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Abstract: Let (H, o) be a monoidal Hom-bialgebra and (B, B)
be a left (H, a) -Hom-comodule coalgebra. The new monoidal
Hom-algebra B H is constructed with a Hom-twisted product
B, [H] and a B x H Hom-smash coproduct. Moreover, a
sufficient and necessary condition for B® H to be a monoidal
Hom-bialgebra is given. In addition, let (H, ) be a Hom-o-
Hopf algebra with Hom-g-antipode S, and a sufficient
condition for this new monoidal Hom-bialgebra B* H with the
antipode S defined by S(b x h) =(1, x SH(a" (b_py))) -
(Sy (by, ) x1,) to be a monoidal Hom-Hopf algebra is
derived.
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Hom-twisted

C aenepeel et al. '’ described Hom-structures from the
point of view of monoidal categories and introduced
monoidal Hom-algebras, monoidal Hom-coalgebras,
monoidal Hom-Hopf algebras, etc. In 2013, Chen et
al. " introduced integrals for monoidal Hom-Hopf alge-
bras and Hom-smash products. Then, Liu et al. ' con-
structed a Hom-smash coproduct, which generalized the
classical smash coproduct and illustrated the category of
Hom-Yetter-Drinfeld modules and proved that the catego-
ry is a braided monoidal category. In Ref. [4 ], the au-
thors constructed a Hom-crossed product, which generali-
zes the classical crossed product introduced in Refs. [ 5 —
7]. Can we give a new monoidal Hom-algebra construc-
tion of the special Hom-crossed product and the Hom-
smash coproduct?

In this paper, we give a positive answer to the question
above. We recall the basic definitions concerning monoi-
dal Hom-Hopf algebras, and we find a sufficient and nec-
essary condition for B H, with the Hom-twisted product
B, [ H] and the Hom-smash coproduct B x H for a co-
module coalgebra (B,B) over (H,«), to form a monoi-
dal Hom-bialgebra and derive a sufficient condition for
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this new bialgebra to be a monoidal Hom-Hopf algebra.
1 Preliminaries

Throughout this paper, we refer the readers to the
books of Sweedler'®’ for the relevant concepts on the gen-
eral theory of Hopf algebras.

Let M, =(M,,®,k,a,l,r) denote the usual monoi-
dal category of k-vector space and linear maps between
them. Recall from Ref. [ 1] that there is the Hom-catego-
ry HOM,) = (H(M,), (k,id),a,l,7), a new monoi-
dal category, associated with M, as follows

1) The objects of H( M,) are couples (M, u) , where
Me M, and u € Aut, (M) , the set of all k-linear automo-
morphisms of M

2) The morphism f; (M, uw)—(N, v) is the k-linear
map f: M—N in M, satisfying v o f = fo u for any two ob-
jects (M, w),(N, v) e H(M,);

3) The tensor product is given by (M, u) X (N, v) =
(M®N, u®v), for any objects (M, u), (N, v)
ceH(M,);

4) The tensor unit is given by (k, id) ;

5) a is given by the formula: a, ,, =a,,,  ((u®
id)®¢) = (k@ (A®L ™)) © ayy,, for any objects
(M, p), (N, v), (L, {) eH(M,);

6) The left and right unit constraint / and 7 are given
by Ly =pely =ly o (Wd@p) , 7y =pery, =ry e (n@id),
for all (M,u) e H(CM,).

A unital monoidal Hom-assciative algebra is a vector
space A together with an element 1, € A and linear maps
m; AQA—A; a®b b>ab, a € Aut, (A) such that o
(1) =1,,al,=1,a=a(a), ala) (be) = (ab)a(c),
alab) =a(a)a(b), forall a, b,ceA.

A counital monoidal Hom-coassociative coalgebra ( C,
v) is a vector space C together with linear maps A; C—C
®C, A(c) =¢,®c, and g;: C—k such that A(y(c)) =
7(C1)®7(62) ’7_] (C1>®A(C2) =A(C1)®)’_' (Cz) ,
ce(c,) =y '(¢) =c,e(c,),e(y(c)) =&(c), for all
ceC.

A monoidal Hom-bialgebra H = (H,a,m,n,A,&) in
Ref. [ 1] is a bialgebra in the monoidal category
H(M,). This means that ( H,«a,m,n) is a monoidal
Hom-algebra and ( H,a,A,e) is a monoidal Hom-coal-
gebra such that A and ¢ are morphisms of algebras; i.e. ,
forany h, ge H, A(hg) =A(h)A(g), A(1,) =1,®
l,, e(hg) =e(h)e(g), e(1,) =1.

A monoidal Hom-bialgebra ( H,q) is called a monoi-
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dal Hom-Hopf algebra if there exists a morphism §: H—
Hin H(M,) such that S xid=no g =id = S.

Note that a monoidal Hom-Hopf algebra is a Hopf alge-
bra in H(M,). Furthermore, the antipode of monoidal
Hom-Hopf algebras has almost all of the properties of an-
tipode of Hopf algebras such as S(hg) =S(g)S(h), S
(1,) =1,, A(S(h)) =S(h) ®S(h,) &5 = &.

S is a monoidal Hom-anti-( co ) algebra homomor-
phism. Since « is bijective and commutes with antipode
S, we can also have the inverse o' commuting with S,
that is, Sea ' =a ™' o S. In the following, we recall the
actions and coactions on monoidal Hom-coalgebras.

Now let (C,y) be a monoidal Hom-coalgebra. A left
(C,y)-Hom-comodule is an object (M,u) in H( M,)
together with a k-linear map p,,: M—>MXC, p,(m) =
m_,®m,, such that & (m _,,)mgy =u~ (m), A.
(mm ) ®Mil (mm) ) = ')’71 (m(—]) ) ® ( Moy -1y ®
My 0)) spu(pn(m)) =y (m ) @ulmg, ), for all m
eM.

In Ref. [3], a left (H,a)-Hom-comodule coalgebra
(B,B) is a monoidal Hom-coalgebra, with a monoidal
Hom-bialgebra (H,a) and a left ( H,«)-Hom-comodule
(B,B), obeying the following axioms: for all b € B,
b, ®A, ( b, ) = by 1y by 1y ® Dby ® by by &
(b)) =e(b)1,,.

Recall from Ref. [ 3] that there is the Hom-smash cop-
roduct (BxH,B xa), with a left (H, a)-Hom-comod-
ule (B,B) and the Hom-comultiplication given by A (b x
h) = (b, sz<-1>a71 (h,) )@(,B(bz(m) x h, ), for all b
eB, heH.

Recalled from Ref. [4] that the Hom-crossed product
B#_H of B with H is the vector space BX) H, with a
monoidal Hom-Hopf algebra ( H, « ) and a monoidal
Hom-algebra (B,B). H acts weakly on B and o: HRH
—B is convolution invertible. The multiplication is given
by (a#h) (b#k) =al (h,B>(b))o(hy,a ' (k))]#
(hyk,), for any h, ke H and a, b e B.

2 Monoidal Hom-Bialgebra B* H

If B#_H is a Hom-associative algebra with 1(X)1 as an
identity element, then we call B# _H a Hom-crossed prod-
uct. A necessary and sufficient condition for B# _H to be
a Hom-crossed product is that ¢ satisfies the following
conditions :

(a(h)o(l,a(k)))o(alh,), LK) =

o(h, 1)o(a ' (L) ,a ' (k) (1)

o(hy, 1) (hha) = (a(h) (LB (a)))o(alh,) all,))
(2)

o(l,h)=c(h,1)=e(h)l, (3)

for all h, k, e H and a e B.

« ’

If the action " is trivial, that is, ha =g,(h)1,a,

for every he H, a € B, then we write B# H=B, [ H].
In the following,
B [ H] a Hom-twisted product, with multiplication

o

we call the Hom-crossed product

(a#th) (b#k) =B~ (ab)o(h,, k) #a(h,k,)

If the action “ - ” is trivial, then Egs. (1) and (2)
are, respectively, substituted into
o(a(l),a’ (k))o(h, Lk,) =
U(hl ’ll )U(ail(hzlz) ,ail(k) )

o(a™' (h),a” ' (1))B(a) =p(a)o(h, 1)

for all h, k, le H and a e B.

Lemma 1 Let (B,3) be a monoidal Hom-algebra
and (H,a) be a monoidal Hom-bialgebra, with a Hom-
twisted product B, [ H] given by

(4)
(5)

(a#h) (b#k) =B~ (ab)a(h,, k) #a(hk,)

Then we have the following conclusions;

1) The associativity of B_[ H] is satisfied if and only
if Egs. (4) and (5) hold.

2) 1,#1, is the unit of B_[ H] if and only if Eq. (3)
holds.

3) B, [ H] is an associative algebra if and only if Egs.
(3) to (5) hold.

Let (H,a) be a monoidal Hom-bialgebra. Let (B,8,
A,,&,) be aleft (H,a)-comodule coalgebra and (B,S,
m,,n,) be a monoidal Hom-algebra. Let o: HXH—B
be a linear map. In this section, we derive necessary and
sufficient conditions for B(X)H to be a monoidal Hom-bi-
algebra.

If (BQH, tyyim)s Mo s EsxnsApyy) 18 @ monoidal
Hom-bialgebra, we say that the triple (H, B,o ) is ad-
missible and denote this bialgebra by B* H.

First, we have the following lemmas

Lemma 2 Let B [ H] be a Hom-twisted product and
B x H be a Hom-smash coproduct. The following
are equivalent

,B(bl)g(h)®ﬁ(bz) :blo'(aiz(h)’ bz(-]))@ﬁz(bz(o))
(6)

ail(h)bpl)@B(b(n)) =b(_])a7](h)®ﬁ(b(0>)
(7)

forall be B and he H.

Lemma 3 Let B [ H] be a Hom-twisted product and
B x H be a Hom-smash coproduct. If the identity p(1) =
1X®1 holds, then the following are equivalent

o(h, l)l®0-(h’ 1)2:0'(}117 l|)®0'<h2’ lz) (8)

U(hla 11)(71>a71(h212)®,3(0'(h1’ ll)<o)) =
hlll®0-(h27 lz) (9)

Lemma 4 Let B, [ H] be a Hom-twisted product and
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B x H be a Hom-smash coproduct. If (B8 (a,) ®
a(az(-1))01_](111))@52(“2(0)) :(ala(a(az(—l)l) ,Ol_l
(h)) )®a2(a2( ,1>2)h2)®32(a2(0>) holds, then we have

B(a,)e(h)®B(a,) =a10'(a2<71> aO‘iQ(h))@,BZ(aZ(o))

for all e B and h e H.

All of the above lemmas can be directly checked, so
they are left to the readers.

Theorem 1 Let ( H,o) be a monoidal Hom-bialgebra
over a field k, and suppose that (B,3) is a left (H,a)-
Hom-comodule coalgebra and a monoidal Hom-algebra
with trivial action “ - ”. Suppose that (B, [ H],B®a)
is a Hom-twisted product with a convolution invertible
morphism ¢ and (B x H,B x «) is a Hom-smash coprod-
uct. Then the following conditions are equivalent;

1) B H is a Hom-bialgebra.

2) The conditions hold for all a, be B, h, [e H.

@D o is a coalgebra map;

2 &, is an algebra map;

@ A(ab) :B_l(albl Yo (ay _py by )@ B(ayy 5 by ) s

@ B(b,)e(h)®B(b,) =bo(a”(h), by ,)®
Bz ( b2<0) )3

®a” (h)b _,,®B(b,) zb(—1>a_l(h)®ﬁ(b<0) )

@ O'(hl, 11)(,1)0571 (hzlz)®,8(0'(h1’ ll )(0)) =
hil,®o(hy, 1) ;

@ AB(IB> :13®1B§

(B,B) is a left (H,a)-comodule algebra.

Proof 1)=2) follows from the Lemmas 1 to 4, so it
remains to show that 2)=1). It is easy to check & ((a
xh)(bxk))=e(axh)e(bxk), e(1,x1,) =&(1,)
and A(l, x1,) =(1,x1,)® (1;x1,). In order to
prove that A((axh) (bxk)) =A(axh) - A(bxk),
it is enough to show that for every a, be B, h, ge H.

A((ax1,)(1,xh)) =A(ax1,)A(1,xh) (10)
A((ax1,)(bx1,)) =A(ax1,)A(bx1,) (11)
A((1,xh)(bx1,)) =A(1,xh)A(bx1,) (12)

Indeed, we use (10) and (11) to compute;

A((ax1,)(bxg)) =A((ax1,)((B7'(b) x1,) -
(Iyxa '(g)))) =
A(B™ (ab) x1,)A(1,xg) =
Alax1,)(AB™(b) x1,)A(l,xa™"(g))) =
A(ax1,)A(bxg)

This shows that
A((ax1,)(bxg))=A(ax1,)A(bxg) (13)
Similarly, we can obtain
A((axh)(1,x8)) =A(axh)A(1,xg) (14)
Now, we use Egs. (12), (13) and (14)

A((axh)(bxg)) =A(((B'(a) x1,) -
(Iyxa ' (h))) (B () x1,) (1, xa"'(g)))) =
Alax1,)A((1,xa ' (h)) -

((B7(b) x1,)(1,xa™*(g))) =

Alax1,) (A1, xa™(h)) -

(B (b) x1,))A(1, xa ' (g))) =
Alax1,)(A(1,xa ' (h)) -

(A(BT(b) x1,)A(l,xa*(8)))) =
A((B™'(a) x1,) (1, xa " (h)))

ACBT (b)) x1,) (1, xa ' (g))) =
ACaxh)A(bxg)

Following this, we will show that Eqs. (10) to (12)

are true.
By Lemma 4, we see that

Alax1,)A(1,xh) =[(a, xa, o ' (1,))®
(Blayg)) x1,) JL (1, x 1,07 (1)) ®(B(1,) xh,) ] =
(a,0(alay ), hy) xalalay ,)),h,))®
(B(a2(0)>0-(1H9 hy) Xaz(hzz)) =
(BCa,) xalay ;) h)®(B (ay, ) xa(h,)) =
A(B(a)P®a(h)) =A((ax1,)(1,xh))

Also, Eq. (10) is proved. We use 3 and @):

ACax1,)A(bx1,) =[(a, xalay _,,)) -
(bl Xa(bz(q)))]@[ (ﬁ(az(o)> XlH)(ﬁ(bZ(O)) XIH)J =
((ab), xa((ab), _;)))@(B((ab),q ) x1,) =
Alabx1,) =A((ax1,)(bx1,))

and (11) is proved. We use @ and 3:

A1, xh)A(bx1,) =[(1,xh)@(1,xh,)] -
[ (b, xby 1 1,)@(B(byyy) x1,)] =
(ﬁ(b1> Xa(bz(fl))l'h)@(,gz(bz(o)) Xa(h2>) =
AB(L)@a(h)) =A((1,xh) (bx1,))
and (12) is proved.

Thus we have A((axh)(bxg)) =A(axh)A(b x
g), and (B’ H,B®a) is a monoidal Hom-bialgebra.
The proof is completed.

Definition 1 Let (H,a) be a monoidal Hom-bialge-
bra, (B,B) an monoidal Hom-algebra, o: HRQH—B a
linear map and S,,: H—H a linear map. S, is called a
Hom-g-antipode of (H,o) if

(1®a)(U®mH)AH®H(1®Sﬂ)A<h) :g(h)(ls XlH)
and
(1®a) (a@mH)AH®H(SH®l)A(h) =e(h)(1,x1,)

hold for every h e H. In this case, we say that (H,«a) is
a Hom-o-Hopf algebra.

Proposition1 Let (B*H ,B®a) be a monoidal Hom-
bialgebra. If (H,«) is a Hom-o-Hopf algebra with Hom-
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o-antipode S, and S,: B—B in H(M,) is a convolution
invertible element of I, € Hom ( B, B ), then
(B'H ,BX®a) is a monidal Hom-Hopf algebra with the
antipode S defined by

S(th> =(13XSH(ail(b(fl))))(Sg(b(())) XIH)

forall be B and he H.
Proof We need to prove S #id =75 g =id * S holds.
For all b x h e B H, we compute

(id* S)(bxh) =m(id®S)A(bxh) =
m(id®S)((b1 sz(fl)ail(hl))@(ﬁ(bz(m) Xhz)) =
(bl Xb2<71>a71(h1))[(13 XSH(bz(n)(fl)aiz(hz)) *
(SB(B(bZ(O))(O)) XlH)] =
(Bil(ﬁil(blls)a'((ail(bz(fl)ail(hl)))1,
SH(bz(o)(,na?z(hz))l)) X
a((a_](bz(_l)a_l(h|)>)z) :
SH(bZ(O)(—l)a_z(h2)>z)) :

(SB(BZ(bZ(O)(O)>) x1y) =
(Bil(bl>0-((bz(fl)]ail(hl))la
(SH(bz<-1)2a72(hz>)>1) Xa((bzpl)]ail(hl))z) .
Su(by o0 (1,)),)) (S3(B(byy)) x1,) =
(bl XlH)(SB<b2(0)> le)é'(h) =
(1y,x1,)e(b)e(h) =(1,%x1,)e(bxh)

A similar proof shows that § *id =7 - ¢. This concludes
our proof.
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