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Abstract: In order to study the deformation of algebras, the
notions of Hom-algebras are introduced. The Hom-algebra is a
generalization of the classical associative algebra. First, the
Hom-type generalization of dimodules, which is called the
Hom-dimodule, is introduced, and its properties are discussed
Moreover, the category of Hom-dimodules in connection with
the Hom D-equation R”R” = R”R"for R e End, (M ® M) and
a Hom-module M is investigated. Some solutions of the Hom
D-equation from Hom-dimodules over Hom-bialgebras are
given, and the FRT-type theorem is constructed in the
category of Hom-dimodules. The results generalize and
improve the FRT-type theorem in the category of dimodules.
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hroughout this paper, all the modules are left mod-
T ules without specification and all the spaces are k-
spaces for a fixed field &.

A (long) dimodule over a bialgebra H is a vector space
M with a left H-action p,, and a right H-coaction p" so
that the following compatibility condition holds: (hm)
®(hm) ) = 2 hm, & m for all he H and m e M.
We denote this category with ,L”, which is also a special
case of the Doi-Hopf module category. This category ,L"
was first defined by Long'" for a commutative and co-
commutative H and was studied in connection with the
construction of the Brauer group of an H-dimodule alge-
bra. It is interesting to note that for a commutative and
cocommutative H, ,YD"(the category of Yetter-Drinfel’d
modules) is precisely ,L”'”'. Naturally, for an arbitrary
H, ,YD" and ,L" are fundamentally different. ,YD"
plays a determinant role in describing the solutions of the
quantum Yang-Baxter equation. It is natural to ask which
equation will play a key role in ,L". In Ref. [3], consid-
ering that , YD" is deeply involved in solving the quantum
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Yang-Baxter equation, the author studied ,L” in connec-
tion with the D-equation which is described presently.
Given a vector space M, and R € End,(M®M), R is said
to be a solution of the D-equation if R”R” = R”R" in
End,(M@MQ®M) where R” = RQid, and R” =id®QR.
The concept of a Hom-algebra was introduced by Lars-
son et al"™'. It is a special class in the deformation of al-
gebras. Recently, the Hom-algebra has been studied by
several authors. The further development of the Hom-al-
gebra theory led Makhlouf et al."”™ consequently to Hom-
associative algebra, Hom-coassociative coalgebra and
Hom-bialgebra, and described many of the extending
properties of classical associative algebras, coalgebras,
bialgebras and Hopf algebra structures. In fact, the notion
of Hom-associative algebras generalize associative alge-
bras to a situation, where associativity law is twisted by a
linear map. From Ref. [5], it is clear that the commuta-
tor bracket multiplication is defined using the multiplica-
tion in Hom-associative algebra and it leads naturally to
Hom-Lie algebras. Following the patterns of Hom-Lie
and Hom-associative algebras, one can define Hom-bial-
gebras as nonassociative and non-coassociative'’ .
generalization of the bialgebra in which the non( co) asso-
ciativity is controlled by the twisted map. In this paper,
we only investigate the case of Hom-associative algebras.
Hom-versions of the Yang-Baxter equation was studied in
Refs.[9 —12]. Many classes of the solutions for the Hom-
Yang-Baxter equation are constructed. Moreover, Hom-

Itis a

type generalizations of FRT quantum groups, including
quantum matrices and related quantum groups,
tained in Ref.[13]. The above motivates us to study the
generalization of the D-equation.

In this paper,
(Long) dimodules and D-equations of the Hom type, and
investigate the category of Hom-dimodules in connection
with the Hom D-equation.

are ob-

we mainly study Hom-versions of

1 Preliminaries

In this section, we recall the definition of a Hom-bial-
gebra and ( comodules) modules over an Hom-algebra
(coalgebra) .

A Hom-module""

is a pair (V, «) in which V is a vec-
tor space and o: V—V is a linear map. A morphism (V,
a)—(V',a') of Hom-modules is a linear map f: V—V’
such that o'o f = fo a. The tensor product of the Hom-
modules (V, «,)and (W, a,) consists of the vector space
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V@W and the linear self-map o, Qa,,.

Definition 1 A Hom-associative algebra'™ is a triple
(A, u, @)in which (A, @)is a Hom-module and u: AQ@A—
A is a bilinear map such that 1) aopu = o (a®@a) (multi-
plicativity); and 2) wo (a®u) = o (u®a) (Hom-asso-
ciativity). In the following, we also write u(a®b)as ab.

The Hom-associative algebra is said to be unital'” if a
homomorphism exists, 7: k—A satisfying u o (n®id) =
id and o (id®m) =id.

A Hom-coassociative coalgebra is a triple(C, A, @) in
which (C, a) is a Hom-module and A: C—C®C is a line-
ar map such that 1) a«® ¢ A = A o o( comultiplicativity);
and 2) (a®A) A =(AQa) - A(Hom-coassociativity) .

A Hom-coassociative coalgebra is said to be counita
if there is a map &: C—k satisfying (£ ®id) o A = id and
(id®eg) - A =id.

A Hom-bialgebra™* is a quadruple(A, u, a, 1, A, a,
g), in which (A, u, a, ) is a hom-associative algebra,

[6-7]

1[7]

(A, A, a, &) is a Hom-coassociative coalgebra, and A is a
morphism of Hom-associative algebras, i.e., A(xy) =

le)’1 ® x,y, =A(x)A(Y).

() (y)

Remark 1 1In Ref. [7], the definition of a Hom-bial-
gebra is also written as follows: A Hom-bialgebra is a
seven-uple (A, u, @, 1, A, a, €) where (A, u, @, ) is a
unital hom-associative algebra and (A, A, a, &) is a couni-
tal Hom-coassociative coalgebra, and the following con-
dition holds: A(xy) = z xy, ® xy, = A(x)A(Y),

[€316Y)
e(xy) = e(x)e(y) and g0 alx) =e(x).

Example 1( classical structures) 1) If (A,u) is an as-
sociative algebra and o: A—A is an algebra morphism,
then A = (A, u,, ) is a Hom-associative algebra with
the twisted multiplication p, = @ o u. Indeed, the Hom-
associativity axiom y, o (a®u,) =u, o (n,®a) is equal
to «’ when applied to the associativity axiom of . Like-
wise, both sides of the multiplicativity axiom « o pu, =pu,
®(a®a)are equal to o’ o .

2) Dually, if (C, A) is a coassociative coalgebra and
a: C—C is a coalgebra morphism, then C, =(C, A _, )
is a Hom-coassociative coalgebra with the twisted comul-
tiplication A, =A » a.

3) A bialgebra is an exact Hom-bialgebra with « =
id. More generally, combining the previous two cases, if
(A, u, A) is a bialgebra and a: A—A is a bialgebra mor-
phism, then A, =(A,u,,A,, @) is a Hom-bialgebra.

Definition 2 1) Let (A, u,, «,) be a Hom-associative
algebra, and (M, «,,) be a Hom-module. A left A-mod-
ule structure on M consists of a morphism p: AQM—M
of Hom-modules such that p o (o, ®p) =p o (u, Q)
and ay, 0 p,, =py ° (@, ®a,) (*). We also write p(a®
m) as am for a e A and m € M. In this notation, ( *)
can be written as a,(a)(bm) =(ab) a,, (M) and «a,,( ax)
=a,(a)a,(x).

2) Dually, let (C, A, a.) be a Hom-coassociative coal-

gebra, A left C-comodule structure on M consists of a
Hom-module (M, «,,) together with a linear map p"': M—
C®M such that (A®a,,) °p" = (a.®p") - p" and (a,
®a,,) op"” =p" o, Similarly, we can define a right C-
comodule.

If M and N are A-modules, then a morphism of A-mod-
ules f: M— N is a morphism of the Hom-modules such
that fop, =p, o (id, ®f). Similarly, morphisms of C-co-
module are defined in a clear way.

2 Hom-Dimodules

Definition 3 Let (H, u,, A,, ;) be a Hom-bialge-
bra, and (M, a,,) be a Hom-module. A Hom-dimodule is
a triple (M, pM,pM) such that 1) (M, p,,) is a left H-mod-
ule; 2) (M, p") is a right H-comodule; 3) p,, °p" = (p,,
®a,,) o (e, Qp").

We may also write 3) as (hm), ® (hm)
= Y ay(hmy ® ay(mg).

The category of Hom-dimodules over a Hom-bialgebra
H with H-module morphisms and H-comodule morphisms
are denoted by ,HL".

If H is a bialgebra, i.e., «, =id, and o, =id,,, then
the above definition of the Hom-dimodule coincides with
the usual definition of the dimodule. The following result
proves that dimodules deform into Hom-dimodules by en-
domorphisms.

Proposition 1  Let (H, u,, A,) be a bialgebra, and
(M, p,,p") be an H-dimodule. Assume that «,: H—H is
a bialgebra morphism, and «,: M—M is a k-linear map
such that

Qy o py =py o (0, Qay,) (D)

M

p" e ay, =(a,®a,) o p" (2)

M

Define the maps p, ,, = a,, ° p,; HOM—M and p' =p" -
oy M—HQ@M. Then

1) (H,u,,A,, a,) is a Hom-bialgebra, where u, =«
epugand A, =A, o ap;

2) (M,p, s p"") is a Hom-dimodule over a Hom-bi-
algebra H, where H is a Hom-bialgebra as 1).

Proof 1) It follows from 1) of Example 1.

2) First, by Definition 1 and Eq. (2), it is easy to
prove that p_,, gives (M, «,) the structure of a left H-
module, i.e., p, o (@;®p, ) =pou° (kg Qay).

Similarly, by Definition 2, we can prove that p™"
gives (M, a,,) the structure of a right H-comodule if and
only if (p*" ®a,) o p™" = (e, ®A,) o p™".

Finally, it is only needed to check that p*" o p_, =
(Pun®ay) o (a,®p""). In fact, we have

pmM °Pam =(pM cay) o (ayopy) =
(aM®aH) °PM °Pu° (aH®aM) =
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(0, ®ay) o (Pm®idy) ° (idH®PM) o (0, Qay) =
(pa,M®aH) ° (aH®Pa'M)

where the second equality holds by Egs. (1) and (2).
Because M is a H-dimodule, the third equality holds.

Proposition 2 Let (H, u,, A,, a,) be a Hom-bialge-
bra, (M, «,,) and (N, a,) be Hom-dimodules. Then M
® N is a Hom-dimodule with the action and coaction, for
almeM, neN, heH,

pM®N(h®m®n) :aH(h(l)) : m®aH(h(2)) n

P (m®@n) =m, ®n i, Qay(mgyn,,)

Proof We check that p,,., and p"®" is well defined.
For any h,le H, meM and ne N,

Puen ® (0 Rpyey) (MQIQmOn) =

Puan (o (h) Qay, (1)) - mQa,(l, ) - n) =

oy ((ay () ) )y (L)) = m) Qay (o (h)) o)) (e (L)) = 1) =
ayy Chiy) Cay (1) = m) @ay (hyy) (ay (1)) = n) =
(ot Chiy)ay (1)) = 0 (m) @ Cay, (hiyy )y, (L)) )ay(n) =
ay((hl) 1)) ey (m) @ay ((hl) ,))ay(n) =
Puen(M®a,(m) @ay(n)) =

Pusn © (g @ayey) (hQIQ®mMEn)

The forth equality holds because M and N are H-mod-
ules. Similarly, we can prove that (M®N, p"*") is a
right H-comodule. It remains to be checked that the com-
patibility condition holds, i. €., pyey ° " = (Pyay @
ay) o (a, ®p"®"). Since M and N are H-dimodules,
(ay (h) m)(o) ® (o, (h) m)m = Oli,(h) Mg, @ ay
(m(1> ), (aﬁ(h)n)(0)®(aH(h)n)(l) =ai,(h)n<0) Qay
(ng,). Forany meM, neN, heH,

PM®N ° Py (h@MRn) :PM®N(aH(h<1>) *m®ay(hy) +n) =
(ay(hgyy) = m) g @y (hy) « 1)) Qay((ay(hyy) = m),
(ay(hoy) = n) ) =ay(h) « mg @ay(h) «ng ®
ay(ay(my)a,(ng,)) = (puen®ay) (a,(h) @m &
no Oay(my)ay(n))) = (puey@ay) °

(a,®p"*") (h@m®n)

3 Solutions of Hom D-Equation

First we introduce the definition of the Hom D-equa-
tion. Moreover, we construct many solutions to the Hom
D-equation by Hom-dimodules over the Hom-bialgebra.

Definition 4 Let (M,«a, ) be a Hom-module and B.
MQM—MPM be a morphism of Hom-modules, i.e. ,
Boa, =a, oB. We call B a solution of the Hom D-e-
quation if B”B* =B*B", where B” =BQ®a,,, B” = a,,
&®B.

The D-equation™ is a special case of the Hom D-
equation when « = id.

Proposition 3 Let B be a solution of the Hom D-
equation for the Hom-module (M ,q,,) .

1) If A ek, then AB is also a solution of the Hom D-
equation for (M,a,,).

2) If both o and B are invertible, then B ™' is a solution
of the Hom D-equation for (M,ca,,' ).

Proof 1) First, ABo (a,,®a,) =A(Bo (a,®
aM) ) :/\< (aM®aM) ° B) = (aM®aM) °AB, and AB®
a=A(B®a), a®AB=A(a®B), so we have (AB)"
(AB)* =(AB)*(AB)".

2) It follows from B ™' - (a,,' ®a,,') = ((a,Ra,) °
B) '=(B-(a,®a)) " =(ay' ®a,') B,
B"'®a,' = (B®a)) ', o, ®B™' = (a,,®B) .

Next, we will show that a Hom-bialgebra gives rise to
many solutions of the Hom D-equation by its Hom-dimo-
dules. The following shows that ,HL" plays a role in sol-
ving the Hom D-equation.

Proposition 4 Let (H,u,,A,,a,) be a Hom-bialge-
bra, and (M,a, ) be a Hom-module. Assume that (M,
Par>p”") is Hom-dimodule and «,, is an H-module mor-

and

phism. Then the map

B':MRM—-MRM, mQOn l>a,(n;, )  mQa,(ng,)

(3)

is a solution of the Hom D-equation.
Proof First, it is easy to check that B' > (a, Q@a,,)
(m®n) =(a,®a,) o B (m&n).

For I[,m,ne M, we have

B"”B”(I®m®n) = (B'Qa,,) (a,, ®B") (IQm®n) =
(B'®ay,) (o, (1) Qay(n,)) - mRay(ng,)) =
aH((aH(n(l)) : m)m) - ay, (1) ®aM((01H(n<1)) . m)(o))®
(1)) =a (ay (my))) = (D) @ay (g (ay (nygy)) = my))
Raiy (1)) =ay (ay(myy)) + 1) Qay(ay(ng))) * ay(mgy,)
®ay (1) =B (ay(m) « 1Qa,(m,) @ay,(n)) =
BB (I®Qm®n)

The fourth equality holds because (M,q,,) is a Hom-
dimodule. Since «, is H-module morphism, the fifth
equality is true. By 2) of Definition 2, we have «,
(m(O))®aH(m(l)) = (aM(m>)(0) ®(aM(m)>(])’ SO
the sixth equality holds by (3). Therefore, B’ B> =
B'PB'? i.e., B'is a solution of the Hom D-equation.

Corollary 1 Let (H,u,,A, ) be a bialgebra, and
o, :H— H be a bialgebra morphism. Assume that ( M,
pusp") is a dimodule and «,, ;: M—M a k-linear map such
that oy, o p,, =py © (a,®a,,) , and p* o o), = (a,, Q) o
p". If a,, is H-module morphism. Then the map (3) is a
solution of the Hom D-equation.

In Corollary 1, if a, =id:H—H, then the conditions
oy opy =py e (id®a,) and pM oay = (a,®id,) °PM
mean that «,, is H-module morphism and H-comodule a
morphism. So we have the following corollary.

Corollary 2 Let (H,u,,A, ) be a bialgebra. Assume
that (M,p,,,p") is a dimodule and «,,: M—M is H-mod-
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ule morphism and H-comodule morphism. Then the map
(3) is a solution of the Hom D-equation.

4 FRT Theorem of Hom Type

In Ref.[7],
is finite dimensional, then any solution R of the D-equa-
tion has the form R =R, , .+ , where (M,p, ,pM) isaD
(R)-dimodule over a bialgebra D(R) and R ,,, . is the

Y ngm®ng, .
Next, we recall the details of the FRT type construction

from Theorem 3.6 in Ref. [3].
Let M be a finite dimensional vector space. Assume

the authors give a FRT type theorem: if M

special map R, .« (m®n): =

that {m, ,---,m,| is a basis for M and (x],),,  is a fam-
ily of scalars of k such that
R(mv®mu) = Zx/;vm,‘®m/ (4)
7
forall u,v=1,2,---,n

Let T( C)be an algebra generated by (C,;). Define the
bialgebra

D(R)

SR RO WEAEEARPNED
-y, ®c,.

1) The left D(R)-module structur;:;) w:D(R) @M—M
®m,) = 3 x.m,

2) The right D(R)-comodule structure p*: M—M®
= imv ® C,.

For m ,m, the elements of the given basis, R

with the comultiplication A( C;)

given by p,, (C,

Jju

D(R) given by p"(m,)

(M,pyp")

R(m, @m,) = mem ® m; . So we obtain that (M,

PumsP ") e D(R)LD(R) and R = R(M,D o

Lemma 1 Let D(R) be the bialgebra with R: MQM
—M @M a solution of the D-equation, and assume that
(M,p,,,p") has the structure of the object in D<R)LD(R) ,
where R =R Let A, € k be invertible scalars such

that

(M,py,p") *

(6)

forall i,j,k,v=1,2,---,n. Then there is a bialgebra
morphism a:D(R)—D(R) determined by a(C;) = A :
A;C, for all i and j.

Proof It is to show that o, is an algebra morphism,

AA XL = A X

we only need to prove that «a( Y ¥ C,) =
a( ¥ x; C,)-
In fact,
a( ZXQV Cvl) = Z'X:ZV Al/\;l CVI =

N XL AA AN C, =

Z xﬁ /\j_l AkAI)‘i_l Cvl =
Ele /\,i] /\k/\l)\fil C, =

Zﬂ,{‘,/\" AC, =a Zx R
The third equality is right by (6), the fourth equality

follows from (5), and the fifth equality also follows

from (6).
Lemma 2 The linear map «,,; M—M can be defined
as a,, (m;) =A,m, for all i. Then we have
Ay °Py =Pum° (a®aM)
(ay®a) o p" =p" o ay
(0, ®ay) oR=R> (a,,Qua,,)

where p,,: D(R)  M—M is the left D(R)-module struc-
ture map and p" ;: M—MQ®D(R) is the right D(R) -com-
dule structure map.
Proof First, since A is an algebra morphism, we have
ACa(Cy)) = X (A7 A,C) = Y A7 A,C, ®Cy
z Aiil 1,Cy ® )\1;1 )\jck/‘ = (a®a) (A(CL-,'))
This shows that « is a bialgebra morphism. Next,
M°PM(C_fu®mv) =aM( : ) =
(Z%m)=2%Am
and
M ° (Ol ®aM)(Cfu 02 m, ) = a(Cf“)
A7 ALC

u " ju

cay,(m,)

<A m, —)\'IAAle =
DA A AN, m,

(a®a,,)-

SO Qy ° Py =Pu°
Since

(ay ® )= p"(m,) = (0, ®a)( T m, ®C,)

aM(’";) b a(civ) = ZAimi ® Aiil AC, =
=

2 Am & C, = PM o ay(m,)
i=1
(ay®a) op" =p" o a,, holds.

Finally,

(a ® ) o R(m, @m,) = (a, @ a) ( Z C, o m, ®m

Z (aM ® aM)(xLiv m; X mj) = ngt'AfAjmi ® m; =

=Ro (aM®aM>(mv ®mu)

uv

ZX")\/\m & m,

So (a,®a,) cR=Ro (a,Q«,) is true.

Theorem 1 Let (M,q, ) be a finitely dimensional
Hom-module, and assume that (D(R) ,u,A) is a bialge-
bra. With the same hypotheses as Lemma 1 and Lemma 2
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There is a Hom-bialgebra D (R), = (D(R),pu,,4A,),
where u, =aou, A, =A o« such that (M,p,,,,p"") is a
Hom D(R)-dimodule, where p_ ,, =, °p,,, o =p" o a,,.

Proof It follows with Proposition 1, Lemma 1 and
Lemma 2.

Example 2 Let us first recall the example considered
in Ref. [3].
vector spaces with {m, ,m,| a basis. Let f,g e End(M)

Let a,b,c € k and M be two dimensional

b ¢
0 b]'
Then R =f® g, with respect to the denoted basis |{m, ®
m, ,m,@m,,m,Qm, ,m, Jdm,} of MAM, is given by R
ab ac b ¢
= 0 ab 0 b . Then R is a solution for the D-e-
0 0 ab ac
0 0 0 ab
quation.

Let C,,,C,,,C,, ,C,, be the four generators of D(R).
By the Example 3. 8. 1 in Ref. [3], we know that C,, =0
and C,, = C,,. If we assume that C,, =x, C,, =y, then
D(R) =k{x,y), the free algebra generated by x and y,
and A(x) =x®x, A(y) =xQy +y®x, e(x) =1, &(y)
=0. Let A be an invertible scalar in k, and set A, =, =
A. We check that (5) holds, i.e., AAx, = AA,X,.
Indeed, by Eq. (4), there are only the following non-ze-
ro elements x|, = ab, x) =ac, xa =ab, x}, =b, x> =

1
such that it gives the basis f e [g a], ge [

ab, x), =c, x5 =b, x, = ac, x5 = ab. So the corre-
sponding (6) are true. Define the maps a: D(R) —D
(R) where a(x) =x,a(y) =y, and a,, : M—M, where
ay(my) =m0, (my) =Am,.

Therefore, by Theorem 1, we obtain the Hom-bialgebra
D(R),=(D(R),u, =a°m,A, =Aoa) such that (M,
Pt =y Pys P =y 0p™) is a Hom D(R)-dimodule.

Remark 2 Example 2 also gives an example of Hom-
dimodules.
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