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Abstract: To ascertain the influence of the boundary friction
on mechanical properties of disc-spring vibration isolators, a
load-displacement hysteresis curve formula of disc-spring
vibration isolators is derived on the basis of the energy
conservation law, as well as considering the effect of the
boundary friction. The formula is validated through the finite
element analysis and static load tests. On this basis, the effect
of the boundary friction on the bearing capacity is researched.
Then the dynamic performance of disc-spring vibration
isolators is studied by dynamic tests. The experimental results
indicate that the boundary friction can promise a larger
damping with a ratio of 0.23 for disc-spring vibration
isolators. Compared with the loading frequency, the loading
amplitude has a greater impact on the energy consumption,
dynamic stiffness and damping of vibration isolators. This
research can provide valuable information for the design of
disc-spring vibration isolators.
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he disc-spring vibration isolator features its small
T volume, large bearing capacity, variable stiffness
and capability of providing friction damping by itself,
thus winning a wide application in the field of nonlinear
vibration isolation. Due to the existence of boundary fric-
tion, the loading/unloading curves of the vibration isola-
tor do not overlap, which can bear much load on its
mechanical properties.

Up to now, various researches have been focused on
disc-springs and vibration isolators. Saini et al. ' investi-
gated the bearing capacity and deformation of disc springs
with parabolically varying thickness by theoretical analy-
sis. Fawazi et al. " studied the load displacement predic-
tion for a bended slotted disc using the energy method.

Curti et al. "' studied the effect of friction on disc-spring
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calculation accuracy by the finite element method and ex-
periments. Ozaki et al.'" analyzed the performance of
disc springs with different friction boundaries based on the
energy method and the Coulomb friction theory. Xiong et
al. P! proposed a new type of vibration isolator composed
of steel wire rope and disc springs and studied the dynam-
ic response of the isolation system. Du et al. ' explored
the dynamic characteristics of a disc-spring shock absorb-
er, pointing out that the shock absorber damping shows
some of the nonlinear characteristics. Gong et al. ! pres-
ented a new method for dynamic modelling of the vibra-
tion isolator addressing its hysteresis nonlinearity and bet-
ter damping performance. Peng et al.'® discussed the
effects of cubic nonlinear damping on vibration isolations
using the harmonic balance method. However, to the best
of our knowledge, no attempt has ever been made to gain
insights into the impact of boundary friction on the me-
chanical properties of disc-spring vibration isolators.

In the present study, a load-displacement hysteresis
curve formula of disc-spring vibration isolators is devel-
oped, based on the theories or principles of energy con-
servation and boundary friction. Simulation based on fi-
nite element analysis (FEA) and static load tests are con-
ducted for its verification. Dynamic performance of the
disc-spring vibration isolator is studied through dynamic
load tests. The findings are supposed to be of benefit to
the desirable design of disc-spring vibration isolators.

1 Theoretical and Finite Element Analysis of
Disc Springs

1.1 Theoretical analysis

The Almen-Laszlo equation'” is currently a commonly-
used formula for the disc spring design. However, it
tends to generate conspicuous errors in solution as it ig-
nores the boundary friction and the radial stress. In prac-
tice, the friction between stacked springs at the edges or
on the surfaces will affect the stiffness estimation of the
device due to large friction damping. The disc-spring
structure of the vibration isolator is shown in Fig. 1. Ig-
noring the boundary friction, the relationship between the

load P’ and deformation f can be written as'"”’
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spring; r is the inner radius; A, is the inner cone height; f
is the deformation of the disc spring;  is the thickness; v
is the material Poisson ratio; and E is the elasticity modu-
lus of materials. Parameters of the disc spring are given
in Tab. 1.
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Fig.1 Structure diagram of disc spring

Tab.1 Parameters of C-serial disc spring

Parameter Value
Elastic modulus E/Pa 2.06 x 10"

Poisson ratio v 0.3
Outer radius R/mm 225
Inner radius /mm 112
Thickness #/mm 6.5
Free height h,/mm 7.1

To ascertain the relationship of the frictional dissipation
and the deformation, a free body diagram of the disc
spring with friction force is presented in Fig. 2. In terms
of the Almen-Laszlo assumptions, the cross section of the
disc spring does not distort, and it merely rotates about a
neutral point; thus the sliding displacement in the radial
direction and the rotation angle « of the cross section can
be expressed by'"!

s, = %

e ;* 2I(1 - cosa) -f*, « =arccos(cos,3—%) -8

(2)

where [ is the diagonal length of the cross section; B is
the angle between the diagonal and vertical planes. As it
is difficult to obtain the actual force acting on the bounda-
ry, the friction pressure is replaced by load p’ in our fi-
nite element analysis. When the deformation of the disc
spring rises to df, an extra load p* is required to over-

Fig.2 Force sketch of single disc spring

come the frictional energy dissipation. By the law of en-
ergy conservation, the frictional energy dissipation should
be equal to the work done by the extra load; that is

W=E, dW=dE, (3)
dW=p"df (4)
dE, =2F_ds, =2p'uds, (5)

where W is the extra work; E; is the frictional energy dis-
sipation; dW, dE, represents the infinitesimal increment;
F, is the frictional force; and y is the friction coefficient.
As the rotation angle « is very small, Eq. (2) can be sim-
plified into

f
IsinB (6)

e

s = iLalCOSB, a=
2

And the relationship between the frictional displacement

and the deformation is

= + f = =+ h
¢ T2tanB T 2(R-7)

N

f (7)

Based on Egs. (3), (4), (5) and (7), the width of the
load-displacement hysteresis curve can be calculated by

ds

o [ Mh

R-r

Thus, we obtain the load-displacement hysteresis curve
formula of the single disc spring as follows:

2 (9

p=p £p :(li

where “ +” is for loading and “ - ” for unloading.

1.2 Frictional analysis of disc-spring vibration isola-
tors

The disc-spring vibration isolator can be designed by
arranging disc-springs in series or in parallel for different
loads. And there must exist friction at the edges and on
the surfaces between parallel springs. The structure of the
vibration isolator is shown in Fig. 3, where J represents
the number of disc springs in parallel and / denotes the
number of series of disc springs. A steel plate is used to
connect disc-springs in series. Ignoring the friction, the
load of the isolator is Jp' when the deformation is If. In
addition, the surface friction displacement s, can also be
evaluated as a function of the deformation f. As illustra-
ted in Fig. 3, the surface friction displacement is given as

sg=«/(x,—xz)z+(yl—y2)2 (10)

where A(x,,y,) and B(x,, y,) are the coordinates at the
contact points of disc springs stacked in parallel, which
vary with the deformation of the springs. Known from the
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Fig.3 Structure of disc-spring vibration isolator (I =2, J=2,
0,(x,,y,1) and O,(x,,5,))

researches on the single disc spring, the contact points ro-
tate about the neutral point O. So based on the coordinate
transformation matrix, the rotation matrix of points A and
B can be written as

rcosa —sina  —x,cosa+y,Sina+y, ]

M, =| sina  cosa - X, Slna -y, cosa +y, (11)
L 0 0 1 J
rcosa —sSina  —Xx,Co8q +Y,SINa +Y,]

M, =| sina  cosa  —x,sina—-y,cosa+y, | (12)
L 0 0 1 i

where x, =x,,; y, =y, +t/singp, and ¢ is the angle be-
tween the spring and the vertical plane. During the de-
formation, the location vectors {x,,y,,1} and {x,,y,,1}
change with the rotating neutral points O, and O,. Ac-
cording to Eqgs. (10), (11) and (12), the surface friction
displacement can be calculated by

J £, ) rf
s, = — [sina+ (1 —cosa) "] =— (13)
sin” ¢ sing/sing

When the deformation of the vibration isolator grows to
df, the friction energy dissipation and the extra force
overcoming the surface friction can be denoted as

dE; =(J-1)Fds, =(J - 1)Jp'singuds,  (14)
. _dE; J(R=-1"+I°
ps = df =J(J-Dut IR -1) p (15)
And the extra force overcoming the edge friction is
. dE; h
Sl S O LY
pe _df _JR—’P (16)

Thus, we obtain the load-displacement hysteresis curve
formula of the disc-spring vibration isolator as

p=Jp' +I(p; +p.) (17)

29

where “ +” is for loading and “ —” for unloading.

1.3 Finite element analysis

ANSYS 12.0 is used to analyze the static-load charac-
teristics of a single disc spring and two disc springs in
parallel. The FEA models are demonstrated in Fig. 4.
The axial displacement load is imposed on the top of the
models for transient dynamic analysis. Then the loading
and unloading conditions with different friction coeffi-
cients are simulated to validate the hysteresis curve for-
mula. The results from FEA and the hysteresis curve for-
mula are compared in Figs. 5 and 6. As illustrated in Fig.
5, similar changes are observed among the results from
the FEA, the hysteresis curve formula and the theoretical
curve. No overlapping is observable between the loading
and unloading curves due to the presence of friction. Fig.
6 shows that with the surface friction added, the curves of

(2) (b)

Fig.4 FEA models of disc spring. (a) Single disc spring; (b)
Two disc springs in parallel
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Fig.5 Loading-displacement of the single disc spring
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Fig.6 Loading displacement of two disc springs in parallel (u
=0.3)



42

Jia Fang and Zhang Fancheng

the FEA and the hysteresis curve formula remain highly
consistent. This verifies the accuracy of the formula.

2 Static Experiment and Analysis

To evaluate the effect of boundary friction on the
isolator’s static stiffness, static load deformation resist-
ibility and dynamic features, an intelligent servo hydrau-
lic testing machine is used to carry out the test. The test
system consists of the loading test system and the data
collection system, as shown in Fig.7. As the disc-spring
vibration isolator is composed of two disc springs set in
parallel and four groups in series, the same mechanical
properties are shared by all the groups. The load-displace-
ment curves of the experiments, the FEA and the hystere-
sis curve formula are compared in Fig. 8§, which shows
that the theoretical curves differ a lot from the test curves
in the initial phase of deformation. With the increase of
deformation, the difference gradually narrows. This is
because error exists in the assembly process of disc
springs. It also shows that the area of load-deformation
curves in the experiment is approximately equal to that in
the formula with the friction coefficient of 0. 3. There-
fore, 0.3 can be taken as the boundary friction coefficient
of the disc-spring vibration isolator.
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Fig.8 Loading displacement of static load experiment

The loading and unloading stiffnesses of the disc-spring
vibration isolator are derived from numerical analysis.
CFTOOL, a fitting tool in Matlab, is used to fit the load-
ing/unloading stiffness curves of the experiment. Then
the results from the experiment, the hysteresis formula
and the theoretical analysis are compared in Fig. 9. As

shown in Fig. 9, the loading and unloading stiffnesses
given by the test and the formula are lower than that of
the theoretical result which ignores the friction effect. It
is a solid evidence that the boundary friction can reduce
the stiffness of the disc-spring vibration isolator. The av-
erages of the loading and unloading stiffnesses in different
deformations from the theoretical calculation and test re-
sults can well reflect the static stiffness of the vibration
isolator. The average values of stiffness from the hystere-
sis formula and the tests are compared. Results show that
the maximum and minimum deviations of calculated val-
ues and test values are 7. 6% and 1.2%, respectively,
which proves that the hysteresis formula is of high accura-
cy and it is capable of reflecting the static load perform-
ance of disc-spring vibration isolators accurately.
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Fig.9 Loading/unloading stiffness of disc-spring vibration
isolator. (a) Loading stiffness; (b) Unloading stiffness

3 Dynamic Experiment and Analysis

Dynamic stiffness and damping are the key parameters
to the design of vibration isolators. Dynamic stiffness re-
flects the device’s ability to resist deformation under dy-
namic load, and damping is its capability for energy dis-
sipation. To ascertain the impact of the boundary friction
on its dynamic performance, a 50 kN pre-load is slowly
applied onto the vibration isolator, followed by the sinu-
soidal displacement control with the amplitudes of 0.5, 1
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and 2 mm and the frequencies of 3, 4 and 5 Hz to obtain
its force response.

3.1 Results of dynamic experiment

Results of the dynamic experiment are demonstrated in
Figs. 10 and 11. As illustrated in Fig. 10, with the in-
creasing amplitude, the areas of the hysteretic curves ex-
pand. In other words, the larger the displacement, the
more the dissipated energy. As shown in Fig. 11, with
the change of loading frequency, the curve areas remain
nearly invariable, which means that the loading frequency
has little influence on the ability of energy consumption.
For further study, dynamic stiffness K, and equivalent

damping coefficient £, are calculated using the following
(i

equations™ -~ and presented in Tab. 2.
K, = # (18)
u' —u
S S
& (19)

T2mfut 2wk (u')

where u* and u~ denote the largest and the least vertical
deformation; f* and f~ represent the vertical forces corre-
sponding to u” and u”; and S is the area of the hysteresis
curve.
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Fig.10 Hysteretic curves of different amplitudes with a load-
ing frequency of 5 Hz

201
15
10

Force/kN

Amplitude/mm

Fig.11 Hysteretic curves of different frequencies with an am-
plitude of 2 mm

Tab.2 Equivalent stiffness and damping ratio of different tests

Amplitude/ . Frequency/Hz
Variable
mm 3 4 5

K.,/(kN+-mm~') 15.000 15.300 15.714
0-3 I 0.1447  0.1632 0.168 9
| K./(KN-mm™') 11.204 11.865 12.412
& 0.198 1 0.201 4 0.2145

5 K./(KN-mm~™') 8.57 8.84 8.96
I 0.2097 0.2195 0.228 9

3.2 Analysis of dynamic performance

The effect of amplitude on the dynamic stiffness and
the equivalent damping ratio is presented in Fig. 12. As
can be observed, the dynamic stiffness decreases with the
increasing loading amplitude while the loading frequency
remains constant, which fully reflects the nonlinearity of
the disc-spring vibration isolator. In contrast, the equiva-
lent damping ratio rises with the increasing load ampli-
tude, but the rising trend dwindles away gradually. When
the amplitude grows from 0.5 to 1 mm and from 1 to 2
mm, the damping ratio goes up by 36.9% and 5.89% ,
respectively. Apparently, as the damping of the vibration
isolator is provided by the boundary friction that relates to
the friction coefficient, force and amplitude, it is only af-
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Fig.12 Dynamic performance.
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fected by the amplitude when the friction coefficient and
force are invariant. That is why the disc-spring vibration
isolator can provide a larger friction damping of up to
0.23.

Fig. 12 also shows that with constant loading amplitude
both the dynamic stiffness and the equivalent damping ra-
tio feature a trend of gradual rise with the increase of
loading frequency. That is to say, the loading amplitude
has a greater effect on the dynamic stiffness and the
equivalent damping ratio of the vibration isolator than the
loading frequency. It means that the vibration amplitude
is a key parameter to the properties of the disc-spring vi-
bration isolator.

4 Conclusion

In the present study, a load-displacement hysteresis
curve formula of the disc-spring vibration isolator which
considers the boundary friction is developed based on the
principles of energy conservation. The validity of the for-
mula is verified and the influence of boundary friction on
the static stiffness is also investigated via the finite ele-
The effect of the
boundary friction on the isolator dynamic performance is

ment simulation and static load tests.

also studied. As revealed by the test results, the boundary
friction endows the disc-spring vibration isolator with a lar-
ger damping of nearly 0.23. The loading amplitude exerts
a larger influence on the isolator’s energy dissipation, dy-
namic stiffness and damping coefficient than the loading
frequency does. This research may provide valuable infor-
mation for the design of the disc-spring vibration isolator.

References

[1] Saini P K, Kumar P, Tandon P. Design and analysis of
radially tapered disc springs with parabolically varying

thickness [ J ]. Journal of Mechanical Engineering Sci-
ence, 2007, 221(2): 151 —158.

[2] Fawazi N, Lee J, Oh J. A load-displacement prediction
for a bended slotted disc using the energy method[J].
Journal of Mechanical Engineering Science, 2012, 226
(8):2126-2137.

[3] Curti G, Montanini R. On the influence of friction in the
calculation of conical disk springs[J]. Journal of Me-
chanical Design, 1999, 121(4) . 622 —627.

[4] Ozaki S, Tsuda K, Tominaga J. Analyses of static and
dynamic behavior of coned disk springs: effects of fric-
tion boundaries [ J |. Thin-Walled Structures, 2012, 59.
132 — 143.

[5] Xiong Shishu, Li Huisheng, Huang Liting, et al. Design
and application of base isolation system for explosive la-
boratory[ J]. Explosion and Shock Waves , 2006, 26(2) :
145 —149. (in Chinese)

[6] Du Junmin, Dai Shuangxian. Research on dynamic char-
acteristics of saucer dampers[J]. Construction Machinery
and Equipment, 2009, 40(11): 15 —18. (in Chinese)

[7] Gong Xiansheng, Xie Zhijiang, Luo Zhenhuang, et al.
The characteristics of a nonlinear damper for vibration iso-
lation[ J |. Journal of Vibration Engineering, 2001, 14
(3):90-94. (in Chinese)

[8] Peng Z K, Meng G, Lang Z Q, et al. Study of the
effects of cubic nonlinear damping on vibration isolations
using harmonic balance method[ J]. Infernational Journal
of Non-Linear Mechanics, 2012, 47(10) . 1073 —1080.

[9] Almen J O, Laszlo A. The uniform-section belleville
spring[J]. Trans ASME, 1936, 58(5) ; 387 —392.

[10] Yi Xianzhong. Analysis of basic characteristic parameters
of disk springs [J]. China Petroleum Machinery, 1995,
23(3): 10-17. (in Chinese)

[11] Chen Heshi. Experimental study of nonlinear assembled i-
solator for high speed press[ D]. Nanjing: School of Me-
chanical Engineering of Southeast University, 2011. (in
Chinese )

ETHREZNEERIRSE 1F1E6E

~

b
w7

FRIL A,

(A RFIMIAZZRE, & F 210096)

?ﬁg-ﬂﬂ?’r%iﬁﬁ BB Bk S ) F A

by, A TR ETFTER

HHRFT ES BARIFHEEZ S

BB R EAXN. BIARASIEHHXERIET ZAXGEHE. AR EHFRTT L

ﬁ/‘*‘#ﬁiﬂ% ¥k 25 R B AE 77 89 %
RIr s R AR AR T RS R LR T8 %

Sy, B S BRI R T B ERE B

% ¥k 25 04 3h 35 M Ak 69 % ve.

Fm;}f&nu Za) ﬁ&%éﬁ F«H-}%A#%: i’ Za) FﬂEtETLO 23 Fm

Pk 35 A9 FEAE | B R For LR 2t K @ AL B A AR | 3 e BOR R B AT R R AT B R TRk

&t AR R385 5 L.

KR R TR E AR R
HE 43 262 . TP391

i 2 B R B PR AT AT



