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Abstract: By using the classical Cayley-Hamilton theorem, the
polynomial equations of the core-EP inverse matrix and
Drazin-Moore-Penrose ( DMP )
respectively. If the characteristic polynomial of the singular
matrix A, p,(s) =det(sE, -A) =s" +a,_,s,_, +... +a,s, is

given, then f,(A®) =0 and f, (A% ") =0 in which f, (A) =

-1

inverse matrix are given,

ax" +a,x" "' +...+a,_ X +x, and A® and A* " are the core-
EP inverse and the DMP inverse of A,
Furthermore, some properties of the characteristic polynomials
of A”eC,, and A® € C, , are derived.
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respectively.

equation;

n this paper, we use the following notations. The
I symbol C, , is the set of m x n matrices with complex
entries, and rk(A) represents the rank of A C, ,. Let A
e C,,, and then the smallest non-negative integer k,
which satisfies rk(A**") =rk(A"), is called the index of
A and is denoted as Ind(A). The Moore-Penrose inverse
of AeC, , is defined as the unique matrix X e C
fying the equations AXA = A, XAX =X, (AX) " =AX,
(XA) " =XA, and is denoted as X =A". The Drazin in-
verse of A € C, , is defined as the unique matrix X e C, ,
satisfying the equations XA*"' =A*, XAX =X, AX = XA
and is usually denoted as X = A” (see Ref. [1]). The
core-EP inverse of A € C, , is defined as the unique ma-
trix X e C, , satisfying the equations XA“"' = A", XAX =
X and (AX) * = AX, and is denoted as X = A®"™ . The
DMP inverse of A € C, , is defined as the unique matrix X
e C, , satisfying the equations XAX = X, XA =A"A and

A"X =A*A*, and is denoted as X = A" "', More details

m,n

satis-

n,m
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of the Drazin, core-EP, DMP inverses can be seen in
Refs. [4 —8].

The Cayley-Hamilton theorem has many applications in
nonlinear time-varying systems,
The classical Cayley-Hamilton theorem was extended to

the fractional continuous-time and discrete-time linear

electric circuits, etc.

9 . . . .

systems'”, nonlinear time-varying systems with square
0 .. .

and rectangular systems''”, the Drazin inverse matrix and

standard inverse matrix!'"', etc. More details about the

Cayley-Hamilton theorem and its applications can be read
in Refs. [9 —13]. Therefore, it is very interesting to in-
vestigate the Cayley-Hamilton theorem for the core-EP in-
verse matrix and DMP inverse matrix. In this paper, our
main tools are core-EP decomposition and generalized in-
verses.

1 Preliminaries

In this section, we present some preliminary results.

Theorem 1[147 Cayley-Hamilton theorem] Let pA ( S) — det( SE” _
A) be the characteristic polynomial of X € C,,. Then
p.(A) =0.

Theorem 2''""  Let A € C, , is singular, i.e. det(A)
=0, and the characteristic polynomial of A be

pa(s) =det(sE, —A) =s"+a, s, , +...+a;s (1)
Then

£ (A) =a,(A®)" +ay,(A®)""' + ... +a, (A®)> +A° =0
(2)

Let A e C,  be with

1 [15, core-nilpotent decomposition]
nn

Lemma
Ind(A) = k. Then A can be written as the sum of matrices
A andA,, i.e. A=A, +A, where Ind(4,) <1, A, is
nilpotent, and A,A, =A A, =0. Here one or both of 4,
and A, can be null. Furthermore, there is a nonsingular
matrix P such that

A 3 0y ., . 0 04, _,
A, _P[O O]P A=) L]P

0N (3)

where 3 € C, 4, 4, 18 non-singular, and N is nilpotent
and N* =0.

Lemma Let A € C,, be with
Ind(A) =k. Then A can be written as the sum of matrices
A and A,, i.e. A=A, +A, where Ind(A4,) <1, A4, is
nilpotent, and A" A, =A,A, =0. Here one or both of A4,

2 [15, core-EP decomposition]
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and A, can be null. Furthermore, there is a unitary matrix
U such that

T I At

where T € C,,, 44, is non-singular, N is nilpotent and
N‘=0.

Lemma 3 Let the core-EP decomposition of A € C, ,
be as in Lemma 2. Then the core-EP inverse of A is

T' 0

A®:U[ 0 0

Jur (5)

Let the core-EP decomposition of A be as in (4). Then

T
A = U[ (p”]U* (6)
0 N
and
0
S\p _ %
(45 _U[ 0 O]U 7

»

where @, = Y T"'SN"'. It is easy to confirm that ¢, =
i=1

T '®,, where j=k.

2 Main Results

In this section the classical Cayley-Hamilton theorem
will be extended to the core-EP inverse matrix and DMP
inverse matrix. By assumption, matrix A is singular,
i.e. det(A) =0.

Lemma 4 Let the characteristic polynomial of A e
C,,be as in Eq. (1). Then

f(A®) =a,(A®)" +a,(A®)" " + ...+
a, (A®)?+A% =0 (8)

Proof Using (1) and Theorem 1 we obtain
A" +a

A"+, +a,A=0 (9)

n-1

It follows from Lemma 2 and (6) that

n-1
n »
ul T +,,Z1a”T *]U* ~ 0 (10)
0 A
Post-multiplying (10) by
Tf(n+l) 0 .
U[ 0 o]U =0
we have
n-1
-1 w—(n+l)
U[T +;aI,T O]U* 0 (D

0 0

Therefore, by applying (7), we obtain (8).

Example 1 Let

(= R
S O = O
S O O =
S = = O

Then Ind (A) =2, the Drazin AP is

1 0 1 1
> (01 01
A”= 0O 0 0 O
0O 0 0 O
and the core-EP inverse A® is

1 0 00
01 00

@ _
A7 = 0 00O
0 0 0 O

The characteristic polynomial of A is

s -1 0 -1 0
0 s-1 0 -1
det(sE, —-A) = 0 0 a1 -11°
0 0 0 s-1

4 3 2
s =25 +s5 +0s

From the classical Cayley-Hamilton theorem, we have
A" -2A4° + A’ =0. By applying Lemma 4, we obtain
(A®)’ =2 (A®)? +A® =0.

Note that, if the characteristic polynomials of A® and
A" is

po(s) =det(sE, —A®) =s" +b,_ s, +...+b,s

(12)
po(s) =det(sE, —A°) =5" +c, |5, | +... +¢,s
(13)
respectively, we cannot obtain
pae(8) =bA" +b,A"" +...+b,_ A +A (14)
po(s) =c A" +c,A" ' +...+¢c,_ A’ +A (15)

Example 2 Let

o)

It is easy to confirm that the core-EP inverse A® is

00
A® = =A"
0 O]
Then
s 2
Par(8) =pye(s) = 0 =5 +0s
but
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foo(s) =f,(s) =0A> +A =A#0

Theorem 3 Let A e C, and Ind(A) = k. Then the
characteristic polynomial of A® e C,,is

n,n

_un n—rk(AY
Pac(8) =5"+b, 5, +...+D,_ S

(16)
Furthermore,
by qan A"+ b, AT LA 2 (17)

Proof Let the core-EP decomposition of A, i.e. A =
A, +A,, be as in Lemma 2. Then

-1
o (s) =det(sEn -u] 0

5" Qet(sE

07,,+\ _
o]V -
k(Ah T Tﬁl)

Therefore, we obtain (16). Using (16) and Theorem 1,
we obtain

(A®)" +b, (A™)"" 4. 4b, (AT =0

(18)
that is,
T 07,,. T 07, .
U[ 0 O]U +bHU[ o O]U tot
Tf(n—rk(A‘)) 0
b , =0 1
O N 4 (19)
Post-multiplying (19) by
An+n—rk(A‘) _ U[ T'l+n—rk(AL> (pnw-rk(A*)]U* o
0 0

we have (17).
Theorem4 LetAeC,,, Ind(A) <1 and the charac-
teristic polynomial of A® e C, , be as in (12). Then

f(A) =bA" +b,A"" +...+b A’ +A=0 (20)

Theorem 5 Let A e C,, and Ind(A) = k. Then the

characteristic polynomial of A” € C, , is

n —rk(AY

D
pao(8) =det(sE, —A”) =s5"+c¢, 5, +... +C,_yu» S
(21)
Furthermore,
Conan A"+ o+ 0, (AT AT 20 (22)

Proof Let the core-nilpotent decomposition of A, A
=A, +A, be as in Lemma 1. Then

() :det(sEn —P[E(; g]P") -

det( [SErkm -3 0 ]) -
0 Enfrk(A*)

Sn—rk(Ak) det( SE‘.k(AA) _2—])

Therefore, we obtain (21). Using (21) and Theorem 1

we obtain

(AP)" +b, (A")"™" + . +b, 0 (AD) T =0

that is,
P[Zofn g]P" +bHP[27;:71) g]P" T
bnirk(ﬂp[z—(n(;rk(m) g]P" “o

Post-multiplying the above equation by

n+n—rk(A‘)
An+n—rk(A‘) :P[Z 0

0 o]P_l =0

Therefore, we obtain (22).
Theorem 6 LetA eC, , and Ind(A) <1 and the char-

acteristic polynomial of A” € C, , be as in (13). Then

fi(A) =c,A" +c,A" " +...+c, [A*+A =0 (23)

n-1

Let AeC,, and Ind(A) =k. Then the DMP inverse of
Ais A" =A"AA" "' Since (A% ")* =AAA" A"AA"
=A"AA"AAA* =(A")’AA ", we obtain

(A°")"=(A")"AA" (24)

where p is a positive integer.

Theorem 7 Let the characteristic polynomial of A e
C,,beasin (1). Then

fA(Ad,+) :a](Ad,+)/z+a2(Ad.+)n—l +.. 4

a, (A*")*+A%" =0 (25)

Proof By applying (1) and Theorem 2, we obtain

a,(A”)"AA" +a,(A")"'AA" + ... +
a, (A")’AA" +A°AA" =0

From (24), we can obtain (25).

References

[1] Ben-Israel A, Greville T N E. Generalized inverses: The-
ory and applications [ M]. 2nd ed. Berlin: Springer,
2003: 163 —168.

[2] Manjunatha Prasad K, Mohana K S. Core-EP inverse[J] .
Linear and Multilinear Algebra, 2014, 62(6): 792 —802.
DOI: 10. 1080/03081087. 2013. 791690.

[3] Malik S B, Thome N. On a new generalized inverse for
matrices of an arbitrary index[J]. Applied Mathematics
and Computation, 2014, 226: 575 —580. DOI: 10. 1016/
j- amc. 2013. 10. 060.

[4] Gao Y, Chen J, Ke Y.
roups and = -rings [J].
00621, 2017.

[5] Li T, Chen J. Characterizations of core and dual core in-

* -DMP elements in #* -semig-

arXiv preprint. arXiv: 1701.

verses in rings with involution[J]. Linear and Multilinear
Algebra, 2017: 1 —14. DOI: 10. 1080/03081087.2017.
1320963.

[6] Wang H. Core-EP decomposition and its applications[J].



138

Wang Hongxing, Chen Jianlong, and Yan Guanjie

Linear Algebra and Its Applications, 2016, 508: 289 —
300. DOI: 10. 1016/j. laa. 2016. 08. 008.

[7] Zou H, Chen J, Patricio P. Characterizations of m-EP el-
ements in rings [ J]. Linear and Multilinear Algebra,
2017: 1 -13. DOI: 10.1080/03081087.2017. 1347136.

[8] Prasad K M, Mohana K S. Core-EP inverse[J]. Linear
and Multilinear Algebra, 2014, 62(6): 792 —802. DOI:
10. 1080/03081087.2013. 791690.

[9] Kaczorek T. Cayley-Hamilton theorem for fractional line-
ar systems [ C]//8th Conference on Non-Integer Order
Calculus and Its Applications. Zakopane, Poland, 2017:
45 —56. DOI: 10. 1007/978-3-319-45474-0_5.

[10] Kaczorek T. An extension of the Cayley-Hamilton theo-
rem for nonlinear time-varying systems[J]. International
Journal of Applied Mathematics and Computer Science,
2006, 16: 141 —145.

[11] Kaczorek T. Cayley-Hamilton theorem for Drazin inverse

[12]

[13]

[14]

[15]

matrix and standard inverse matrices[J]. Bulletin of the
Polish Academy of Sciences Technical Sciences, 2016, 64
(4): 793 =797. DOI: 10. 1515/bpasts-2016-0088.

Feng L G, Tan H J, Zhao K M. A generalized Cayley-
Hamilton theorem [ J]. Linear Algebra and Its Applica-
tions, 2012, 436(7): 2440 —2445. DOI: 10. 1016/]j. laa.
2011.12.015.

Hwang S G. A generalized Cayley-Hamilton theorem for
polynomials with matrix coefficients[J]. Linear Algebra
and Its Applications, 2011, 434(2): 475 —479. DOL: 10.
1016/j. laa. 2010. 08. 039.

Horn R A, Johnson C R. Matrix analysis| M]. Cam-
bridge, UK: Cambridge University Press, 2012: 109 —111.
Wang H, Liu X. Partial orders based on core-nilpotent
decomposition[ J]. Linear Algebra and its Applications,
2016, 488: 235 —248. DOI: 10. 1016/j. laa. 2015. 09.
046.

%6 f% core-EP 1% 70 DMP 35 g9 X Cayley-Hamilton 7E I

1,2
BN SN

¥

SRR &

(" ABRFRFFR, X 211189)
CrBRAEXFEFER, dT 530006)

EE . A A 2 3549 Cayley-Hamilton 2 32 25 7 46 % core-EP i# fo DMP i% ¢4 % A X, 7 #2. R4 F 454 A 0
HHE S XA p,(s) =det(sE, —A) =s" +a,_,s,_, + - +a,s, W f,(A®) =0 F= £, (A>") =0, L F f,(A) =
ax" +a,x" "+ ta, X +x,A%F2 AYT 5 A& A 8 core-EP i# f2 DMP i#. it —F itk T A e C, A0

A® eC, WBIES AKX IR,

X #17] : Cayley-Hamilton = 22 ; 4 4E 75 42 ; Drazin i# ; DMP i# ; core-EP i#

HE5ES:0151.2



