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Abstract: Let H be a cocommutative Hopf algebra. First, a
new class H-pseudoalgebras of H-pseudoalgebras are defined
by changing the regular action (i.e. left multiplication) of H
on itself into an adjoint action. Secondly, a class of (H, R)-
pseudoalgebras are studied by generalizing
construction when (H, R) is a quasitriangular Hopf algebra. At
the same time, the ( H, R)-pseudoalgebra is constructed by
both the usual algebra and the tensor product of ( H, R)-
some examples of the (H, R)-

the above

pseudoalgebras.
pseudoalgebra are given explicitly, and the conditions for a
Hopf algebra to be an ( H, R)-pseudoalgebra (resp. H-

Finally,

pseudoalgebra) are discussed.
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he theory of conformal algebras was introduced by

Kac'" as a normal language describing the singular
part of the vertex algebras, which is derived from mathe-
matical physics. The notion of H-pseudoalgebra, or sim-
ply a pseudoalgebra over a cocommutative Hopf algebra
H is a natural generalization of conformal algebra, which
can be considered as multidimensional conformal alge-
71 The name is motivated by the fact that this is an
algebra in a pseudotensor category. Moreover, it has a
close relationship to Hamiltonian formalism in the theory
evolution equations™™. The
on H-pseudoalgebra has attracted much attention re-
cently'™ .

In the definition of pseudoalgebra, the action of H on
itself is multiplication. It is natural to ask: Can we give a
new definition of pseudoalgebra by substituting adjoint
action for multiplication? Moreover, due to the cocom-
mutativity of H, can we generalize the above construction
for quasitriangular Hopf algebra? And when is a Hopf al-
gebra H an H-pseudoalgebra? The purpose of this paper is
to answer the above questions.
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1 Preliminaries

Unless otherwise specified, H is a cocommutative Hopf
algebra over the field k. We will use Sweedler’s notion
A(h) =h,®h,, Y heH, and unexplained definitions and
notions can refer to Ref. [9]. Now, we recall some use-
ful definitions.

We just present the special case of the pseudotensor
category'”’
category with the identical objects as in ,M (the category
of left H-modules) but with a particular pseudotensor
structure

that will be used. M~ (H) is a pseudotensor

Lin({L,},_,, M) =Hom,.([£] L., H* ® ,M)

iel

iel®
where [] is the tensor product functor ,,M'— .M.
iel
The symmetric group S, acts among the spaces
Lin({L,},_,, M) by simultaneously permuting the factors

in [<] and H®'. This is well defined only when H is co-
iel
commutative.

For example, the permutation ¢,, = (12) € §, acts on
(H®H) ® ,M by 0,,((f®g) ® ;m) = (g®f) ® ,m, and
this is well defined only when H is cocommutative.

An H-pseudoalgebra is an algebra A in the pseudotensor
category M~ (H) defined above, and it is of value to give
the specific definition of H-pseudoalgebra.

Definition 1'”  An H-pseudoalgebra is an object A in
+M together with an operation u € Lin({A, A}, A) =
Hom,,,(A®A, (HYH) ®,A), called the pseudoprod-
uct. We denote u(a®»b) =a *b, Va, beA. Equiva-
lently, an H-pseudoalgebra is a left H-module A satisfy-
ing the H-bilinearity: for all a, be A, f, g H, one has

Jaxgb=(f®g) - (axb) =(ffi®gg,) O ye,
where a * b = f,® g, ®,e,, in which we often omit the
summation symbols for convenience.
H-pseudoalgebra is the usual algebra when H = k.
Let A, B be two H-pseudoalgebras. The H-linear map
f: A—B is called the morphism of H-pseudoalgebra if f
satisfies

(1dye @ ) u, =u, (fQf)

Example 1 Let A be an H-pseudoalgebra with the
pseudoproduct ., and H' the Hopf subalgebra of H such
that H'H C H. Then A is an H'-pseudoalgebra with the
pseudoproduct w.

In fact, it is clear that A is a left H'-module, and
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w(fa®g'b) =(ff,®g'g;) ®ye, C(H'QH") ®,A

where /', ¢’ e H', u(a®b) = (f,®g,) ® e,

Proposition 1 Let M be a right H-module algebra,
and A an H-pseudoalgebra. Then, M ®,A is a left H-
module with the action

h-(m@a) =mS(h,) Qh,a

forall he H, meM, acA.
Furthermore, M ® ,A is an H-pseudoalgebra with the
following pseudoproduct

(m®a) = (n®b) =f, Qg, ®(mf,) (ng,) e,
VmneM, a,beA

where a * b =f,®g,® ,e,.

Proof For all me M, ae A, h,g e H, we have
1+ (mQ@a)=mS(1)RQa=mQRQaand h+g- (mQa) =
e (mS(g) ®ga) = (mS(g))S(h) ®h,(g.a) =
mS(h,g,)®(h,g,)a=(hg) + (mQa), then MR ,A is
a left H-module.

For all h,ge H, m, neM, a,beA, we have

u((f@g) + ((m®a) ®(n®b))) =

u(mS(f,) ®f,a®nS(g,) ®g,b) =

[ ©8:81 @, ((mS(f,)) (fif2)) (nS(g,))(8:82)) Re;) =
fifa ®g3g[1®ﬁ((m(s(f] )fzfn))(n(s(gl)gzgfz))®e[> =
i ®8g, ®,((mf,) (ng,) ®e,;) =

(f®g) : (f,'1®g,'1®ﬁ((ma)(ng,‘z)@ei)) =

(f®g) » u((m®a)®(n®b))

where we use the cocommutativity of H. This completes
the proof.

Definition 2"’ A quasitriangular Hopf algebra is a
pair (H,R), where H is a Hopf algebra, and Re HQH
such that

(e®id)R=(id®e)R =1
(A®id)R =R R,
(id®A)R=R,R,,
RA(X) =A"(x)R

where A®(x) =x,®x,; R, =R'QR*®1; R, =R'®1®
R; R,,=1QR' ®R’.

Quasitriangular Hopf algebra is cocommutative Hopf
algebra when R=1Q1.

2 (H,R)-Pseudoalgebra

H is a left H-module via multiplication or adjoint action
>, i.e. h>g=h,gS(h,), so we modify the above defi-
nition of H-pseudoalgebra by changing the action of H.
In order to distinguish the two different notions, here we
denote H = H.

Definition 3 An H-pseudoalgebra is an object A in
»M such that

fa*gb:(f®g) - (axb) :f>ﬁ®g[>gi®Hei

where a x b=f®g.& ,e,.

Remark 1 H-pseudoalgebra is the usual algebra when
H=k.

Example 2 Let H' be the Hopf subalgebra of H such
that H'I> H C H, and A an H-pseudoalgebra with the
pseudoproduct . Then, A is an H’-pseudoalgebra with
the pseudoproduct p.

We write the tensor product as ® in a braided monoi-
dal category. Now, let us generalize the H-pseudoalgebra
as follows:

Definition4 Let (H,R) be a quasitriangular Hopf al-
gebra. An ( H,R)-pseudoalgebra is an object A in ,M,
such that

u((h®g) - (a®b)) = (h®g) - u(a®b)

where (71Qg) » (a®b) = (hR*) + a® (R'>g) + b,
(h®g) - u(a®b) = (hR*)>f,®(R'>g) >g,® e, if
u(a®b) = (f,®g,)® ye;-

Remark 2 1) ,M is a braided monoidal category if H
is a quasitriangular Hopf algebra.

2) An (H,R)-pseudoalgebra is an H-pseudoalgebra
when R=1Q®1.

Example 3 Let A be an ( H, R)-pseudoalgebra with
the pseudoproduct w, and ( H', R") the quasitriangular
Hopf subalgebra of ( H,R) such that (H'H) >HCH,
(HI>H')>>HCH'. Then, A is an (H',R")-pseudoalge-
bra with the pseudoproduct .

Let H = {xeH |hx=e(x)h,VheH|. Then, it is
easy to see that (H',R") is the quasitriangular Hopf sub-
algebra of quasitriangular Hopf algebra ( H,R).

Example 4 Let A be an ( H', R")-pseudoalgebra.
Then, H® , A is an (H,R)-pseudoalgebra with the fol-
lowing pseudoproduct ;

u((f®a) ®(g®b)) = (ff,®gg,) ®,(1®,.¢)

forall h, ge Hand a = b = (f,.®g,.)®,,,e,.e (H'QH")

® ,A.
Indeed, it is easy to check that H® , A is a left H-mod-
ule with 4 - (g®a) =hl>gR®a.

Ifaxb=(fRg,)&,,e,, then for all h,g,x,yeH.f,
g,eH' ,a,be A, we have

u((x®y) + ((h®a)®(g®b))) =

u( (xR >h®a) @ ((R'>y)>g®b)) =
((R)>h) LR ((R'>y)>g)g,®,(1®e,) =
(R)Y>)e(f)R((R'>y)>g)e(g) ®,(1®e¢,)

and

(x®y) - u( (h®a) ®(g®b)) =
(x®y) + (hf,Rgg,®,(1®e,)) =
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(xR*) > (hf)) @ (R'>y) > (g8,) ®,(1®e,) =
(xR*) Bhe (f,) ® (R'B>y) >ga(8,) ®,(1Qe,)
Proposition 2 Let A be the usual algebra, and H a

Hopf algebra. Then H® A is an ( H, R ) -pseudoalgebra
under the pseudoproduct

u((h®a) @ (g®b)) = (h®g) ®,(1Qab)
Ya,beA, h,geH

Proof H®A is a left H-module with the following
structure ;

h-(g®a) =h>gQa VY h,geH, acA

For all x,y,h,ge H, a,be A, we obtain

u( (x®y) + ((h®a)®(g®b))) =

u(x + R+ (h®a) ®(R'T>y) - (g®b)) =
u(((xR*)>h®a) @ ((R'D>y)>g®b)) =
((xR)>hQ(R'D>y)>g)®,(1RQab)

and

(x®y) + u( (h®a) @ (g®b)) =
(x®y) + ((h®g) ®,(1®ab)) =
(xR >hQ(R'>y)>g) ®,(1Qab)

Therefore, we have u ( (x®y) c((h®a) ® (g®
b)) = (x®y) + u( (h®a) @ (g®b)).

Proposition 3 Let A, be an ( H,, R)-pseudoalgebra,
and A, an ( H,,r)-pseudoalgebra. Then, A=A, ®A, is
(H=H,®H,, R=R'®r' QR*®r’) -pseudoalgebra with
the following pseudoproduct

(a®a’) « (bRD) = (f,®f) ®(8,®8)) ®,(e,Xe)

where a x b =f, Qg ®,e, e H QH &, A, a' *b" =
[i®8 ®yee H,QH,®,A,.

Proof First, it is easy to formulate that (H,R) is a
quasitriangular Hopf algebra. The muitiplication and co-
multiplication are the usual tensor product and coproduct.

Secondly, A is a left H-module with (AQA") + (a®
a')=h-a@h' -a', where heH, h"eH',acA, a' e
A'.

Finally, since A, is an ( H,,R)-pseudoalgebra and A,
is an (H,,r)-pseudoalgebra, we have that for all h,g,x
eH, h,g',x’eH ,a,beA, a',b' eA’,

u( (hR) - a®(R'g) * b) =
((hR)>R(R'>g)>g,)®,e¢,
u((h'r’) +a'®(r'g") - b') =
((WP)D>fR(r>g)>g),® e

Using the above two equations, we do a calculation as

follows :

((h®h")®(g®g")) - u((a®a') ®(b®b')) =
((h®h')R(g®g')) -

((£®f) ®(g,R®8) ®(e,®,¢))) =
((hR)>FQ (W) >f) ®
(R'>g)>g®(r'>g)>g)®,(e,®e) =

u( ((hR*) + a®(h'P) - a')Q((R'>g) -
b®(r1>g’):b'))= R
u(((h®h)®(g®g)) - ((a®a") @ (b®b')))

This completes the proof.

We call (H,R)-pseudoalgebra A, ®A, a tensor product
of the (H, ,R)-pseudoalgebra A, and ( H, ,r)-pseudoalge-
bra A,.

Theorem 1 Let (H,R) be a quasitriangular Hopf al-
gebra. Then, H is an( H, R)-pseudoalgebra (resp. H-
pseudoalgebra) with the pseudoproduct

frxg=(fQg)®,1

Proof If we consider the action of H on itself is the
adjoint action, then for all h,g,a,b e H, we have

u((h®g) - (a®b)) =
((hR*)>a®(R'>g)>b)®,1 =
(h®g) - ((a®b)®,1) =
(h®g) - u(a®b)

Vf,eeH

Similarly, we can prove that H is an H-pseudoalgebra
if the action of H on itself is multiplication. This com-
pletes the proof.

Remark 3 The Hopf algebra H is an H-pseudoalgebra
when R=1Q®1.
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