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Abstract: A fast algorithm for determining the minimal
polynomial and linear complexity of a up”-periodic sequence
over a finite field F, is given. Let p, ¢, and u be distinct
primes, ¢ a primitive root modulo p°, m the smallest positive
integer such that ¢" =1 mod u, and gcd(m, p(p -1)) =1. An
algorithm is used to reduce a periodic up" sequence over F, to
several p"-periodic sequences over F, (), where { is a u-th
primitive root of unity, and an algorithm proposed by Xiao et
al. is employed to obtain the minimal polynomial of each p"-
periodic sequence.
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et s={Sy, S» «-os Sy_1» Sp» §;» ...} be an N-periodic
L sequence over a finite field ¥, = GF(g), we define
that its linear complexity c(s) is the length of the shortest
linear feedback shift register to generate it; i. e., the
smallest positive integer k such that there exist some c,,
Cpy -wes Cpin F with s, =cs, | +...+¢s forall i=
0. We call the polynomial m(s) =1 - (c,x + ... + ckxk)
the minimal polynomial of the sequence s.

The linear complexity of a periodic sequence plays an
important role in the application of the sequence in cryp-
tography and communication. There are a lot of pa-
pers'' ™ on efficient algorithms for determining the linear
complexity and minimal connection polynomials of se-
quences. The famous Berlekamp-Massey algorithm™' can
be used to compute the linear complexity and minimal
polynomial of an N-periodic sequence over F, with time
complexity O( N*), i.e., at most O(N*) of field opera-
tions in F,.

There have been some results to determine the linear
complexity and minimal polynomial of an N-periodic se-
quence over F, with time complexity O(N) under the fol-

lowing conditions:
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1) N=2", g=2"".

2) N=p", q=p"".

3) N=p", where ¢ is a prime, a primitive root modulo
p*"" N =2p", where ¢ is an odd prime, a primitive root
modulo p°™'.

4) N=2'n, g=p", 2'|p" -1, ged(n, p" -1) =1";
N=un, g=p", ulp" -1, ged(n, p"-1) =1"".

In general, the time complexity of the algorithm in
Refs. [2 —3] is not O(N). Only when n is special may
the time complexity be O(N). See Refs. [2 —3] for de-
tails.

For a sequence s = {s,, s,, ..
generating function is

o Sy_1s So» .-} OVEr F_, its

S(X) =8, + 8, X+ 5,5 + ...

Let s be an N-periodic sequence with the first period
(Sg» 8y5 .evs Sy_y) and

sY(x) =5, 85,4 485, XN
Then the linear complexity of the sequence s is
c(s) =deg(1 —x") —deg(ged(1 —x", s"(x))
and the minimal polynomial is

1 -x"
ged(1 -x", V(%)

fi(x) =

1 Main Result

In this paper, we always assume that p, ¢, and u are
distinct primes; ¢ is a primitive root modulo pz; m is the
smallest positive integer such that ¢" =1 mod u (i.e. m
is called the order of ¢ modulo u) and ged(m, p(p —1))
=1.

We recall some results in finite field and number theo-
ry. Let K be a field of character g, gcd(g,n) =1, and ¢
the n-th primitive root of unity. Then

@0 = [ (x-2)
ged(s, n) =1

is called the n-th cyclotomic polynomial over K. It is a

well-known fact that @,(x) is irreducible in F, if and on-

ly if ¢ is a primitive root modulo n, i.e., g has order

¢(n) modulo n, where ¢(n) is the Euler-function'”.
Now we recall a result in Ref. [10].
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Lemma 1 Let p, g be distinct primes and g a primi-
tive root (mod p’). Let s be a p"-periodic sequence over

F, with the first period (s,, s,, ..., s,_,). Set
A= (s om Spos) =12, o p
D IfA =A,=...=A,, then f(x) =f,(x), c(s) =

c(a), where a is a p"~'-periodic sequence with the first
period A, .

2) Otherwise, f,(x) =f,(x) @, (x), c(s) =c(b) +(p
~-1)p" -1
first period A, +A, +... + A,

It is known that when ¢ is a primitive root modulo p,
then ¢ or p + ¢ is a primitive root modulo p*. Suppose

, where b is a p"'-periodic sequence with the

that ¢ is a primitive root modulo p®, then ¢ is a primitive
root modulo p"(n=1).

In this paper, we always assume that g is a primitive
root modulo p’, so @, (x) is an irreducible polynomial
over F,. Suppose that m is the order of ¢ modulo u, then
ul gq" - 1. There is a u-th primitive root { e F,. and
F,({) =F_ (see Theorem 2.47 in Ref. [7]). There are
several equalities:

u-1

1 -x" = H(l -77x)
=0
u-1

L=x" =TT =70

7=0

1 - (g*fx)li” — (1 _ (gi/x)ll”")(pp”(gﬁ/x)

where @ . (x) =X e 4= (DI,(x‘"H).
We state a result in Ref. [3].
Lemma 2 Letp, g, u, and m be defined as above.
Let s = {s,, s,, ...} be an N( = up")-periodic sequence
.Sy ;). Let sV be

the p"-periodic sequence over F,. with the first period

over F, with the first period (s,, s,, ..

(R o) 0 o_ i
(sg7s 8" n Spy)s 8 =8+ S LT S,
itu=1p' W A "+ i)
s s S0 =8+ 5,0 oot S

g«./’((ufl)ll“ri) o2
’

_ J(p"=1) J(2p"-1)
v Sp =8, 0 + Sy 1 L + .+

S0 for j=0, 1, ...,
1) Then

F(X) =fo () f (LX) o furn (T ) € F (x)

C(S) :C(S(O)) +C(S(l)) +...+C(S(“71))

u-1.

Wheref:w({’jx) IS qu(x) for j=0,1,2,..., u-1.
2) For each sequence s, set

D _ (W o)
A = (SG s oo S

i=1,2, ..,p

D _ A0 o
a) AV =A) =...=A)", then

C( s(.f)) — c(a(j))

fod7%) =fu( 70,
where " is the p"~'-periodic sequence over F. with the
first period A .

b) Otherwise,

folZ7%) =fu({ 70 @, )
c(s7) =c(b”) +p" ' (p-1)

where b is the p" ' -periodic sequence with the first peri-
9 o o
od AY +A) +...+A).
Proof For completion, we give a simple proof. Let
up" -1 u-1

s(x) = Zs,.x" and 1 —x% = H(l —(¢7x)"), then
ged(u, p") =1, ged(1 - (¢ %), 1=(¢70)7) =1ifi#

u=1

- x") = J]eed(s"(x),1

7=0

j. Hence gcd(s"(x),1
({70"). InF,.,

up" -1

sV(x) = Zs[.xi +§""’”( pz: sl,x"‘”")(("x)”” + ...+

i=0

i=
up" -1

Y s ) = (7 = D) + ()

i=(u-1)p"

p'-1
where g(x) e F,.[x] and r,(x) =s"({7x) = Y s -
i=0
21

p-l
(é«f/x)t - zsixt " g/[’(zsfx[—p”) + o+ é,j(ufl)p .
i=0 =

up" -1
2 sl_x"“”‘””")e F,[x]. Hence ged (" (x), 1 -

i=(u-1)p"

(72" =ged(s” (¢ 7'x), 1 =(70)"). So

N 1-(”
& = T () -0
j:o, l, ...,M_l

We have f,(x) =f.o(x)fo(7'%) oo fin (' x) and c(s)
=c(s) +e(sV) . +e(s“Y).

Since ¢ is a primitive root modulo p°, @, (x) is irre-

ducible over F,. Let £ be a p"-th primitive root of unity,
K=F,(§) and [=[K: F ]. Since F,CF, .CKand F,C
F(&)CK, m|land p" ' (p-1)
-1)) =1. Hence mp" '(p-1) |1, sol=mp" " (p-1)
and @,.(x), @, ({'x), .., D, (""" x) are irreducible
over F .

I, but ged(m, P (p

For each sequence s (0<j<u - 1), the generating
function of AY is as follows:

Pl

o _ o k -
Al (x) = 2 S iyt kX i=12..,p
k=0

Thus the generating function of s is

s (x) =AY (x) + 27 AP (x) + .o+ xTTAY ()

- — A(/)

) IfAY =AY ", then

s (x) =AY (x) +x””7‘A<,"')(x) +... +x(”’”””7‘A§"I>(x) =
A (x) D ,.(x)

Hence

O L—
ng(l _(g*]x)l?’ S(j)ﬂ ({*!x))

fu({7x) =
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1-(¢ 70" ZF( %) identity permutation, such that
ged(1 (70" AV () T y
‘ @) (x) =N, (®,({ %)) =
where a" is the p"~'-periodic sequence over F. with the V()
. . j ——————¢F =1 3
first period AP | V) eF,[x] n (3)
2) If A =... =A}” does not hold, then we have
DBy oy . Specially, 0" (x) = ¥,(x).
Dp =] -J — .
ged(s7" ({70), @,({70) =1 (1) Proof Since u is a prime, a root /" of W,(x) is a u-th

Suppose that (1) does not hold, then by @ ,(x) irreduci-
ble over F . we have ged(s”" ({ 7x), @,(x)) =@ (x).
Set s (x) =q(x)®,.(x), then

(AV(x) —g(x)) +(AV (%) —q(0))x" + ...+
(A (x) —q(x)x""" =0

From

deg sV7 (x) <p" -1, deg D,(x) =(p -Hp"
it follows that deg g(x) <p"' —1. Clearly, deg A" (x)
<p" ' -1. Hence AV (x) = ... =A;'”(x) =¢q(x), which
is contradictory.
From (1) we have

ged(1 -x", @,.(x)) =ged((1 -x" )P .(x)
S(./')I’"(x)) — ng(l _ xﬂ" " S(.i)l’”(x))

Since

sP(x) =AY () (7 =) + L+ AV () (T 1) 4

(A7 (%) +...+AV (X))
we have
ged(1 —x", sV (x)) =ged(1 —-x" , AV (x) + ...+

AV (%)

Therefore

- " _
ged(1 = (70", s (£ 710)

(1-('0" )DL %) B

ged(1 = (270" LAY (73 + .+ AV (x)
D,.({ "0 f,0(L %)

fo(d7x) =

where b is the p" ' -periodic sequence with the first peri-
W W
od A" +...+A.

Since u is a prime, there is a factorization in F o
I-x"=(1-0)@,(x) =(1 —x) ¥, (x)...¥,(x) (2)

where each ¥, (x) is irreducible and its scale term is 1.
Let ¢ be a u-th primitive root and ¢ a root of ¥, (x), j,
eZ, fork=1,2,...,t. We have a lemma.

Lemma 3 Let p, ¢, u and m be defined as above.
Then in (2), deg ¥,(x) =m, F,({") =F, fork=1,2,
...,tand t =(u —1)/m. Moreover there are permutations
r.(n=1): {1,2,...,t}—{1,2, ..., t}, k—h, where /" is

a root of ¥,(x), ¢’ is a root of ¥,(x), and 7, =1 is the

primitive root of unity. Hence F q(g“") =F,=F,/({) and
degW,(x) =m for k=1,2, ..., t. Since the Galois group
Gal(F,./F,) = (o) is a cyclic group of order m and ¢({)
=/, m is the order of ¢ modulo u and r=(u—-1)/m.

Let {" be a root of ¥, (x) for k =1,2, ..., ¢t and
Gal(F,./F,) =(0), then {1,a'({") li=1,2, ...,mk=
1,2, .., t} is the set of all roots of the u-th unity. By
ged(u, p) =1, {1,6'(I) |i=1,2,....omk=1,2, .., t}
is also the set of all roots of the u-th unity. Hence for
each j,, there is a unique j, such that {o (&), ...,
a" (7)) ={a("), ..., o"({") ), which is equivalent to
that ¢’ is a root of ¥,(x). Then r,(n=1): {1,2,...,1}
—{1,2, ..., t}, k—h, is a permutation, where " is a
root of ¥, (x) and ¢’ is a root of ¥,(x). We have

¥, 0, (¥) =W, =aN, , (-7 =
NFU./Fq( 1- (Z _j‘x) p”)

where a =N, ;. ( -¢™), and

L= =(1=( 70" ) ®,({ )
Hence

W, o (xX7)

(/”{) -N . —Ji =
0, (x) =Ny (P,( %)) LARTICD! )

F [x]
Let 6 be a root of the irreducible polynomial @, ({ i)
over F,; i.e., 6 is also a root of @I(f’ (x). Then 0 is a
up"-th primitive root of unity, and K =F _(6) = F.(6).
Since [K: F, ] =[F (0): F 1 =[F.(60):F, [F, F,] =
m(p" —p"") and deg®' (x) =m(p" -p"™), OF (%) is
irreducible over F, for k=1,2,...,t.

In Lemma 2, suppose that ¢/ and ¢ are two roots of
¥, (x), then there exist some ¢ e Gal( F /F,) such that
a'(¢) =¢". Hence o' (s") =5 and ' (f.. (X)) =
fn(¢7"x). Take aroot ¢ of ¥,(x) =0 for k=1,2, ..., 1,
then {"=1,0'(¢") |i=1,2,...,mk=1,2, ..., t} is the
set of all roots of x“ -1 and tm=u - 1. By Lemmas 1, 2
and 3, we have the following result.

Theorem 1 Let p, g, u and m be defined as above.
Let /" be a root of ¥, (x) =0 for k=1,2, ..., t( =(u -
1)/m), where ¥, (x) is defined as Eq. (2). Let s be an N
( =up") -periodic sequence over F,. We have p"-periodic

) G)
b

sequences s, 87", ..., s over F - as Lemma 2.

1) Then



370

Hu Weiqun and Yue Qin

F,(x) =f0(x) g (x) ...8 (X)

c(s) =c(s") +m(e(s") + ...+ c(s7))

where g, (x) :NFLI/FL’(]ﬁ,,,(g’j‘x)) eF [x] fork=12, ..,
t.
2) For each g..(x), if AV =AY’ =... =AW

p

then
8 (x) =Ny (fun (1))
Otherwise,
8 (%) =Ny p (£({7'0)) 0,7 ()

where p"~'-periodic sequences a"’ and b"” are defined as
Lemma 2 and @)’ (x) is defined as Eq. (3).

Remark In order to compute the minimal polynomial
of a up”-periodic sequence, by the method of Ref. [3] we
need to compute the minimal polynomials of u number of
p"-periodic sequences over F.. By the method of Theo-
rem 4 we only need to calculate the minimal polynomials
of (u—-1)/m + 1 number of p"-periodic sequences over
F .. Specially, if m=u -1, we only need to compute the
minimal polynomials of two p"-periodic sequences over
F,.

q

2 Application

In this section, we use Theorem 4 to give a fast algo-
rithm for computing the linear complexities of a sequence
with period N =up” over F,.

Let p, g, u and m be defined as above, and let

1-x"=(1-x)¥(x)...¥,(x)

where ¥, (x) is irreducible over F, for k=1,2,...,t(t=
(u-1)/m). Take a root {" € F . of ¥,(x) for k=1,2,
..., t, and let j, =0.

We need to store ¢ + 1 elements ¢, ¢, ..., 7" and
0, (x) =d,(x), 0 (x), ..., 0, (x), which are de-
fined as Eq. (3).

Algorithm 1

Input: An N-periodic(N = up") sequence s = (s,, 5,
...) over F .

Output: The linear complexity c(s) and f,(x).

Perform the reduction of Lemma 2 and we obtain p"-
periodic sequences s*, s, ..., sV,

For the p"-periodic sequences s, s, ..., sY", per-
form the Xiao-Wei-Lam-Imamura algorithm XWLI, the
outputs are the linear complexities c(s"), c¢(s""), ...,
¢(sY) and the minimal connection polynomials g .« (x) =
Fo(2), 80 (2) s ey g0 (%)

Initial values: k«j,, a<—s"", l«p", c«0, g1.

1) If I=1, goto2); otherwise [«<—[/p and go to step
3).

2) If a=(0), stop; otherwise c<—c + 1, g<—g@(,k’(x) s
stop.

3) IfA, =A,=...=A,, a«A,, go to1); otherwise b
A +A + .+ A, c—c+(p-1)], g—gO (x) and
go to step 4).

4) If »=(0,0, ...,0), then stop; otherwise a<—b, go
to step 1).

The final output ¢ and g of the XWLI is the linear com-
plexity of ¢(s"’) and g, (x) =g of the p"-periodic se-
quences s over F e

Finally we obtain the linear complexity of c¢(s) =

t

c(s”) + mY c(s") and the minimal connection poly-
k=1

nomial f,(x) = H gu(x).

Examplel ¢ =2,u=7,p =5, 3 is the order of 2
modulo 7, 2 is a primitive root modulo 25, and gcd(3,5
(5-1)) =1.

I-x"=(1-x)(1 +x+x)(1 +x° +x’) over F,. Let{
be a root of ¥,(x) =1 +x +x’, then ¢, ¢*, ¢ are roots
of ¥,(x) and °, £, {* are roots of ¥,(x) =1 +x* +x’.
In Lemma3, t=2, j, =1, j, =3. Since 5° =6 mod 7 and
5=4 mod 7, 7,(1) =2 and 7, (1) = 1. Hence
Neyr (D5(7'0) = W, (27) /W (x).

Since ' =1+¢, =1 +0¢=¢+8, =1+
=040+ 1L, =1+ =1+, we have a formula:
a,+a,l+a,l° +a, 0’ +a,l val’ +al’ =(a, +a; +as
+a,) +(a, +a, +a, +a;){ +(a, +a, +as +a,) " over
F,(0).

Let s =(s,, 5,, S,, ...) be a sequence with period N =5

x7 over F,. Let s, s, s be sequences from Lemma
2. For s,
Se) =8y +S, +8,, +8;, +5, +S5, + S,
5(10) S8 S, Sy S F S S50 TS0

0 _
Sy =S F S, TSy S0 TS0 TS50 T S6,00

0
s =5, +s

o _
S, =8, +S

p+3 +S2p+3 +S3p+3 +s4p+3 +S5p+3 +S6p+3

p+4 + S2p+4 + S3p+4 + S4p+4 + s5p+4 + S6p+4

For s, by (0, p, 2p, 3p, 4p, 5p, 6p) =(0,5,3,1, 6,
4,2) mod 7,

(1
sy = (s, +8, 5y, +8,) +(5, +5,, +55, +5,)( +

(s, +5,, +55, + 56,
S(ll) :(S,;+1 + S TS50 +S6p+l) +(s, + 8,0t
Ssp i +S6p+|)§+(sp+l T 81 T340 +S5p+l)§2
s;l) = (Sp+2 + 85,00 TS50 +S5p+2) +(s2p+2 +8;5,,., F
Sap 2 +S6p+2)§ +(s, + 80 TS50 +s6p+2)§2
s;l) = (s, + 85,3 T 55,43 +S6p+3) +( s, +8,,3 F 85,5t
Seps3) &+ (83,05 85,5 +54,.5 +s6p+3)§2
sz(xl) = (S2p+4 T S8304 54,04 +Scp+4) +(s, 83,4t
Sipas T 85, )L+ (84 45,4 +55,,, +s6p+4)§2
For s, by (0, 3p, 6p, 9p, 12p, 15p, 18p) = (0, 1, 2,
3,4,5,6) mod 7,

(3)
s =($, +85, +55, + sép) + (sp +85, +5, + ssp)g +

(Szp +8,, +55, +s6p)§2

S[13) :(Sl +S2p+l +S3p+1 +S4p+l) +(S1 +SP+1 +S2P+1 +
S50 )E+ (S, + 50,00 + 85,0 +S6ﬁ+1)§2

SS) = (Sz TS, T840 +S6p+2) + (szl”r2 Syt

2
Ssp 2 +S6p+2)§ +(8, + 83,00 55,40 +S6p+2)§
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3) _
s3 - (SP+3 +S3p+3 +S4p+3 +S5p+3) + (Sp+3 +s2p+3 +

S3p43 +s6p+3)§ + (S3 +S2p+3 +s3p+3 +S4p+3)§2
Sf) =(s, R PO o P +S5p+4) +(s, t 85,04 TS5, T
Sepea) § (S, 48,4 +54,.4 +S6p+4)§2
Let s be a sequence with the first period (11001;
11110; 00110; 10001; 11100; 01111; 00010). We also
write it as a 7 x5 matrix:

1
1
0
0
1
1

—_— O = = O
— e OO = = O
—_

el HIETEE-

0 o0

Then 5 has the first sequence (0,0,0,0,1). By Lem-
mal, fo(x) =1 —x°. s has the first sequence (s,
siUs s sy = (L L L LT+ ), g (x) =
Ne (f,(E7'0)00 (x) = W, (x) 0 (x) = ¥, (X)),
where 7,(1) =2, 7,(1) =1 and the sequence b is a 1-peri-
odic sequence with the first period (1 +¢). s has the
first sequence (sy”, s\”, s, sV, s") = (¢ + % ¢+ 0
(+ 0+ 00D

g.o(x) =NF2/F3(fa({’3x)) =Y,(x), where a is a 1-peri-
odic sequence with the first period (¢ +¢°). Hence f,(x)
=(1 =)W, (x) ¥, (x’) and c(s) =5 +3 +3 -5 =23,

We can use the algorithm to compute the minimal poly-
nomial and linear complexity of a sequence with period N
=7 -5" over F,.

3 Conclusion

In Ref. [3], we have known an algorithm for determi-
ning the minimal polynomial and linear complexity of a
up”-periodic sequence over F . with u | ¢" - 1. In fact, if
d’,,.(x) is reducible over F' e then we cannot use the XW-
LI algorithm"”. This paper is supplementary to Ref.
[3]. In this paper, we assume that p, ¢ and u are distinct
primes; ¢ is a primitive root modulo pz; m is the order of

g modulo u; and ged(m, p(p — 1)) =1. Under the as-

RERH A up” FrHIH]

¥ A

sumption, we can use the algorithm in Ref. [3] to deter-
mine the minimal polynomial and linear complexity of a
up"-periodic sequence over F, with time complexity
O(N). Moreover, we give a fast algorithm to determine
the minimal polynomial and linear complexity of a up”-
periodic sequence over F,, which combines the algo-
rithms of Ref. [3] and Ref. [10]. We can use the algo-
rithm to determine the minimal polynomial and linear
complexity of a sequence with period N=7 -5" over F,.
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