Journal of Southeast University (English Edition)

Vol. 31, No. 2, pp. 294 —296

June 2015 ISSN 1003—7985

A note on ribbon elements of Hopf group-coalgebras

Zhao Xiaofan

Wang Shuanhong

(Department of Mathematics, Southeast University, Nanjing 211189, China)

Abstract: Let G be a discrete group with a neutral element and
H be a quasitriangular Hopf G-coalgebra over a field k. Then
the relationship between G-grouplike elements and ribbon
elements of H is considered. First, a list of useful properties
of a quasitriangular Hopf G-coalgebra and its Drinfeld
elements are proved. Secondly, motivated by the relationship
between the grouplike and ribbon elements of a quasitriangular
Hopf algebra, a special kind of G-grouplike elements of H is
defined. Finally, using the Drinfeld elements, a one-to-one
correspondence between the special G-grouplike elements
defined above and ribbon elements is obtained.
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I n the theory of the classical Hopf algebras' ™!

the celebrated results is the theory of ribbon Hopf al-
gebras, which plays an important role in constructing in-
variants of framed links embedded in 3-dimensional
space'”!
the relationship between grouplike elements and ribbon el-
ements'" .

As a generalization of ordinary Hopf algebras, Hopf

group-coalgebras related to homotopy quantum field theo-

, one of

. One important aspect of ribbon Hopf algebras is

ries were introduced by Turaev in Ref. [5]. A purely al-
gebraic study of Hopf group-coalgebras, such as the main
properties of quasitriangular and ribbon Hopf group-coal-
gebras, can be found in Refs. [6 —9].

In this paper, we consider the following question: for a
group G, how to use a special kind of G-grouplike ele-
ments to describe the ribbon elements of a Hopf G-coal-
gebra.

Throughout this paper, we let G be a discrete group
with a neutral element 1 and k& be a field. Assume that H
is a Hopf G-coalgebra over k. Denote the set of all G-
grouplike elements of H by G(H).
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1 Preliminaries

Definition 1 A Hopf G-coalgebra H =({H_},A, ¢, S)
is said to be crossed provided it is endowed with a family
¢ ={ds H,—Hy 5}, Of k-linear maps (the crossing)
such that for all o, B8,y G, 1) qu is an algebra isomor-
phism; 2) (¢, @) A, , =Ass s bps 3) sy =g; 4)
¢aﬁ = (ba(bﬁ'

Definition 2 A quasitriangular Hopf G-coalgebra is a
crossed Hopf G-coalgebra H = ({H_}, A, &, S, ¢) en-
dowed with a family R={R, , e H,®H,}, ,_; of inverti-
ble elements (the R-matrix) such that for all o, 8,7y € G,
and xe H o8

R, A, (0 =0, (¢, ®id,)A - (DR, ,
(ldH®ABy) (Rmﬂy) = (Ra,y) lﬁfj(Ra,B) 12y
(A,;®id, ) (R,,) =[(idy @by ) (R, 55 )] 15 (Ry ) 5
(d)ﬁ@d)ﬁ)(Rmy) :Rﬁaﬁ"<ﬁvﬁ"

where o, , denotes the flip map H,®H,—H, & H,, for
two k-spaces P, Q and r = ij ®q € PR O, we set
7

ro, =r®1l, e POO®H,, r, =1,Qre H,QPX®Q and
re= 2P, ®1,0q e POH,QQ.

Remark 1 Let H=({H_m_1.}.A &5 ¢ R) bea
quasitriangular Hopf G-coalgebra. The generalized Drin-
feld elements of H are defined by u, =m, (S, ¢,®id, )
Oopou(R, ) eH, forany a e G.

Definition 3 A quasitriangular Hopf G-coalgebra H =
({H,},A, &, S, ¢, R) is said to be a ribbon if it is en-
dowed with a family 6 = {0, € H,}_ _; of invertible ele-
ments (the twist) such that for all @, G and xe H_,
1) ¢, (x) =0,'x0,; 2) S,(0,) =6,-3 3) ds(6,) =0,
4) A, ,(0,) = (0,800, (¢, ®id,) (R )R,

In the following proofs, for all «,8€ G and x € H_,,

we write A, ,(x) = z Xita OXip € H,QH,, or shortly
()

A,z (x) =x , ®x, 5. When we write a compontent R, ,

of an R-matrix as R, , =a,®b,, it is to signify that R,

= 2 a; ® b, for some a; e H, and b, e Hﬁ, where j runs
7 ' ' '
over a finite set of indices.

2 A New Description of Ribbon Hopf G-Coalge-
bras

Lemmal LetH=({H,}, A, &,S,¢,R) be a quasitri-
angular Hopf G-coalgebra. Then for any «, 8,y € G, and
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xe H,, the following identities hold: 1) ¢, \ H, = idH";
2) dpS, = S bp: 3) (S, @8;) (R, ;) = (¢, ®id, )
(Ru",;;"); 4) (Rﬁ,y)(x23 (Ru,y) 183 (Ru,B) 12y = (Ru,;;) 1y °
[(id, ®dy ) (R, p5) 11gs (Ry) 535) py ' =m, (id, ®
8,800, (R,)56) S, 8,¢,(x)=pxu .

Lemma2 LetH=({H,€£,A,¢s,S,¢,R) be a quasi-
triangular Hopf G-coalgebra. Then for any «,8e G,

S,8,(a,)®S8,.8,(by) =a,b, (1)
S, 8,,(b,) ®S,.S,(a,) =d,(b,) ®a, (2)
Proof We first check the identity (1). For any «,f

eG

S, S, (a,)®S8,.8,(b,) =S, ¢b,(a, )RS, (by:) =
S (a,) @S, (by) =, b, (a,) ®b,=a,Rb,

Next we show the proof of the identity (2). For any
«,B e G, we have the following computations

S, S..(b,) ®S,.5,(a,) =S, $.5.(b,) ®S,.S,(a,) =
S, b, (b, ) @S, by(ay) = 6,5, (b, ) 8,3, () =
¢a(ba> ®¢5¢,@ ‘(aﬁ) :d)a(ba) ®aB

Lemma3 LetH=({H,,A,¢,S,¢,R) be a quasi-
triangular Hopf G-coalgebra. Then for any «,8 € G,

A sy ) =(p, ®u,') (¢, ®id, ) o, (R, IR, ,

Proof Using Lemma 1 and Lemma 2, for any «,8 e
G, we compute

Ap(ttg) =8, 5 (b Sy 1Sy (ay)) =
Aup (b)) 1 Spu S (ay) =
(Do 1. OPog 2.5 ) (S, @85 ) (S, B5,) A, 5 () =
(b,®b,)(5,.®5,)(S,®5,)A, ,(a4a,) =
(ba®BB> (Sa ‘®SB ! )(Sa®S,B) (Zlaﬁ(l,a)aaﬁ(l,a) ®
G0 pagy) = [ s (B )b, ®¢B"(Z)B>BB] )
(S, ®S,.)(S,8S,)(a,a,a,a,) =
¢p (b )b,S,-S, (a,a,)®
¢ﬁ"(Z’ﬁ>BBSE"SB(&B>SB"SB(E’3) =y (Dpog )b, S8,-5, -
(@,a,) ®dy (b, ' S5 85(ay) =y (b )b, S, *
Sa(aaaa)®l’“ﬁ_lsﬂ"sﬁ¢ﬂ¢ﬁ"(z’B)Sﬁ"SB(aﬁ) = (bgo) -

b,S,-S,(a,a,) ®u;'S,S,(byay) =b,b,S,-S,(a,a,)®
v Sy Sy(aghy) =b 'S8, (a,) ®u; 'S, S, (ah,) =
'S, S.b (b,)S, S, (@) ®uy 'Sy 8,(a,) 8,8, (D) =
eSS, (b,)S, b, (a,) By Sy, (ag) Sy (By) =
'S S o (b )b, S, () By Sy, (ag) Sy (by) =
1. S, 8.8, (b) b, (@) B, 'Sy S,(a,)b, =

Mo S Suba(b)a, ®u,' Sy S, (ay) b, =

o' b, (b)a, ;' ab, = (u,' ®u,') (¢, ®id,, ) -

Op.a (R,B,a >Ra.[3'

This completes the proof of the lemma.

Let H=({H,|,A,&,S,¢,R) be a quasitriangular Hopf
G-coalgebra. We define the set of a special kind of G-
grouplike elements (v={v,eH, |, ;) f Hby E={veG

CH) |y (0) =025, () =0 v~ 45,05, ()
=v v, , for any a,8 e G,x e H,|. Denote the set of all
ribbon elements of H by F.

Theorem 1 Suppose that H=({H,_|,A,s,S,$,R) is a
quasitriangular Hopf G-coalgebra. Then there is a one-to-
one correspondence between E and F defined as above.

Proof Define a map P:E—F by P(v) = 'v={u,'v
eH !

alaeG?

«

for any v € E. First, we check that P is well de-
fined, i.e. , ,u,’lv e F. From Definition 3, it suffices to veri-
fy the following five conditions; 1) u ' v is invertible;
2) ¢, (x) = (u.'v,) o vys 3) S, (. 'v) = p v
4) d’,s(ﬂ(;lva ) :Mﬁ;ls" Ugeg ;5) Aa.ﬁ (Iu’a_ﬁ] Uaﬁ) = (Ma_lva ®
/"L;;]UB)O-B,M( (- ®idH“) (Ruﬁa,..u) )Raﬁ , for any a,8e G,x
e H,. The first condition follows from the invertibility of u
and v. For the second condition, we have

-1

(M(X U(X) 71'XI'L(;IU(I :ULZIMH'XI'L(;IU(I =
v,'8,8,4,(Dv, =v, v,0, (N, v, =, (x)

Let us prove the third condition. We compute

Sy 'v,) =8, (v,)8, (k) =
-1 -1 -1y -1 -1 -1
v (U, v ) T S U U, U =

-1

Iu‘ot"vot"

The fourth condition holds since ¢, (u, 'v) = &g (1t : )by
(v,) = Mﬁ'a;,‘vﬁ .- L0 prove the fifth condition, it is enough
to verify that

(1, v, Buy 'v) 0y (b, Bid, ) (R0 )R, 5 =

Mo vba,Qu, vd, (dy, )b, =

M;]vad)a ( b, )aa ®I‘Lﬁilvﬁ¢)a"¢a(aﬁ)~bﬁ =

/'L;]vud)u (b,)a, ®lu’ﬁilvﬁaﬁijﬂ =

Ha' S, S.b, (b )v,a,Ru;' S-S, (a,)v,b, =

,LLEZISQ,\Saqba(ba)SaASa(ZZa v, ®MAISB"SB(aB)SB"SB(BB)UB =

po b, (b)av, Ou, ' abyy, =

A, (o V)

Hence P is well defined. Secondly, we show that P
has an inverse map. Define a map Q:F—E by Q(8) =
wb=1{u 6, eH, ., forany e F. Clearly, PQ =id,,
QP =id,. Following Ref. [6], we know that Q is well
defined. This completes the proof of the theorem.
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