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Abstract: Let H be a commutative, noetherian, semisimple
and cosemisimple Hopf algebra with a bijective antipode over
a field k. Then the semisimplicity of YD(H) is considered,
where YD ( H) means the disjoint union of the category of
generalized Yetter-Drinfeld modules HYDH(a, pB) for any o, 8
€ Auty,,(H). First, the fact that YD(H) is closed under Mor
is proved. Secondly,
generated projective modules and semisimplicity of H, YD(H)
satisfies the exact condition. Thus each object in YD(H) can
be decomposed into simple ones since H is noetherian and
cosemisimple. Finally, it is proved that YD ( H)
semisimple category.
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based on the properties of finitely

is a

I n 2007, Panaite and Staic!" introduced the notion of
generalized Yetter-Drinfeld modules which covered
both Yetter-Drinfeld modules and anti-Yetter-Drinfeld

modules. Liu and Wang"

studied the notion of general-
ized weak Yetter-Drinfeld modules and made the category
of ,WYD"(«,B) into a braided T-category'”’. The fusion
category' "™ plays an important role in classifying the se-
misimple Hopf algebra. The semisimple category is the
first step to construct a fusion category. In this paper, we
discuss the following question: how to make the category
of generalized Yetter-Drinfeld modules ,YD"(«a, ) into
a semisimple category.

Throughout this paper, we assume that H is a Hopf al-
gebra'”™ with a bijective antipode over a field k. Denote
the set of all the automorphisms of H by Aut, (H). Let

@, Be Aut,, (H).
1 Preliminaries

Definition 1  For any «, 8 € Auty,,(H), a (a, B)-
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Yetter-Drinfeld module is a k-module M, such that M is a
left H-module (with notation h®m F>h + m) and a right
H-comodule ( with notation m l—>m, ®m,, ) with the
following compatibility condition ;

,D(h - m) =h, * m ®,3(h3)m(1)a(s_l(h1))

for all he H and m e M. The category of («a,B)-Yetter-
Drinfeld modules and H-linear H-colinear maps is denoted
by ,YD"(a,B).

Define the category of the generalized Yetter-Drinfeld
module YD( H) as the disjoint union of all ,YD”(a,B).

Definition 2  Suppose that M € YD(H), then M is
called simple if it has no proper subobjects. A direct sum
of simple objects is called semisimple. If every object M
e YD(H) is semisimple, we call the category YD ( H)
semisimple.

2 Making YD(H) into semisimple

Lemma 1'''  Suppose that M € ,YD" (&, ) and N
e ,YD"(v,8), then M®N e ,YD" (ay,8y 'By) with
the following structures

h+ (m®n)=y(h) - m®y’lﬁy(hz) n
m®n F>(m@n) o, &(m&n) ., = (mg, n, ) Qngyymy,,

Lemma 2 If k is a commutative ring, H is a commut-
ative Hopf algebra over k, M e ,YD" (a,B), N e
YD (y,8), and M is a finitely generated projective H-
module, then

1) ,hom(M,N) is an H-comodule, and ,hom” (M,
N) = ,hom(M,N)" where the H-coaction is given by
p(f) (m) =f,(m) &f, &f(m,),&f(m,),S(m,).

2) yhom(M,N) e ,YD"(a,B) , where the H-action is
given by (h + /) (m) &hf(m) =f(h - m).

Proof 1) Define a map 7: ,hom(M ,N)— hom(M,
N®H) by w(f) (m) =f(m,),Qf(my),S(m,).

For any me M, he H, we have

a(f)(h-m) =f((h - m)o)0®f((h : m)O)IS((h : m)l) =
fChy = my) @FCh, = my),S(B(hy)ma(S™ (h))) =
h 'f(m())()@B(h;)B(S(ha))f(mo)la(s_](hz)) ¢
a(h])S(m]) =h 'f(m())o@f(mo)ls(ml) =
h (7 (f))(m))
Thus, 7 is well defined. Since M is a finitely generated
projective H-module, we have ,hom (M, N ® H) =
yhom(M, N)@H. So we obtain a map:
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p: yhom(M,N)— hom(M,N) QH

such that p(f) (m) =f(m,),Qf(m,),S(m,), and ;hom
(M,N) e M".
Now for any fe ;hom(M,N) , if fis H-colinear, then

P(f)(m) :f(m0)0®f(m0)ls<ml) =
f(m0)®mlS(m2) :f(m)®1 = (f®1)(m)

So f is coinvariant.
N) " then we have

py(f(m)) =f(my) ,&f(m,),e(m,) =
flmy) (&f(my) S(m,)m, =f(m,) m,
for any me M, and f is H-linear. Thus, ,hom” (M, KN)
=, hom(M ,N)“".
2) Forany me M, he H, we have

((h=f)e®@Ch-f))(m)=(h-f(my)),&®
(h-f(my)),S(m) =hy = f(my),®
B(hy)f(my),a(S™ (b)) S(m,) =
(hy + f,®B(hy) fia(S™ (h,))) (m)

Lemma 3 Let V be a k-module and N be an H-mod-
ule, then

1) ,hom(HQV,N) and hom(V,N) are isomorphic as
k-modules, where the bijection is given by 0: ,hom( HQ
V,N)—hom(V ,N), 6(f)(v) =f(1Qv).

2) If V is a projective k-module, then H®Q V is a pro-
jective H-module.

Furthermore, if V e M”, then H® V is an object of
YD (a,B) via

Conversely, take f e ,hom ( M,

h-(h'Q®v)=hh'Qv
p(h®v) =h,®@v,®B(hy)v,a(S™" (h,))

Similar to Lemma 2, we can obtain the following lem-
mas.

Lemma 4 Let Ve M" is a finitely generated projec-
tive k-module. Then for any H-comodule N, we have
hom( V,N) e M”, where the H-coaction is given by
P(g)(v) :g(v0)0®g(v0)15(v1 ). If H is commuta-
tive, then for any N e HYDH(a,B) , we can get ,hom(H
®V,N) e ,YD"(a,B).

Lemma 5 Suppose that H is commutative, and N e
LYD ' (a,B).

1) If Ve M" is a finitely generated projective k-mod-
ule, then ;hom( HQ V,N) and hom(V,N) are isomor-
phic as H-comodules.

2) If k is a field, V is a finite-dimensional k-space and
a projective right H-comodule, then H®V is a projective
object in ,YD"(a,B).

Proof

2) Obviously, we have

1) It is straightforward.

yhom” (HRV N) =, hom( HQV ,N) " =
hom(V,N) " =hom" (V,N)

where the last isomorphism is due to the proof of Lemma
2. So the conclusion holds. From the above two lemmas,
we have the following facts.

Lemma 6 Let k be a field, and M e ,YD" («,B).
Then M is a finitely generated H-module if and only if
there exists a finite dimensional H-comodule V and an H-
linear H-colinear epimorphism 77: HQ V—M.

Let H* be the linear dual of H. If M,N e M", then
hom, (M,N) € ,-M under the following H " -action

(h* f)(m) =h*(f(m0)1S(m1)) 'f(mo)o

Lemma 7 Assume that H is commutative, and M, N
e ,YD"(a,B). Then ,hom(M,N) is a left H*-subm-
odule of hom, (M ,N).

Furthermore, M e .M is called rational if the left H" -
action on M is induced by a right H-coaction on M.

Proposition 1  Suppose that H is commutative, k is a
field, M,Ne ,YD"(« ,B), and M is a finitely generated
H-module. Then ,hom(M,N) e ,YD"(«,B).

Proof By Lemma 6, there exists a finite dimensional
H-comodule V and an H-linear H-colinear epimorphism
m: H®V—M. So we obtain an injective k-linear map
yhom (7 ,N): ;hom(M,N)—, hom(H®V,N). For any
¢éeH" ,veV,heH, fe ,hoom(M,N), we have 7 (h
Qv)=h-v, p(1Qv) =1Qv,®v,, and

((p-f)em)(1®v) =(d - (v) =
d)<f(v0)]S(Vl))f(V0)0 =
d)(f(w(l@VO))lS(V]))f(w(l@\/o))o =
(7 (1®v),), S(1®V) Nf(m(1QVv),), =
(¢ (ferm))(1QV)

It follows that ,hom(7,N) is H" -linear. Then by Lem-

ma 2, ;hom(H®V,N) is an H-comodule, and, there-

fore, a rational H" -module. Thus ,hom(M,N) is a ra-
tional H" -submodule of ,hom ( H®Q V,N). This means
that ;hom ( M, N) is an H-comodule. Then we obtain

yhom(M,N) e ,YD"(a,B) by Lemma 2.

We say that ,YD”(«,B) satisfies the exact condition if
the following property holds: if M e , YD (a,B) is a fi-
nitely generated H-module, then the functor
(M, ): ,YD"(a,B)—,YD"(a,B) is exact.

By Proposition 1, if H is commutative and M is a fi-
nitely generated H-module, we have ,hom(M,N) e ,YD"
(a,B) for any Ne ,YD"(«a,B). Obviously ,YD"(a,B)
satisfies the exact condition if H is semisimple.

Proposition 2 Assume that H is commutative, and
YD ( a,f3) satisfies the exact condition and the functor
(-)“", ,YD"(a,B) — M is exact. Then any finitely
generated H-module M e ,YD"(«,B) is a projective ob-
ject.

Proof we have ,hom” (M, _) =, hom (M, )" =
( =)*"s hom(M,_) which implies that ,hom” (M, _)
is also an exact functor.

zhom
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Proposition 3 Under the same condition of Proposi-
tion 2, suppose that H is noetherian. Then any finitely
generated H-module M e ,YD" («,B) is a direct sum of a
family of simple subobjects which are also finitely genera-
ted as H-modules in ,YD"(«,B).

Proof Assume that N is a subobject of M. Then N
and M/N are finitely generated H-modules since H is
noetherian. Furthermore, N and M/N are projective ob-
jects. So we have a split exact sequence in , YD"(a,B) :
0—N—M—M/N—Q.

Thus the conclusion holds.

Take M e ,YD"(«,B) and an H-subcomodule V of M.
We set

iel
where [ is a finite set. Then HV is a subobject of M in
YD (a,B) via;

zav)— Zhav

iel iel

p( Y av)

iel

= Z (a,),(v)y ®B((a,))) (v),a(S7(a,),)

Theorem 1 Let H be commutative and noetherian,
4 YD"(a,B) satisfies the exact condition and the functor
(-)“". ,YD" (a,B) —,M is exact.
e ,YD"(«,B) is a direct sum of a family of simple sub-
objects of M which are finitely generated as H-modules in

Then every M

. YD"(a,B). Therefore, ,YD"(«a,B) is a semisimple
category.
Proof For any m € M, m belongs to a finite dimen-

sional H-subcomodule V, of M. Then V,

m

is a finitely gen-
erated H-module. By Proposition 3, V, is a direct sum of
a family of simple subobjects which are finitely genera-
ted. Let (2 be the set of all direct sums N = &®,_,N, where
every N, is both a finitely generated H-module and a sim-
ple subobject of M in ,YD"(a,B).
elements in (2 is also an object in (2. Thus (2 contains a
maximal element M’ through Zorn’s Lemma. For any m

Then the sum of two

e M, we have me HV,, e (). This means that HV, + M’
=M'. So M =M'. Thus, the conclusion holds.

Corollary 1 Let H be commutative and noetherian
(particularly finite dimensional ), semisimple and cose-
misimple. Then each M e HYDH(a,,B) is a direct sum of
a family of simple subobjects of M which are finitely gen-
erated as H-modules in ,YD” (a,B). Hence ,YD" (a,
B) is a semisimple category.

Proof Since H is cosemisimple, the functor ( —
M"— M is exact. Thus ( - ). ,YD"(«a,B) —M is
exact. Furthermore, the semisimplicity implies that
YD ( a,B) satisfies the exact condition. Then by Theo-
rem 1, the conclusion holds.

Theorem 2 As the disjoint union of all ,YD"(a,B),
the category of the generalized Yetter-Drinfeld modules
YD(H) is also semisimple.

) coH

References

[ 1] Panaite F, Staic M D. Generalized (anti) Yetter-Drinfeld
modules as components of a braided T-category [J]. Is-
rael J Math, 2007, 158(1) : 349 —365.

[2] Liu L, Wang S H. Constructing new braided T-categories
over weak Hopf algebras [ J]. Appl Categor Struct,
2010, 18(4) : 431 —459.

[3] Turaev V. Homotopy quantum field theory [ M ].
ington: European Mathematical Society, 2010.

[4] Etingof P, Nikshych D, Ostrik V. On fusion categories
[J]. Annals of Mathematics, 2005, 162(2) ; 581 —642.

[5] Drinfeld V, Gelaki S, Nikshych D, Ostrik V. On brai-
ded fusion categories [ [J].
2010, 16(1): 1 -119.

[6] Naidu D, Rowell E. A finiteness property for braided fu-

Algebr Represent Theor, 2011, 14

Bloom-

Selecta Mathematica,

sion categories [J].

(5). 837 —855.

[7] Sweedler M. Hopf algebras [ M]. New York: Benja-
min, 1969.

[8 ] Montgomery S. Hopf algebras and their actions on rings
[M]. Rhode Island; American Mathematical Society,
1993.

J~ X Yetter-Drinfeld & _ 3 B 35 B B #1&

TR AE

EX /4

(R RFHRF R, @ 211189)

BE % HAR Kk Loy T B4 F2 2F20 HOpr%'i HEAAMHH. £ET H EYD(H) R%®

ki dd YD(H) 2 H L6 3L Yetter-Drinfeld 4%

HAERT YD(H) Z— AN EHEH MG L, RS
FHmw H 24, A%’—ﬁ—é’] Hopf &4, 4

YD(H) 7 ith R A fo k8 53
3t Gt HAe. RAAFE) YD(H) A —AF 2500k,

%HYDH(a,,B)( P a,B e Auty,, (H) ) 8 3.
A A PR A R AR S AL L R A H 89 F S 0% T 13
33 YD(H) ¥ o3& 548 7T 5 figt A 4

KR : ¢ Hopf X 3 ; ¥ #8% ;) L Yetter-Drinfeld 4

FE 5K S:0153.3



