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Abstract: Let A be a bornological quantum group and R a
bornological algebra. If R is an essential A-module, then there
is a unique extension to M(A)-module with 1x =x. There is a
one-to-one corresponding relationship between the actions of A
and the coactions of A. If R is a Galois object for A, then
there exists a faithful §-invariant functional on R. Moreover,
the Galois objects also have modular properties such as algebraic
quantum groups. By constructing the comultiplication A,
counit g, antipode S and invariant functional ¢ on RQR, R
®R can be considered as a bornological quantum group.
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actions and

I n 1994, van Daele first introduced the concept of mul-
[

tiplier Hopf algebra’ ' and studied algebraic quantum
groups'”. An algebraic quantum group is a multiplier
Hopf algebra with invertible antipode equipped with a
Haar integral. The basic example of multiplier Hopf alge-
bra is the algebra of complex functions with finite support
for a group. In order to include more examples such as
smooth convolution algebras of Lie groups, Voigt"”' intro-
duced the concept of a bornological quantum group. Mo-
reover, van Daele and Wang'" generalized it to the bo-
rnological quantum hypergroups case. Note that borno-
logical quantum groups are considered over the bornologi-
cal vector spaces. The bornological vector space is very
important when studying various problems in noncommu-
tative geometry and cyclic homology”™ .

Galois objects play an important role in the operator al-
gebra framework and they provide equivalences of certain
categories. Motivated by the theory, de Commer'” devel-
oped the theory of the Galois objects for algebraic quan-
tum groups. So, it is natural to consider the Galois ob-
jects for bornological quantum groups.

As a generalization of the theory in Ref. [7 —8]. We
study the (co) action on bornological quantum groups,
and construct the bornological quantum groups through
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the Galois objects. The algebras in this paper are over the
field C of the complex numbers and the Sweelder notion
is used for the coproduct. For two completed bornological
vector spaces V and W, the tensor product is denoted by

VQW.

1 Actions and Coactions of Bornological Quan-
tum Groups

Definition 1 A bornological quantum group is an es-
sential bornological algebra A satisfying the approxima-
tion property together with a comultiplication A: A —
M(A®A) such that all Galois maps associated to A are
isomorphisms and a faithful left invariant functional ¢: A
—C.

A morphism between bornological quantum groups A
and B is an essential algebra homomorphism f: A— B
such that (fQf A = Af.

Definition 2 Let A be a bornological quantum group.
An essential A-module is an A-module X such that the

module action induces a bornological isomorphism A® ,X
=X.

Dually, we have the concept of an essential comodule.

Let A be a bornological quantum group. Assume that R
is a bornological algebra over C probably without a unit
but with non-degenerate product.

Proposition 1 Let R be an essential A-module. If x e
R and ax =0 for all ae A, then x =0.

Proposition 2 Let R be an essential A-module, then
there is a unique extension to a left M(A)-module and 1x
=x where 1 e M(A).

Proof It is very natural to define m(ax) = (ma) x for
all xeR, aeR and me M(A). Since R is essential, we
have 1x =x for all x. The action is well-defined. Assume

that z ax, =0,x, e R, a; € R. Choose e € A such that

ea, = a, for all i. For any me M(A), we have

zm(aixi) = Z(ma,)xi = Z(me)(aixi) =
(me) Z ax, =0

Therefore, we can define the action of M(A) by m(ax) =
(ma) x.
Proposition 3
group. If we denote M as the category of essential left A-
modules and morphisms, then M is a monoidal category

Let A be a bornological quantum

with unit.



Construction of new bornological quantum groups based on Galois objects

525

The unit is C, and the module structure over C is ac =
g(a)c foraeA and ce C.

Definition 3 Let R be an essential A-module. We say
that R is a left A-module algebra

Z (a,,x)(ag,y) forall aec A and x, y e R.

Proposition 4 Let R be a left A-module algebra. We
define a multiplication on R®A by (x ® a)(y ® b) =
z x(a.;,y) @ a,bforall x,yeR and a, beA. Then R

if a(xy) =

®A is an essential bornological algebra.

Definition 4 Let A be a bornological quantum group
and R is a bornological algebra. [ is called the coaction
of A on R if there is an essential injective homomorphism
I': R>M(R®A) satisfying

1) I'(R)(1QA) CRK®A and (1®QA) '(R) CRRA;

2) (I'Qid) " =(idRA) T

I is called reduced if (R®1)I'(R) CRPA. If I is re-
duced, we also have I'(R) (R®1) CR®A. In this case,
R is called an A-comodule algebra.

Proposition 5 Let (A, A) be a bornological quantum
group. If R is an A-comodule algebra, then R is an A-
module algebra.

Proof The action of A on R is defined by b - x = (id
®go)((1®a)F(x)) forallxeR, b=¢(a-), where a e
A. Then we need to check (ab)-x =a - (b - x) and
a - (xy) = 2 (ag, *x)(ay, *+y) , where a, beA. The
rest proof is standard and the essentialness is easy to
check.

Proposition 6 Let (A, A) be a bornological quantum
group. If R is an A-module algebra, then R is an A-co-
module algebra.

Proof The coaction here is defined as

I[N ®b) = S (a,) *r®e(-ag,)
(1®bNI(r) = Y S (a'y) «r® (- ap,)

where b =¢@(-a) and b’ =y(-a’) for a,a’ € A. With this
coaction, R is an A-comodule algebra.

Theorem 1
and R a bornological algebra. R is A-module algebra if
and only if R is an A-comodule algebra.

Let A be a bornological quantum group

2 Galois Objects and Main Constructions

Definition 5 Let A be a bornological quantum group
and [ is a coaction of A on a bornological algebra R. An
element fe M(R) is coinvariant if I'(f) =f®1. Let R**
be the set of all coinvariants in M(R), and R*
subalgebra.

Definition 6 Let A be a bornological quantum group,
and R is a bornological algebra. Then, the coaction I” de-
fined above is called Galois coaction if I" is reduced and

is a unital

the map

V:R® o R>RRA: x®@y—(x®1) I'(y)

is bijective.

Definition 7 Let I” be a right Galois coaction of a bo-
rnological quantum group (A, A) on R. Then (R, I') is
called a right Galois object for A if R is the scalar field.

Theorem 2 Let R be a right A-Galois object. There
exists a faithful §-invariant functional ¢, on R such that

(id®qo)(F( r)) =¢@g(r)1 for all e R. Moreover, there
exists a non-zero invariant functional ¢/, on R.

Proof For all r,seR and ae A, let x = (id®go)-
(I'(r)). We compute

I'x)(I'(s)(1®a)) =I'(xs)(1Qa) =
(Id®id®¢) ((I'®id) (I'(1) (s®1)) (1®a®1)) =
(Id®id®@e) ((Id®A) (I'(1) (54 B, a®1)) =
FoySo @@(r))s,a=(xQ@D)(I'(s)(1®a))

Since R is a Galois object, we have I'(x) =x®1 =
@g(r) for some scalar ¢, (r). So, we have defined a
bounded linear functional ¢, on R. It is easy to obtain §-
invariance and faithfulness. Setting i (7) = @, ( Y
(rq,), here r' is the element such that W, is non-zero.

Proposition 7 Let A be a bornological quantum group
and R is an A-Galois object. ¢, and i, are defined in
Theorem 2. Then for all r, s € R, we have

1) There exists a unique invertible element 5, € M(A)
such that @ (75;) =i ,(7);

2) There exists a unique bounded algebra automor-
phism ¢ of R such that ¢ (ro(s)) =@ (sr). We call o
the modular automorphism.

Now, we construct a new bornological quantum group
denoted by (X, A ;) which is spanned by [p, p'], for p, p'
e R. Note that R={¢,(- r) | re R} and [p,p'],(a) =
(p®p")(B(a)), B(a) is the element in M(RRR) satis-
fying (r&®1)B(a) = V'( r®a)B(a) (1Qr). Since there
is a natural bijection between R® ;R and X, we mainly
consider space X.

Define the multiplication on X as x - [p,p'l, =[x- p,
p'l, for p,p' € R and x e X. The associativity is straight-
forward.

The comultiplication A,: X—M(X ®X) is defined as

AX( [p, p]]x) — [p(l)’p1(2>] ®[p(2)’pl<l)]

for p,p' e R.

The essential algebra homomorphism &,: X—C is de-
fined as &,([p.p'1y) =p"'p'(1).

The antipode S, is defined as S,: X —X: [p, p'1,—
[es(p'),ply for p, p' € R. Remember that ¢, (p) =p o
@, 8, is the modular element in the dual A and o, is the
modular automorphism of R.

Finally, given a map »: R—R: (- r)—r, the function-
al ,: X—C:[p,p'],—p(v(p')) is a left invariant func-
tional.

Theorem 3 Together with the maps A,, &y, Sy, ¢y, X
is a bornological quantum group.
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