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Abstract: The definition and an example of BiHom-associative
H-pseudoalgebra are given. A BiHom-H-pseudoalgebra is an
H-pseudoalgebra( A, u) with two maps «, 8 € Hom, (A, A)
satisfying the BiHom-associative law which generalizes
BiHom-associative algebras and associative H-pseudoalgebras.
Secondly,

constructing BiHom-associative H-pseudoaglebra (A, (1

a method which is called the Yau twist of

Qua)u, a, B) from an associative H-pseudoalgebra (A, ) and
two maps of H-pseudoalgebras «, B8, is introduced. Thirdly, a
generalized form of the Yau twist is discussed. It concerns
constructing a BiHom-associative H-pseudoalgebra (A, u( a®
B), a” a, B~ B) from a BiHom-associative H-pseudoalgebra
(A,u, ™ ,B") and two maps «, 8 € Hom,(A, A). Finally, a
method of constructing BiHom-associative H-pseudoalgebra on
tensor product space A (X) B of two BiHom-associative H-
pseudoalgebras is given.
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iHom-algebra was introduced by Graziani et al''.

The concept arose from the research of algebra in
group-Hom categories, and it is an important generaliza-
tion of Hom-algebra”™ . H-pseudoalgebra was introduced
by Bakalov et al'”. It is an algebra in the pseudotensor
category M~ (H), and it is a generalization of the confor-
mal algebra introduced by Kac'®'.
as multidimensional conformal algebra. The structure of
H-pseudoalgebra has some connections with mathematical

We can also regard it

physics and nonlinear equations'’” and it has been devel-
oped into more general forms'*™""".

The purpose of this paper is to define an algebraic sys-
tem which generalizes BiHom-algebra and H-pseudoalge-

bra, so as to research its basic properties.
1 Preliminaries

Remark 1 Throughout this paper, we define that
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Wang Shuanhong. BiHom-H-pseudoalgebras

1) kis a field, and the base vector spaces of all alge-
braic structures are over k.

2) H is a cocommutative Hopf algebra.

3) We use the sweedler notation to express the coprod-
uct of H: A(h) =h,®h,, for any he H.

Definition 1  An associative H-pseudoalgebra is a
pair (A, = * ) which satisfies:

1) A is an H-module.

2) u e Hom,g,(ARA, (HRYH) ®,A) and we denote
u(a®b) =a *b. It is equivalent to ( H-bilinearity) fa *
gb =((f®g) ®,1)(a*b).

3) (associative law) (axb) xc=a = (b *c).

Remark 2 We explicitly describe the associative law
of H-pseudoalgebra.

If we denote

axb = Z(fi®gi)®Hei’ e *c = zmj®gq)®ﬂeq
bxc = Z (h, ®1) ®yd;, axd; = z (h; ®1;) ®ud;
Then,

((,l*b)*c:

3 (ff, ® gfy ® ) ue,
a*(bxc) = z (h,, ® hilij‘ ® lilijj) ®Hdij

Definition 2"
M) to (B,u,) is defined as follows:

1) fe Hom,(A, B);

2) MB(f@f) = (IH®H®f)/"LA'

Definition 3'"” A Hom-associative H-pseudoalgebra
is a triple (A, u, ) which satisfies: 1) (A, u) is an H-
pseudoalgebra; 2) o € Hom, (A, A); 3) (a * b) * a(c)
=a(a) *(b=xc).

Definition 4'"
algebra is a triple (A, a, 8), which satisfies:

1) A is an algebra;

2) a,BeHom,(A, B);

3) (a*Db) #B(c) =ala) = (b=c);

4) a(ab) =al(a)a(b), B(ab) =B(a)B(b);

5) aB =pa.

2 BiHom-Associative H-Pseudoalgebras

A map of H-pseudoalgebras from (A,

A multiplicative BiHom-associative

Definiton 5 A BiHom-associative H-pseudoalgebra is
a quadruple (A, u = *, a, 3) which satisfies:

1) A is an H-module.

2) u e Hom,g,(ARA, (HRYH) ®,A) and we denote
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u(a®b) =a * b; (fa = " gb) = (1H®H®H0‘A)MA(fa®gb) =

3) @B e Hom, (A, A); (L ® 1) (fD8) ®,1) (a % b) =

4 of=po; ((f®2) @ul) (I @pary) (a s+ b) =
*Zzzg BiHom-associative law) a(x) * (y *z) =(x *y) ((f®2)®,1)(a* " b)

Remark 3 A is a BiHom-associative H-pseudoalge-
bra.

1) If H=k, A is a BiHom-associative algebra.

2) If a=B =1, A is an associative H-pseudoalgebra.

3) If « =8, A is a Hom-associative H-pseudoalgebra.

Example 1
associative H-pseudoalgebra, H is a Hopf algebra. Then,
(H®A, *,1,®a, I,XB)is a BiHom-associative algebra
by

(A, a,B) is a finite dimensional BiHom-

(f®a) * (g *b) =(f®g) ®,(1&Xab)

Definiton 6
(A, u, a, B)is multiplicative if

(1H®H®Ha)l~L =ula®@a), (1H®H®HB)/"L =u(BXPB)

Example 2 We take o« =3 =1, the BiHom-assciative
H-pseudoalgebra is multiplicative.

Definition 7 Let (A, uy, ap, B;). (B, uy, az, B;) be
two ( multiplicative) BiHom-associative H-pseudoalge-
bras, and a map of ( multiplicative) BiHom-associative
H-pseudoalgebras is defined as

1) fe Hom,(A, B);

2) (1H®H®Hf)lu’A = (&N ;

3) apf=fa,, Bsf =B,

Now, we introduce a method of constructing BiHom-
associative H-pseudoalgebras from associative H-pseud-
oalgebras.

Theorem 1
gebra, a,: A—A, B,: A—A are two maps of H-pseudoal-
gebra which satisfies

A BiHom-associative H-pseudoalgebra

1) (A, w,) is an associative H-pseudoal-

0,0 B =PBs0ay

(IH®H®HaA)/‘LA =, (0, ®B,)

Then, (A,u" =10, ®ue,) hss s, B,) is a multiplic-
ative BiHom-associative H-pseudoalgebra.

2) (B, u) is an H-pseudoalgebra, and «,, 8,: B—B
are maps of H-pseudoalgebras which satisfies

agofy =Ppoay

(1H®H®H0‘8)ILB =g (a;XBy)

f: A—B is a map of H-pseudoalgebras which satisfies
Jou, = apf, [Ba =Bsf

Then, f: (A, (Jygy @paty) pas s Ba) — (B, (Lygy
R uy)phys g, Bp) is a map of multiplicative BiHom-as-
sociative H-pseudoalgebras.

Proof We denote u" (a®b) =a=* "b. Forany f, g e
H, a,beA,

Then .~ is a pseudoproduct for A.
The proof of BiHom H-associative law is as follows:

ax"b=a,(a) *B,(b) = (Ipy ®ua,)(a*b) =
2 (i ®s8) ®uaile)

a,(e) * "Bu(0) = (ygy ®ua) (a,(e) *B,y(0)) =
Tngn @ucta) Tygn @uats) (€, @ €) =
2.fi ® 8 ®nay’(e))

So,
(a=*"Db) *BA(C) =
Z (fbf,,‘ ® gifz‘j2 @ gij) ®HaA2(eii) =

(Lygn @pay’) ((ab) c)
(IH®H ®HaA2)(a * (b * C)) = ([H®H ®HaA2) ¢
(X (h, ®hl, ®L1,)) ®yd,)

Similarly,

a,(a) * (bxT0o) = (IH®H ®HaA2) .
( z (hzjf @ hilif, ® lilijz) ®Hdij) =
(ax"b)*"B,(c)

The proof of multiplicative for (A, u" = (1,0, &40 1,
a,B) is

a(a) = “a(b) =(1,5,@ua)(ax "b),B(a) = "B(b) =
(1H®H®Ha) (B(a) =B(b)) =
(1H®H®Ha)(IH®H®HB)(a *b) =
(IH®H®HB)(IH®H®Ha)(a * b) =
(1yn®uB) (a s " b)

(1H®H®Hf)(IH®H®HaA)MA(a®b) =
(1H®H®Hf)(aA(a) *fB,(b)) =
Ja,(a) = fB,(b) =
ayfla) = B,f(b) =
(1H®H®Ha3) (fla) = f(b)) =
(1H®H®Ha8)/"l’8(f®ﬂ(a®b)

Example 2 H is a cocommutative Hopf algebra and
G(H) is the set of group like elements of H. H{e,, e,}
is a free H-pseudoalgebra of rank 2, with pseudoproduct
given by

e ke =a®yue,, e, *e, =bR,e,
e, ke, =a®ue,, € e = —aQye,

We define «, B: H{e,, e,}—H{e,, e, }:

a(e)) =ge,, ale,) =ge,

B(el) :hel’ B(ez) :hez, g, he G(H)
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satisfying

(g®g)a=(g®h)a, (gXg)b=(gRh)

Then, «, B are endomorphisms of H {e,, e,}, and
(H{e,,e,},u' = (Lypn ® @) p, a, B) is a multiplicative
BiHom-associative H-pseudoalagebra with pseudoproduct
w' given by

I‘Ll(el®el) =(8®8)a®ye,

Ml(62®€2) =(g®8)bXye,

:“](81 ®e,) =8R8 aye,
Ml(ez®el) = - (g®g)a®ye,

Definition 8 The BiHom-associative H-pseudoalgebra
(A" =L, ®ua) s a, B)is called the Yau twist of H-
pseudoalgebra(A, u) and is denoted by A ,.

The following is a generalization of Theorem 1.

Theorem 2 (A, u, ™, 87 ) is a multiplicative Bi-
Hom-associative H-pseudoalgebra, and «, 8 € Hom, (A,
A) satisfies

(IH®H®a)I*L =/.L(OI®B) 5 (IH®H®O()/.L =/.L( a@a)
(IH®H®ﬁ):u’ =u(BXB)

and each of @, B8, @, B~ can commute with others.
Then, (A, u(a®B), a °ca, B oB)is a multiplicative
BiHom-associative H-pseudoalgebra.
Proof We denote u(a®B) (a®b) =a =+ "b.
The proof of BiHom-associative law is
(b*"c) = (Iypy @ua)(bxc) =
(IH®H ®na)( z (h,®1) ®d) =
Z (h; ®1) ® ald)
a” ala) * "ald) = aa” (a) * "ald,) =
(1H®H Ry (aa” (a) *ald)) =
(Iigy ®ua’) (o™ (a) #d)
So,
a a(a) # (b " ¢) = (Iyguen®ua’) (a” (a) * (b))

Similarly,

(ax"b) = "B B(c) =
(1H®H®H®Ha2)(a #b) *B"(c)
The proof of a” a(a) * "a”a(b) =B"B(a) * “B~B(b)
is
a ala) * "a a(b) =
(1 you®pua) (@ ala) *a alb)) =
(1H®H®Ha)(1H®H®Ha~)(a(a) *a(b)) =
(1H®H®Haa~)(a* "b)

Similarly,

B B(a) = "B~ B(b) :(IH®H®HBNB)(a * " D)

Theorem 3 (A, u,, a,, B,) is a multiplicative
BiHom-associative H,-pseudoalgebra and (B, u,, ag, 8;)
is a multiplicative BiHom-associative H,-pseudoalgebra,

and then(A®B, w5, 0, @ay, B,&B;) is a multiplicative
BiHom-associative H = H, X H,-pseudoalgebra by

MA@B((al ®b) ®(a,®Db,)) =
Z(fi®F1®gi®G1) ®ule, ® E)

We denote
a, *a2=2(f[®g[) ® e, b, *b2=Z(hl®ll) ®ud,

Proof The H = H, (X)H,-module structure of AR)B is
defined as (g®h) (a®b) = ga@hb and the pseudoprod-
uct of AR)B is well defined. The H-bilinearity of g, is
obvious. We define some symbols:

a, ¥ a; = 2 (h, ® 1) ®ud;, a,(a)) «d, =

>, ®1) ®4d,

a, xa, = Z,(f,- ® &) ®ye;> e *Bi(d) =
2 ®g) @y

b, % b, = i(H,@L,) ®uD,, ay(b) # D, =
> (H,®L,) ®.D,

b, xb, = iJ(F1®G,) QuE;, E *By(D) =

Z (FIJ ® GIJ) ®HEII
LJ
The proof of BiHom-associative law is as follows:

(a, ® b,) *(a; ®by) =
Z(hi®H1®li®Ll) ®uld, ® D)) -

(a,(a) ® ay(b,y)) «(d,®D,) =
z (hij ®HIJ ®lij ®Lu) ®H(dij ®Du)

i

(o, ®ay)(a, ®Db)) *((a,®b,) * (a, ®bi)) =
2 (h, ®H,) ®(h,®H)(, ®L,) ®

(LY, ®L,) ®uld; @ Dy)

Similarly,

((a, ®b) ® (a, ®by)) *(Blay) ®B(b;)) =
DL R®F)(/, ®F,) ®(8®G)(f;, ®F,) ®

(gij ® Gu) ®H(eij ® Eu)
By the BiHom-associative law of (A, u,, a,, 8,) and
(B, pps ay, By) s

(a, ®ay)(a, ®b)) = ((a, ®b,) *(a;, ®Dby)) =
((a, ®b) ® (a, ®Db,)) *(B,(a;) ® PB(b;))
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The proof of the multiplicative law is

(IH, ®1H1 ®1Hl ®IH1 ®a, @ a)((a, @ b)) *
(a, ®b2)) = (IH‘ ®1HE ®1H‘ ®1H2 Xa, @ a,) -
(Y ®F®8&®G) ®ye, ®E)) =

Z (i®F X8 X®G) ®ula,le) @ a,(E))
On the other side,
a,(a) *a,(a,) = (11-1‘ ®IH, ®a,)(a, ®a,) =
Z (fi ® 8) Quayle) ag(h,) = ay(b,) =

(IH:, ®IH1 ® as)(bl ® bz) =
Z (F,®G) ®HzaB(EI)

Therefore,

(IH, ®1H1 ®1Hl ®1H1 ® o, @ ay)((a, Qb)) *
(a, ®by)) = (a, ®a,)(a, ®Db)) *
(o ® ag)(a, ® b,)

Similarly,

(1, ®1y, Oy, @14, ®B,®Bs) ((a,@b,) * (a,®b,)) =
(B,®By) (a,®b)) * (a;Ra,) (a,®b,)
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