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Abstract: The linear operations of the equivalent classes of
crossed modules of Lie color algebras are studied. The set of
the equivalent classes of crossed modules is proved to be a
vector space,
components of degree zero of the third cohomology group of
Lie color algebras. As an application of this theory, the
crossed modules of Witt type Lie color algebras is described,
and the result is proved that there is only one equivalent class
of the crossed modules of Witt type Lie color algebras when
the abelian group I” is equal to I'". Finally, for a Witt type
Lie color algebra, the classification of its crossed modules is

which is isomorphic with the homogeneous

obtained by the isomorphism between the third cohomology
group and the crossed modules.
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. 1
ie color algebras'"

are the natural generalizations of
Lie algebras and Lie superalgebras, which are spe-
cial cases of Hopf algebras in braided monoidal catego-

.02
I‘leS[ !

. The enveloping algebras of Lie color algebras pro-
vide a large class of examples of graded Hopf algebras
which are neither commutative nor cocommutative. In re-
cent years, Lie color algebras have become an interesting
field of mathematics and physics. The cohomology group
of Lie color algebras were introduced by Scheunert and
Zhang"' . The crossed modules of Lie color algebras were
studied by Pei and Zhou'"' for further description of the
cohomology group, which are generalizations of the
crossed modules of Lie algebras and special cases of the
crossed products of Hopf algebras.

Our present work is motivated by the results and meth-
ods in the Lie algebras case™. This paper introduces the
linear operations of the equivalent classes of the crossed
modules of Lie color algebras.
crossed modules with the third cohomology group of Lie

color algebras.

It mainly relates the

And its main theorem claims that the
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crossed modules of Lie color algebras classify the corre-
sponding third cohomology group,
previous results"’.

The reader is referred to Scheunert'' as general refer-
ences about Lie color algebras, to Scheunert and Zhang"”
about cohomology groups, to Kassel and Loday'® about
the crossed modules and to Zhou'!” about the Witt type
Lie color algebras. Throughout this paper, k is assumed
to be a field of characteristic zero; k* = k\ {0} is the
group of units of k; spaces, algebras and modules are all

which extends our

over k. Assume that [" is an abelian group and & is the
skew-symmetric bicharacter on I". The crossed module of
a Lie color algebra L is denoted by (R, L, 9) where 9: R
—L is a homomorphism of Lie color algebras. The equiv-
alent class of (R, L, 9) is denoted by [(R, L, d)]. Let P
be another Lie color algebra and M be a P-module; then
the set of equivalent classes is denoted by S(P, L; M),
and the third cohomology group of the chain complex
C*(P, L; M) is denoted by H’(P, L; M) where R = M@
N, N =Ker v, v: L—P is a surjective homomorphism of
Lie color algebras.

1 Crossed Modules of Lie Color Algebras

Lemma 1 Let [(R, L, 9)] be an equivalent class in
S(P, L; M), and then there exists a crossed module (R,

L, 9)in [(R, L, 9)] such that a(m, n) =n.

Let [(R,,L,d,)] and [(R,, L, d,)] be two equivalent
classes in S(P, L; M). Two representative elements are
taken from the two classes respectively, denoted by (R,
L,9,) and (R,,L, d,), such that 9,(m, n) =9,(m, n) =
n. We can construct a new crossed module (R', L, 9") as
follows:

[(m,n),(m',n")]" =[(m,n),(m',n")], +
[(m’n)7(m,’n,)]2_(0’ [na n])
L xR—R, x(m,n) =x(m,n) +x(m,n) —((vx)m, [x,n])
' :R— L, (myn)l>n

where R = R’ is a vector space. Define the operation of
addition in the set S( P, L; M) by

[(RI’L’ al)] +[(R27L7 a2)] =[(R’,L’ 8’)]

It is not difficult to verify that the definition is well-de-
fined.

Similarly, for any a € k and the equivalent class [ (R,
L, d)], one can define the operation of scalar multiplica-
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tion in S(P, L; M) by

al[(R,L,9)] =[(R,, L, 9,)]

a’

where R, = R is a vector space, and the crossed module
structure is defined as

[(m7n)’ (m,’n/)]a:a[(m’n)’ (m,’n,)] -
(a-1)(0, [n,n'])
LxR,—R,x,(m,n) =ax(m,n) —(a-1)((vx)m, [x,n])
d,:R,—L,(m,n)l-n

Proposition 1 Let y: L—P be a surjective homomor-
phism of Lie color algebras and M a P-module. Then
S(P,L; M) is a vector space under the linear operations
above.

Proof Let a =0 in the operation of scalar multiplica-
tion. One can directly check that [(R,, L, 9,)] is the ze-
ro element in S( P, L; M) and thus show that S( P, L; M) is
not an empty set. For any equivalent class [ (R, L, 9)] in
S(P,L;M), [(R_,, L, 9_,)] is the negative element of
[(R,L,d)].
spaces.

Theorem 1
phism of Lie color algebras and M a P-module. Then
there is an isomorphism between vector spaces of the
homogeneous components of degree zero of the third co-
homology H’ (P, L; M) and the equivalent classes of
crossed modules S(P, L; M).

Proof Straightforward from Proposition 1 and Theo-
rem 1",

2 The Crossed Modules of Witt Type Lie Color
Algebras

It is easy to verify the other rules of vector

Let p: L— P be a surjective homomor-

Let f: I'—k” be a function, S(f) ={ae ' | f(a) #0}
be the support of f and L = GBF ke, be a ['-graded vector

space together with a basis {e, | e I'} and a multiplica-
tion [e,, e;] =(f(B) —s(a,B)f(a))e,,, Suppose that &
is non-degenerate and I is 2-torsion free. L is called a
Witt type Lie color algebra if

fla) =0 or (0)
(f(B) —e(a,B)f(a)) (fla+B) —fla) -f(B) +/(0)) =0

Now we describe the crossed modules of Witt type Lie
color algebras in the case of S(f) = I". Without loss of
generality, let f(0) =1. Then the multiplication in L be-
comes [e,, e,] =(1 —e(a,B))e,,, Let P :é, M be a
one-dimensional P-module, and then we will study S(P,
L; M) in the following part. Suppose that (R, L, 9) is
such a crossed module, and then dim R =2 by the four
term exact sequence. Let M = {r}, R = {r, r'}, and then
[r, 7] =0, 9#0 by the definition of crossed modules.
Since Im 9 = ker v is a one-dimensional ideal of L, let
Im 9 =ke, for some a e I'. Therefore, for all eI, [e

«?

el =(1 -e(a, B)) * e, €ke,, it follows that £(a,B)
=1forall Be I’ Thus a« =0 and Im 9 = ke, since ¢ is
non-degenerate. So we can take the crossed modules of L
as follows:

e sr=kr+lr e !
(o3 o o o

a(r) =0, a(r") =ae,

=kl r+llr
a#0

where k_,I k' ,l! ,ackforallael". Since (R,L,d) is

a crossed module, then

‘r)=[e,,0(r)] =0
-r')=le,,a(r)] =0

It follows that [, =1’ =0. Hence

lae,=d(e,
I ae, =d(e,

ael (1)
Theorem 2 Let L = © ke, be a Witt type Lie color

ael’

e r=kr,e
o a

a

cr'=k’r
a

i and M be a one-dimensional P-module.
0

Suppose that I', = {ae I' | e(a,a) =1} =I. Then
S(P,L;M) is trivial.

Proof By Eq. (1), we have ak,r=ae, - r=9(r") -
r=[r",r] =0. Thus k, =0 since a#0. Also we have

algebra, P =

le.,e;] “r=(1-e(a,B))e,., - r=(1-e(a,p))k, "
le,,e;] ~r=ee,r—e(a,Blege, - r=(1-e(a,pB))kkyr
(2)
Thus (1 -&(a,B))k,,,=(1 ~&(a,B)) kK, By the
assumption that I, = 1", we have e (a, —a) = -1 for
all ael.

Suppose that 8 = — o in Eq. (2), we can derive that
2k k_, =0. Furthermore, k, =0 or k_ =0. By taking k_
=0 and B= -2a, we have 3(k_, -k k_, ) =3k_ =0,
thus k__ =0. Since « is an arbitrary element in I", k, =0
for all @ e I'. Similarly, we can show that k =0 for all
aeI’. So the action of L on R is trivial.

Suppose that we have two such crossed modules (R, L,
d)and (R',L,9"), where

R=1{r,/|[r,r'] =0;L-R=0;9(r) =
0,0(r") =ae,(a##0) |

R ={r,/|[r, /"] =0;L-R =0;9(r) =
0,0(r") =a’e,(a’'#0) |

It is easy to see that they are equivalent by f: R—R',r
For, ' I—>£,r”, which is an isomorphism of Lie color al-
a

gebras. This completes the proof.
Corollary 1 Let L = @ ke, be a Witt type Lie color

ael’

i, and M be a one-dimensional P-module.
0

Suppose that I', = {a e I' | e(a,a) =1} =T". Then the
homogeneous components of degree zero of H (P ,L;M)
is zero.

Proof Straightforward from Theorem 1 and Theorem 2.

algebra, P =

}
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Theorem 3 Let L = © ke, be a Witt type Lie color

ael’

i, and M be a one-dimensional P-module
0

and I', # I'. Suppose that there are two such crossed
modules (R,L,d) and (R',L,9") as follows:

algebra, P =

!

R={r,r | [r,r'] =0se, - r=korye, +r =
k' r;0(r) =0,0(r") =ae,(a#0) |
R ={r,/"|[r,i"]=05e, - r=tr,e, 1=
' r;0(r) =0,0(r") =a'e,(a’ #0) |
Then (R,L,9) and (R',L,9") are equivalent if and
only if there exists s in k such that

Ko _ti_s

Proof To verify the sufficient condition, let f; R—
R',r l>r,r l—»%r". It is not difficult to check that f sat-

isfies the equivalent conditions of the crossed modules.
The verification of the necessary condition is straightfor-

ward. This completes the proof.
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