B,)”"

+
/B -4B,(B, - ./B: -4B,)(B, - ./B: —-4B, +2k’)(B, + \/B: -4B,) (B, + /B, —4B, +2k")

CA+ G0 +C A2 +CAL =0

After analyzing the solution of the characteristic equation and the features of A,, A,, A, and A,, we find that C, =
C,, C, =C,. Therefore, the undetermined coefficients C,, C,, C,, C, in general solution are obtained. Simultaneously,
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the coefficients in the formula are reduced and the results are shown as follows:

D, = - 4 /B! - 4B,[B,B} - 4B,B, — 4B,k' —4B,B K| - 4B,(B} - 4B,)"”
VB! —4B,(B, = /B ~4B,)(B, - \/B] ~4B, +2K') (B, + /B] ~4B,)(B, + /B 4B, +2K)
b - —4 /B —4B,B,B K + 4Bk’ (B, - 4B,)"”
VB —4B,(B, - /B, —=4B,)(B, - /B —=4B, +2k’)(B, + /B, —=4B,)(B, + /B, - 4B, +2k)
Then
¢ -c = (A +A9)D, +2D, . (A +A)D, +2D,

S22+ A=A =A)T T T 200 A - A - A
The vibration equation of the one-side rear wheel at the first stage is
u, = Ce™ + Cye™ + Cie™ + Ce’ +
4 \/B: - 4B,| B,B; coskt - 4B,B, - 4Bk — 4B,B k| - 4B, cos(kt) (B} - 4B,)""

/B —4B,(B, - \/B: —=4B,)(B, - /B, -4B, +2K)(B, + /B} —4B,)(B, + /B —4B, +2k)

4 Example Calculation

A Jie-fang CA140 vehicle model is introduced to carry out the example analysis and its parameters are shown as fol-
lows: M=9415kg; E, =E, =1500 kN/m; E, =E, =2 060 kN/m; I, =5200 kN- m*; [=4 m; [, =2.7 m; [, =
1.3m; b=1.8m; b, =b,=0.9m; h=0.2; a=2%; v=25m/s; L, =5m; F,=(u; -y,)E,.

Calculating the parameters respectively, we obtain a, =a, =2.160 6; a, =a, =1.541 1; a;,=a, = -0.954 8; a, =
a,=-0.5189; B,=7.4033; B,=1.4007; B, = -1.067x10°; B, = -47.116 9; B, = -0.1558; B, =471. 168 5;
B,=-25.4683; B,,=-0.0157; D, =0.1105; D,=0.1854; C,=C,=-21.9867; C,=C, =22.04109.

Then, the equivalently vertical displacement of the vehicle rear axis spring is analyzed by the vehicle motion equa-
tions. The Matlab software is used to calculate the program, and the results are shown in Fig. 3. Furthermore, the
equivalent loads on the pavement impacted by the vehicle rear wheels at approach slabs are analyzed (see Fig.4).

_ 500
g 0.5 0
> Z
g 0 ~ -500
: 3
g 0.5 2 -1 000
% -0. <= -1 500
2 g _
B _10 £-2000
| = -2 500
& 2
B -1.5 -3 000
= -3 500
i N L . L . -4 000 . . .
0 0.05 0.10 0.15 0.20 0 0.05 0.10 0.15 0.20
Time/s Time /s
Fig. 3  Relationship between the equivalently vertical Fig. 4 Relationship between equivalent loads on pave-
displacements of vehicle rear axle spring and time (& = ment impacted by vehicle rear wheels at approach slabs
0.2 m) and time (£ =0.2 m)

5 Conclusions

Based on the calculation results, the following conclusions are summarized:

1) When a vehicle is running and bumping at the approach slab, a four wheeled bi-axle vehicle motion model is de-
veloped, assuming that the effects of damping and vibration reduction are negligible. Then, according to different posi-
tions of the front/rear wheels, the dynamic vibration equations at different stages are summarized.

2) According to the varying elevation and displacement of the front/rear wheels, the vehicle dynamic vibration
equation of the rear wheels at the first stage is determined by the initial conditions of the boundary. With regard to the
dynamic motion equation of the rear wheels at the second stage, the equation is established by the spring displacement
and the vibration speed consecutiveness of the vehicle at the first stage. Meanwhile, using the characteristic equation
solutions and features of A,, A,, A, and A,, the undetermined coefficients of the differential equations are established.
By the same token, when the height of the bridge deck is higher than the pavement, the dynamic vibration equations of
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the second and third stages can be obtained. Furthermore, when the height of the bridge deck is lower than that of the
pavement, its equation also can be obtained. Figs.3 and 4 show that the rear wheels appear to apply negative pressure
at the initial stage and the rear wheels do not land on the bridge deck at this short moment. It is dangerous for driving.

3) Considering that the post-construction settlement may appear after the highway is put into operation and driving
comfort can be diminished, it is advised that the pavement and bridge deck be reinforced and enhanced in the highway
design.
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