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Abstract: Based on linguistic evaluations, a linguistic three-
way decision method is proposed. First, the alternatives are
rated in linguistic forms and divided into acceptance, rejection
and uncertainty regions. Secondly, the linguistic three-way
group decision steps are provided. Specifically, the experts
determine the lower bound and upper bound of the uncertainty
region, respectively. When the evaluation is superior to the
upper bound, the corresponding alternative is put into the
acceptance region directly. Similarly, when the evaluation is
inferior to the lower bound, the corresponding alternative is
put into the rejection region directly, and the remaining
alternatives are put into the uncertain region. Moreover, the
objects in the uncertainty region are especially discussed. The
linguistic terms are transformed into fuzzy numbers and then
aggregated. Finally, a recommendation example is provided to
illustrate the practicality and validity of the proposed method.
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T he theory of three-way decisions (3WD) is the ex-
tension of two-way decisions (2WD) 131 Yao™ in-
troduced three-way decisions with probabilistic rough
sets. The main purpose of three-way decisions is to inter-
pret the positive, negative and boundary regions of rough
sets as three decision outcomes, acceptance, rejection and
uncertainty in a ternary classification, respectively'*'. Re-
cently, the method of three-way decisions has received
Meanwhile, in some decision-making
problems, it is difficult to rate the objects in numerical

much attention.

values. In these occasions, the decision makers prefer to
apply the linguistic terms to evaluate the alternatives. Ad-
ditive linguistic evaluation scales and multiplicative lin-
guistic evaluation respectively,
through which linguistic information can be aggrega-

scales are defined,
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ted”.
deal with linguistic term sets is presented'*™'.

However, the existing research seldom combines lin-
guistic assessments into three-way decisions. To the best
of our knowledge, Liang et al. " discussed three-way de-
cisions based on decision-theoretic rough sets under lin-
guistic assessment with the aid of group decision making.
Therefore, a novel method on linguistic three-way deci-
sions is proposed in this paper. In linguistic three-way de-
cisions, the alternatives are assessed in linguistic terms
and separated into three parts: the acceptance region, re-
jection region and uncertainty region. Specifically, lin-
guistic three-way decisions are constructed though a pair
of thresholds (s, s;) on the linguistic evaluation func-
tion, in which s, and s, denote the lower bound and up-
per bound of uncertainty region, respectively. When the
evaluation is not inferior to the upper bound, the corre-

Also, the fuzzy linguistic methodology used to

sponding element is put into the acceptance region direct-
ly. Similarly, when the evaluation is inferior to the lower
bound, the corresponding element is put into the rejection
region directly, and the remaining elements are put into
the uncertain region.

Moreover, for the alternatives in the uncertainty re-
gion, further analysis must be developed. The decision
makers have to compute with words. Unfortunately, this
is extremely difficult. One of the reasons is that words
17 The words
must be transformed before computation. Therefore, in
this paper, the linguistic terms are transformed into fuzzy
numbers, and then the fuzzy operational rules are applied
to aggregate the achieved information. Ultimately, the al-
ternatives are ranked from good to bad.

1 Decision Methods

mean different things to different people

In this section, we propose the concept of linguistic
three-way decisions and the decision steps.

1.1 Linguistic three-way decisions

According to the method of three-way decisions, ob-
jects are classified into three regions, called the positive,
negative and boundary regions, respectively. However,
in real decision making, the alternatives are often rated in
linguistic variables (i. e. qualitative description). In re-
cent years, some linguistic computational models for
dealing with real-world decision making problems have

8, 11-15
been proposed'® '™,
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Therefore, we provide the concept of linguistic three-
way decisions, which can be considered as the fusion of
linguistic evaluation and three-way decisions.

Definition 1 Let A be a linguistic term set of U with
evaluation function A(x) and E(A) (x) =A(x), If A =
{sg5 8,5 ..., 8, } and s, <s, <s,<s,, then linguistic three-
way decisions (L3WDs) are defined as follows:

Acceptance region

ACP (E,A) ={XEU‘E(A)(X)>SU}

(505 50)
Rejection region

REJ, , (E,A) ={xeU|E(A)(x) <s_}

Uncertainty region
UNC, ,,(E,A) =(ACP, (E,A)UREJ,  (E,A)) ¢

where s, , s, are called lower and upper uncertain bound,
respectively; s, <s, means that the linguistic term s, is
inferior to the linguistic term s;.

Linguistic three-way decisions extend three-way deci-
sions into the linguistic evaluation environment, which is
more friendly and common in real decision making.

1.2 Linguistic three-way group decision steps

For some problems, the objects are assessed by a group
of experts in the form of linguistic terms. Therefore, we
provide the linguistic three-way group decision steps.

Assume that the alternative x;, is assessed as u,;(i =1,2,
wom;j=1,2,...,n) by the expert e;. The assessment
values u;are from the linguistic term set S = { extremely
bad, very bad, bad, moderate, good, very good, excel-
lent}; i.e.,S={s,, s, 5, 85,8, 5, 5} ={(0,0,0.17),
(0,0.17,0.33), (0.17,0.33,0.5), (0.33,0.5,0.67),
(0.5,0.67,0.83),(0.67,0.83,1),(0.83,1,1) }. Now,
we plan to select k proper alternatives from m alterna-
tives. The group decision-making steps are provided as
follows.

Step1 Construct the linguistic group decision matrix.

Step 2 Determine the lower bound and the upper bound,
and establish the corresponding rejection region, accept-
ance region and uncertainty region, respectively.

Assume that the decision group has reached a consensus
about the lower bound s, and the upper bound s of the
uncertainty region. For the alternative x,(i =1, 2, ..., m)
if V u;<s thenx,eREJ, , i.e. reject the alternative
x. If ¥ u,>s,, then x; e ACP

i

(s.sy+ 1-€. accept the al-

ternative x,. The other alternatives belong to the uncer-

tainty region UNC It is notable that if the elements

S Sy
in the acceptance region are sufficient, choose k objects
randomly, then the mission is over. Otherwise, turn to
the next step.

Step 3 Construct the fuzzy decision matrix.

Step 4 Aggregate the fuzzy information of the uncer-

tainty region.

Assume that the weight of the expert e; is w; and Z w;
=

= 1. Aggregate all the u,;(j=1,2, ..., n) to obtain the
value V, of the alternative x, in the form:

n

Sl) =Y Wiy

j=1

V. = WA(u,, u,, ..

Step 5 Compute the defuzzified value m, with the for-
mula: m, = (a; +2a) +a’)/4, rank the alternatives in
descending order and select the first k — k, alternatives.

Step 6 Combine the two part alternatives from the ac-
ceptance region X, in Step 2 and the uncertain region X, in
Step 5, then we can obtain k alternatives that we need.

2 Illustration Example

In this section, the methods on linguistic three-way
group decision making are illustrated by an example.

Assume that there are ten alternatives x,(i =1,2, ...,
10) and three decision makers ¢,(j =1, 2, 3) have the
same weight, respectively. The decision makers ¢,(j =1,
2,3) plan to select three proper alternatives. So, they
evaluate the alternatives with linguistic terms s; which are
from the linguistic term set S. The linguistic decision ma-
trix is shown in Tab. 1. Linguistic three-way group deci-
sion making steps are as follows.

Step 1 The linguistic decision matrix U = (u) . iS
constructed as shown in Tab. 1.

Step 2  First, assume that the lower and upper bounds
are s, and s, respectively. For each alternative x,, if all
the evaluations are inferior to the lower bound s,, then al-
ternative x, belongs to the rejection region; else if the
evaluations are not inferior to the upper bound s,, then al-
ternative x, belongs to the acceptance region. The remai-
ning alternatives belong to the uncertainty region, which
will be analyzed in the following steps.

Because the elements in the acceptance region are not
sufficient, the alternatives in the uncertainty region should
be analyzed in the next steps.

Step 3  Similar to Refs. [8, 12, 16 — 18], we can
translate the linguistic term set S into a triangular fuzzy
set. For convenience, we denote the corresponding fuzzy
numbers in the same notations as the linguistic terms. Af-
terward, the fuzzy decision matrix U = (u;);,, is con-
structed.

Step 4 For the remaining alternatives x,, x,, X,, X,
and x,, aggregate all the u;(j=1,2,3) to obtain the
weighted value V, of the alternative x; in the form:

3
V. = ZWJ-%
=1

The weighted values of the alternative x,, x,, x,; and x,
are obtained. The result is illustrated in Tab. 2.
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Step 5 Based on the weighted value V,, the defuzzi-
fied value m, is computed as follows:

L M U
a; +2a; +a,;

m = ; i=3,4,6,7,8
Tab.1 Linguistic decision matrix
X; e, e, ey
X Sy sy 5
X3 e 53 5
X4 S Se S
Xs 52 So 52
Xe 53 S5 S5
X, s Sy sy
X3 S4 S5 Ss
X9 S6 S6 S6
X0 52 S S

Tab.2 Decision results

Alternative x; Weighted V; m; Rank
X3 (0.39,0.56,0.67) 0.54 5
X4 (0.72,0.89,1.00) 0.87 1
Xe (0.56,0.72,0.89) 0.72 3
Xq (0.45,0.61,0.78) 0.61 4
Xg (0.61,0.78,0.94) 0.78 2

The computational result is illustrated in Tab.2. Thus,
the first two alternatives (i.e. x, and x,) are selected.

Step 6 Combine both the alternative (x,) from the
acceptance region and the alternatives (x, and x;) from
the uncertainty region. Ultimately, the alternatives x,, x,
and x, are chosen as the most proper choices.

By the proposed method, the alternatives x,, x, and x,
are chosen. The rejection region has 4 alternatives (x,,
X,, x; and x,,); the acceptance region has a single alterna-
tive (x,) and the uncertainty region has 5 alternatives
(x5, x,, xs, x;, and x) .

In the example, the evaluations to the alternatives take
the form of linguistic terms, so the proposed methods on
linguistic three-way decisions are valid and their effective-
ness is illustrated.

3 Conclusion

In this paper, we introduce a novel extension of three-
way decisions, called linguistic three-way group deci-
sions, which introduces linguistic rating information into
three-way decisions. Moreover, the uncertain region is
specifically analyzed. An example is provided to illustrate

the validity of the proposed methods.
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