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Method of variation of parameters
for solving a constrained Birkhoffian system
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Abstract: For an in-depth study on the integration problem of
the constrained mechanical systems, the method of integration
for the Birkhoffian system with constraints is discussed, and
the method of variation of parameters for solving the
dynamical equations of the constrained Birkhoffian system is
provided. First, the differential equations of motion for the
constrained Birkhoffian system as well as for the corresponding
free Birkhoffian system are established. Secondly, a system of
auxiliary equations is constructed, and the general solution of
the equations is found. Finally, by varying the parameters and
utilizing the properties of the generalized canonical
transformation of the Birkhoffian system, the solution of the
problem can be obtained. The proposed method reveals the
inherent relationship between the solution of a free Birkhoffian
system and that of a constrained Birkhoffian system. The
research results are of universal significance, which can be
further used in a variety of constrained mechanical systems,
such as non-conservative systems and nonholonomic systems
etc.
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he theory of integration for the constrained mechani-
T cal systems is an important aspect of the research for
analytical dynamics. A set of beautiful methods of inte-
gration for conservative systems encountered great diffi-
culties in reaching out to nonconservative, or nonholo-
nomic dynamics. Therefore, it is an important research
direction for analytical dynamics in providing the new
versatile method of integration to complex dynamical sys-
tems. The Birkhoffian system is a quite extensive class of
the dynamical system, and it is a generalization of the
Hamiltonian system. The theory of integration for the
Birkhoffian system is an important part of Birkhoffian dy-

namics'". The US physicist Santilli'"”' studied the Birk-
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hoff equations, the theory of transformation of the Birk-
hoff equations and the generalization of Galilei relativity
in his monograph, and extended the Hamilton-Jacobi
method to the Birkhoffian system. Galiullan et al. "' stud-
ied the inverse problem of Birkhoffian dynamics, the in-
tegral invariants of the Birkhoffian system, and the con-
formal invariance etc. Mei'"*"' established the Poisson
theory of the Birkhoffian system, the field method for in-
tegrating the Birkhoff equations, the symmetries and the
conserved quantities, the inverse problems of dynamics
and the integral invariants, and extended them to the gen-
eralized Birkhoffian system. Zhang'" provided the meth-
od of variation of parameters for integrating the general-
ized Birkhoffian system. In recent years, some important
results on the research of the theory of integration for
Birkhoffian systems have been obtained” . In this pa-
per, we will further apply the method of variation of pa-
rameters for solving the integration issues of the constrain-
ed Birkhoffian system. The method is of universal impor-
tance, and it reveals the inherent relationship between the
solution of a free Birkhoffian and that of a constrained
Birkhoffian system.

1 Differential Equations of Motion for a Cons-
trained Birkhoffian System
The Birkhoff equation in the general form of a Birkhof-

fian system is''™
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(1)

where B = B(a, 1) is called Birkhoffian; R, = Ru(a, 1) is
the Birkhoff function.

Suppose that the variables a“(u =1,2, ..., 2n) of sys-
tem (1) are not independent of each other, but they are
restricted by some constraints, and, as such, the system
is called a constrained Birkhoffian system. If the restric-
tions can be expressed as the following constraint equa-
tions

fla,n =0  B=1,2,...¢ (2)

then the restrictions added to the virtual displacements by
constraints (2) are
a;

a—;aaﬂzo B=1,2,....8 (3)
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The differential equations of motion with multipliers of

the constrained Birkoffian system can be expressed as'"

oR,_OR) . o8 R,
da*  9a” da"* ot B oa"

n=1,2,....2n
(4)

Considering that the system is non-singular and from
Egs. (2) and (4), we can seek A as the function of (a,
t) before integrating the differential equations of motion.
Therefore, Eq.(4) can further be written as

9B OR
=" —+—+P =1,2,...,2 5
e Trer) w ")
where
f, dR, R
= bl@ D=l B =0 "0
2"0, =6, det(£,)#0 (6)

Eq. (5) is called the differential equations of motion
for the free Birkhoffian system which corresponds to the
constrained Birkhoffian systems (2) and (4). As long as
the initial conditions of motion satisfy the constraint equa-
tion (2), the solution of the corresponding free system
(5) gives the motion of the constrained Birkhoffian sys-
tem.

2 Method of Variation of Parameters for a Con-
strained Birkhoffian System

To solve the constrained Birkhoffian system with the
method of variation of parameters, we build a system of
auxiliary equations as

9B OR,
+
da” ot

aﬂzm( ) p=1,2,....2n (7

Let the general solution of Eq. (7) be

a =a"(a', o, .., D) w=1,2,....,2n (8)

where o is an integral constant which is the value of a*
when ¢t =0. Without loss of generality, we take o as a
new variable, make a variable substitution according to
Eq. (8), and select

B =B (a1 = (B—a“”Ru)(a, )

at

v

. da
R =R (a, 1) :(ng)m, )
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We can easily obtain !
9B"  OR,
+
da” Ot

oz“zﬁ‘”*( ) w=1,2,....2n (10)

Therefore, the transformation (8) is a generalized ca-

nonical transformation, and we have™
o n v

di .(ZWLCKU = (lw * ( 1 1 )
aa”  oda

Suppose that the inverse transformation of the transfor-
mation (8) is

o =o(d', d’, .., d" 1) w=1,2,....,2n (12)

Since Eq. (12) is the first integral of Eq. (7), we have

I aa oR
oo +3L p(ﬁ_,_ ) .2n

=0 =1.2, ...
ot aa” \aa at) H
(13)

Then, we find a general solution of Eq. (5).

Assume that the solution of Eq. (5) still has the form
of Eq. (8), and «" is no longer a constant but a function
of time ¢. Differentiating the formula (12) with respect to
time ¢, we obtain

M M M oR
ol":aa L0 —BL()”” ﬁ+ 2+
at  9a” aa” da® ot
ot dB R o
— | —+—L+P |=—0Q"P 14
aa” (aa” ot "] oa” . (14
From Eq. (11), Eq. (14) can be written as
. o 0a’
o = = n=1,2,....2n (15)
oo’ ”
Hence, we have
P
o =+ [ PPt p=1.2,.20
Ja
(16)

Substituting (16) into (8), we can obtain the solution
of the differential equation (5) of motion for the corre-
sponding free Birkhoffian system (5). Substituting the
initial conditions o}, which are the values of ¢ when ¢ =
0, into the constraint equation (2), we have

folag e ey, 1) =0 B=1,2,....g (17

The solution of the constrained Birkhoffian systems (2)
and (4) under consideration is found by combining (16)
and (17), which contains 2n — g independent constants.
Therefore, we obtain the following proposition.

Proposition 1
tems (2) and (4), if the auxiliary equation (7) has a
general solution in the form of Eq. (8), then the general
solution of Eq. (5) can be written as Eq. (8), in which
o can be determined by Eq. (16) and the initial condi-
tions « satisfy Eq. (17).

For the constrained Birkhoffian sys-

3 Example

The Birkhoffian B and the Birkhoff functions R# of a
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four-dimensional Birkhoffian system are respectively

B:%((f)2 +(a")’? —galsinqp

R =da’, R,=d', R,=R, =0 (18)

where g, ¢ are constants. The constraint equations are

fi=d' -a* =0, f,=a’ -2a" =0 (19)

We try to solve this problem by the method of this paper.

In order to solve this problem, we divide it into two
steps. First, let us establish an auxiliary system and solve
it. The auxiliary equation (7) gives that

.1 3 22

d' =da', d’ =2a", d =gsing, d' =0 (20)
The solution of Eq. (20) is
a' =a +a3t+%gtzsin(p, a=ao +2a't
a=a + gtsing, a =d (21)
where o(u =1, ...,4) are constants of integration.
Choose
B = _%(as)z - (o)’ —galsingo —2gtaSSingo —gzl‘zsinzgo
R’ =a’ +gtsing, R, =o', R, =ta’ +gt’sing, R, =2ta’*
@ 0o -1 0 O I:IO 0 1 OIZI
., O 0 0 -1O N 0 0 1O
[2.]= L2 ] =
" % 0 0 0 % E—l 0 0 OE
1 o ol L -1 0 ol
(22)

We can easily verify the validity of Eq. (10).
Secondly, let us give a variation of parameters and cal-
culate the motion of the system. Eq. (4) gives that

a' =a’ +1,, d =2d"-2),, d =gsing-2A,, d' =),

(23)
From Egs. (23) and (19), we can obtain
1 . 1, 4
A, =?gsmgp, A, = —?(a -2a") (24)
Therefore, we have
1 . 1 .
P, =3 gsing, P, = — 3 8sing
P = L 3 4 _l 3 4
= —gla =2d), Py=7(a =2a)  (25)
Eq. (15) gives that
1 L 3 4 .2 _l 3 4
o = 3(oz 2a),a—3(a 2a°)
3 . 4 1
a = -3gsing, o =sgsing (26)

Integrating Eq. (26), we have

1 1 .
o =a —?(az -2ap) t+€gt251ngo

o =ap + l( oy —2a)t - igzz sing

3 3
3 _ 3 L . 4 _ 4 L .
a =oy — 3 gising, a =, + 3 grsing (27)
Substituting (27) into (21), we obtain
1 1 2 3 4 1 2 .
a =a, +?(oz(J +a0)t+?gt sing
2 2 2 3 4 1 2 .
a =aq, +?(a0 +a0)t+?gt sing
3_ 3 l . 4 _ 4 L .
a =+ gising, a =, + 3 grsing (28)

Eq. (28) is the solutions of the corresponding free
Birkhoffian system. Substituting the inertial conditions in-
to the constraint equation (19), we have

(29)

1 2 3 4
oy —ay, =0, oy —20a, =0

Eqgs. (28) and (29) give the general solution of the
problem under consideration, and it contains two arbitrary
constants. For this problem, we can verify that its solu-
tion is given by Egs. (28) and (29) through direct calcu-
lation.

4 Conclusion

The constrained Birkhoffian systems are a broad
class of dynamical systems. The method of variation of
parameters for solving the generalized Birkhoffian sys-
tem is extended to the constrained Birkhoffian system
in this paper. By means of this method, we can in-
tegrate a constrained Birkhoffian system in two steps.
In the first step, we can construct a system of auxiliary
equations whose solution is known. In the second
step, we can vary the parameters, and the problem is
reduced to solving Eq. (15). The research results of
this paper are of universal significance, which can be
applied to the systems with holonomic and nonholo-
nomic constraints.

References

[1] Mei F X, Shi R C, Zhang Y F, et al. Dynamics of Birk-
hoffian systems[ M]. Beijing: Beijing Institute of Tech-
nology Press, 1996. (in Chinese)

[2] Santilli R M. Foundations of theoretical mechanics |l
[M]. New York: Springer-Verlag, 1983.

[3] Galiullin A S, Gafarov G G, Malaishka R P, et al. Ana-
Iytical dynamics of Helmholtz, Birkhoff and Nambu sys-
tems [M]. Moscow: UFN, 1997. (in Russian)

[4] Mei F X. Noether theory of Birkhoffian system [J]. Sci-
ence in China: Series A, 1993, 36(12): 1456 —1467.

[5] Mei F X. Poisson’s theory of Birkhoffian system [J].
Chinese Science Bulletin, 1996, 41(8): 641 —645.

[6] Mei F X, Wu H B. First integral and integral invariant of
Birkhoffian system [J]. Chinese Science Bulletin, 2000,



Method of variation of parameters for solving a constrained Birkhoffian system 345

45(5): 412 —414.

[7] Mei F X. On the Birkhoffian mechanics [J]. Internation-
al Journal of Non-Linear Mechanics, 2001, 36(5): 817 —
834.

[8] Zhang Y. The method of variation on parameters for inte-
gration of a generalized Birkhoffian system [J]. Acta Me-
chanica Sinica, 2011, 27(6):1059 —1064.

[9] Guo Y X, Shang M, Luo S K. Poincaré-Cartan integral
variants of Birkhoff system [J]. Applied Mathematics and
Mechanics, 2003, 24(1): 76 —82.

[10] Guo Y X, Liu C, Liu S X. Generalized Birkhoffian for-
mulation of nonholonomic systems [J]. Communications
in Mathematics, 2010, 18(1): 21 —35.

[11] Luo S K, Guo Y X. Routh order reduction method of rel-
ativistic Birkhoffian systems [J]. Communication in Theo-
retical Physics, 2007, 47(2): 209 —212.

[12] Mei F X, Wu H B. Form invariance and new conserved
quantity of generalized Birkhoffian system [J]. Chinese
Physics B, 2010, 19(5): 050301.

[13] Li Y M. Lie symmetries, perturbation to symmetries and
adiabatic invariants of a generalized Birkhoff system [J].
Chinese Physics Letters, 2010, 27(1): 010202.

[14] Zhang Y. Poisson theory and integration method of Birk-
hoffian systems in the event space [J]. Chinese Physics
B, 2010, 19(8): 080301.

[15] Zhang M J, Fang J H, Lu K. Perturbation to Mei symme-
try and generalized Mei adiabatic invariants for Birkhoffian
systems [J]. International Journal of Theoretical Physics,
2010, 49(2): 427 —437.

[16] Zhang Y, Zhou Y. Symmetries and conserved quantities
for fractional action-like Pfaff variational problems [J].
Nonlinear Dynamics, 2013, 73(1/2): 783 —793.

[17] Zhang Y. A new method for integration of a Birkhoffian
system [J]. Journal of Southeast University: English Edi-
tion, 2011, 27(2): 188 —191.

[18] Wu H B, Mei F X. Type of integral and reduction for a
generalized Birkhoffian system [J]. Chinese Physics B,
2011, 20(10): 104501.

KRR Birkhoff REM ST
KR

(FMARFRERTAZFE, M 215011)

ik

HE: A TERATRY RN F RAENRSFIA, T8 T LA 2 k¢4 Birkhoff 2 4689425 75 ik FI AL, 42 8 A A&
HE Sk K2 R Birkhoff 2 %69 3h 1 5 42, B %k, 549 & Birkhoff % % & 4R 5 49 B W Birkhoff % %44
BB HAL FR MR B AR R, R R B — M R G, K+ AT AR Birkhoff & 4ied 5 SLER)
T ey, RAF R, %7 %487 7 B & Birkhoff % 442y & Birkhoff % 469 M 8] 49 W AEIK R AT
RAR T 5 ERBAALBEL, TH—F A TEFLYRAF LA bl ERTZAAFEZTELGREZA
SK48IA : Birkhoff 7y 5 B4 77 ik s 54K % ; 49 & Birkhoff % %4t

HRES2S:0316





