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Abstract: Let 77 be a group with a unit 1; H is a Hopf #-
coalgebra and A is a right 7r-H-comodule algebra. First, the
notion of a two-sided relative (A, H)-Hopf z-comodule is
introduced; then it is obtained that HomZ(M, N) ® H and
HOM, (M, N) are isomorphic as right Hopf 7r-H-comodules,
where Hom’ (M, N) denotes the space of right A-module right
H-comodule morphisms and HOM, (M, N) denotes the rational
space of a space Hom, (M, N) of right A-module morphisms.
Secondly, the structure theorem of endomorphism algebras of
two-sided relative (A, H)-Hopf 7-comodules is established;
that is, End” (M)#H and END, (M, N) are isomorphic as right
Hopf 77-H-comodules and algebras.
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Hopf group-comodule

et H be a Hopf algebra and A a right H-comodule al-
Lgebra. Let .7} denote the category of two-sided
(A, H) -Hopf modules' ™. For any M e ,. 7/},
showed the following result:

End (M) #H=END, (M)

Ulbrich™

as right H-comodule algebras, where END, (M) denotes
the rational space of a space End,(M) of right A-module
morphisms and End” (M) denotes the space of right A-
module right H-comodule morphisms.

As a generalization of a Hopf algebra, Turaev"”' intro-
duced and studied the notions of Hopf 7r-coalgebras. Fur-
ther study is referred to Virelizier'* and Wang"” "', 1t is
now very natural to ask whether we can extend the main
result in Ref.[2] to the setting of Hopf 7r-coalgebras.
This is the motivation of this paper.

1 Preliminaries

In this section we recall some basic definitions and re-
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sults about Hopf sr-coalgebras introduced by Turaev'”.
Throughout this paper, let k be a field. The reader is re-

(8]

ferred to Sweedler ™ about Hopf algebras.

1.1 Semi-Hopf 77-coalgebra

Recall from Turaev'” that a 7r-coalgebra is a family of
k-spaces C = {C_} _, together with a family of k-linear
maps A = {4, ,: C;—C,QC,}, ;.. and a k-linear map
g: C,—k, such that A is coassociative in the sense that,

(A,,R®id A, =(id, @A, DA, ,
(id. ®e)A,, =id. =(e®id.)A,

Va, B yew
Vaer

A semi-Hopf 7r-coalgebra is a 7r-coalgebra H = ({H,},
A, &) such that each H_ is an algebra with multiplication
m_ and unit element 1 e H_; and for all o, Bem, A
and g: H,—k are algebra maps.

ap

1.2 Right 77-H-comodule algebra

Let C be a 7-coalgebra and M a k-vector space. Recall
from Wang"' that a right 77-C-comodulelike object is a
couple M = (M, p*' = {p}...), where for any « e ,
py:M—M®C, is a k-linear morphism, which is denoted
by pu (m) =my, , ®@my, ,, such that 1) (p) ®id.)p, =
(id,,®A, ;) pug. for any o, e 2) (id,®e)p) =id,,.

Let H be a semi-Hopf 7r-coalgebra and A an algebra. A
is called a right 77-H-comodule algebra if the following
conditions hold: 1) A is a right #-H-comodulelike ob-
ject; 2) pi(ab) =pi(a)pi(b); (3) pi(l,) =1,Q1.

1.3 Relative Hopf 77-comodule

Let H be a semi-Hopf 7r-coalgebra and A a right 77-H-
comodule algebra. If the k-space M is a right 77-H-co-
modulelike object, and M is a left A-module such that,
for any ae A, me M,

M
po.a - m)=ayg, - mg,@ay ,m,

then M is called a left-right relative (A, H)-Hopf 7r-co-
module.

Similarly, we can define a right relative (A, H)-Hopf
m-comodule. Let A be a right 7-H-comodule algebra.
Then A is called a left-right (or right) relative (A, H)-
Hopf 77-comodule with a left (or right) A-module struc-
ture given by its multiplication. The category of a left-
right (or right) relative (A, H)-Hopf 7r-comodule is de-
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noted by ,.Z"(or /7).

2 Structure Theorem of Endomorphism Algebras
of Two-Sided Relative (A, H)-Hopf 77-Comod-
ule

In this section, we always assume that H is a semi-
Hopf 7r-coalgebra and each component H_ is projective,
and A is a right 77-H-comodule algebra.

Definition 1 The k-vector space M is called a two-si-
ded relative (A, H) -Hopf 77-comodule if 1) M is a left #-
H-and right A bimodule; 2) M is a right relative (A, H) -
Hopf 77-comodule; and 3) M is a left-right Hopf 7-H-co-
module.

In what follows, ,.7/} is called the category of two-si-
ded relative (A, H)-Hopf 7r-comodules. The morphisms
in this category are left 77-H-module, right A-module and
right 77-H-comodule maps.

Example 1 Let M e ... Then the tensor product
{H ®M} _._ is a two-sided relative (A, H)-Hopf 7-co-

module whose actions and coactions are given by
g—(hQ®@m) =gh@m, (hQm)«—a=hQ@m - a
Vg heH ;acAimeM

p(h®m) = h(l,n) ®m[(),o] ®h(z,,3) mg g
Vhe H, meM

In particular, HQA = {H ,®A},_. is a two-sided relative

(A, H)-Hopf 7r-comodule.
Let M, N e .7/,. Define p,(f) € Hom,(M, N®H,) by

pﬁ(f)(m) =f(m[o,0])[o.0] ®f(m[0.0])[l,B] Sﬁfl(m[lyﬁfll)
(1)
for any fe Hom,(M, N), me M, where N®HB is a right
A-module via (n®@h) - a=n - a®@h forany ne N, he
Hg,a e A. Then, it is easy to see that pﬁ(f) is a right A-
module map.

A right A-linear f: M—N is called rational if there exists
an element f}, ,, ®f}, , € Hom,(M, N) ®H, such that

Jro.o (1) @F gy =STmyg 1) 10,00 @S 10,01 1,51 Sp-1 (M1 5_1y)
(2)
for any m € M. Define
Hom, (M, N) = {fe Hom,(M, N) | f is rational }

Since each H, is projective, Hom,(M, N) may be viewed
as a submodule of Hom, (M, N®H,). And by Egs. (1)
and (2), for any fe Hom,(M, N), we know that

P =fio0.0 D 1.p
Remark Let M, N e /Zf Then we can obtain that
Eq. (2) is equivalent to
P =00 (My0.0)) OF 1151115

for any m e M and fe Hom,(M, N).
As described above, we can easily obtain the following
lemmas.

Lemma 1 Let M, Ne.#,. Then the following con-
clusions hold.

1) p(f) = {ps() € Hom,(M, N) | ®H,},_, for any f
e Hom,(M, N), and Hom, (M, N) is a right 7-H-co-
modulelike object;

2) END,(M, N) is a right 77-H-comodule algebra;

3) Hom, (M, N)*" = Hom} (M, N). In particular,
Hom(M, N)*" =Hom" (M, N).

Lemma 2 Let M, Ne ,.#,. Then HOM,(M, N) is a
right Hopf #-H-comodule, where the module action is
defined by (f—h)(m) =f(h - m).

Lemma3 Let Me ,. /.. Define

(h—f) (m) :h(l.a) ' f(Sa"(h(z.a")) - m) (3)

for any he H,, fe End}(M). Then
1) Endf(M ) is a left H -module algebra via action
—” as in Eq. (3).
2) There exists an algebra map ¢: End’; (M) #H—END,
(M), f#h \— f«h, where fe End}(M) and he H,.
Now we can obtain the main result of this paper.
Theorem 1 Let N e ... Then the following asser-
tions hold.
1) There exists an isomorphism of right relative (A,
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H) -Hopf 77-comodules,
N=HOM, (A, N)

where HOM, (A, N) is a right A-module via f - a(b) =
flab).

2) Moreover, assume that M e ,,. 7. Then

Hom (M, Ny @ H—HOM, (M, N) gRh \> g—h

is an isomorphism of right Hopf 7--H-comodules, where g
e HOM, (A, N) and h e H,. Furthermore,

End} (M) #H—END, (M) ghh F>g<h

is an isomorphism of right Hopf 77-H comodules and alge-
bras.
Proof We have a well-defined map

¢: N-HOM, (A, N) d(n)(a) =n - a

since p,(b(n)) (a) =d(n,,) (a) @n, , for any ne N
and a € A. It is easy to show that ¢: HOM, (A, N)—N, f
> f(1,) is the inverse of ¢.

In a similar way to Lemma 2, we know that
HOM, (A, N) is a right relative (A, H)-Hopf #-comod-
ule. It is easy to prove that ¢ is a right relative (A, H)-
Hopf 7r-comodule map.

The conclusion follows from Theorem 2.7 in Ref. [4]
and 3) of Lemma 1, Lemma 2 and Lemma 3, which
completes our proof.

By Theorem 1, we have the following remark.

Remark 1) By 1) of Theorem 1, A=END,(A),
which is an isomorphism of right 77-H-comodule alge-
bras. In particular, H=END,(H), which is an isomor-
phism of algebras.
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