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Abstract: Combining compensating customers and emergency
sourcing, a type of dynamic mitigation strategy is proposed to
deal with supply disruptions. When a stock-out occurs, the
retailer can control backorders by the compensation level, and
meet demand through an emergency source along with a high
price. The unsatisfied customers decide to backorder or quit
orders depending on the compensation level, the waiting time,
and the customers’ patience. By dynamically capturing
customers’ post-disruption reactions, an optimal control model
is formulated to minimize the cost incurred by the supply
disruption. Solving the model, the optimal reactive strategy is
proposed in a pure a pure
compensation, a mixed policy, a mixed policy-pure sourcing,

six patterns: sourcing,
a mixed policy-pure compensation, and a pure compensation-
mixed policy, mainly depending on the compensation cost, the
disruption length, and the customers’ patience. The strategies
analytically indicate how to properly change the compensation
level and sourcing quantity as the disruption continues. The
conditions for effectively using each strategy are provided as
well.
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owadays, modern supply chains are complex net-
works that are spread across the globe. As a conse-
quence, the risk of supply disruption increases as it exists
in every link'"'. As pointed out in Ref. [2], 85% of buy-
ers suffered supply disruptions. The occurrence of stock-
outs can lead to severe revenue and image losses. A well-
known example is the case of Ericsson. A fire at the plant
of Ericsson supplier ( Philips microchip, at New Mexico)
in 2000 led to a loss of about 400 million Euros and
Ericsson’s withdrawal from the mobile phone market.
To avoid devastating losses caused by supply disrup-
tions, much research has been done in both academic and
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practical fields. Fruitful strategies on supply-disruption-
management have been developed, such as diversifica-
tion"!, buffer stock!”’,

sourcing'”, etc. Emergency sourcing is a commonly uti-
lized strategy. As found in a survey, 63% of enterprises
studied in 2008 employed this strategy'”’. Under this
strategy, the firm can reroute to a secondary source
(e.g., the spot market) in the event of a supply failure.
Normally, the emergency procurement requires a high
price, nonetheless, the additional cost is only incurred
when the shortage occurs. Compensation is another popu-
lar strategy for managing supply risks in recent years. For

.4
compensatlon[ ! . emergency

instance, some home appliance stores provide discounted
“rain checks” to customers if a product is out of stock''.
By offering various forms of compensation (e.g., dis-
counts and free service), customers’ reactions to stock-
outs can be effectively controlled.

However, a company is not limited to choosing a sin-
gle pure strategy for managing disruption risk. Under
many circumstances, a combination of strategies might be
an appropriate choice' .
tioned mitigation approaches, a few researchers have star-
ted to focus on developing mixed mitigation strategies.
Based on inventory buffering and sourcing'”,
mitigation strategy is proposed, consisting of partial sour-
cing and inventory carrying. Ref. [11] investigated the
joint optimization incorporating compensation and redun-
dant capacity sharing. More recently, in view of the dy-
namic aspects, various types of real-time strategies are
developed, such as dynamic sourcing'”', dynamic sched-

. 14
!, and dynamic recovery''*’.

In addition to the aforemen-

a mixed

uling or planning'"”

To the best of our knowledge, the research of both dy-
namic and mixed strategy is still in its infancy. There-
fore, this paper focuses on designing a dynamic joint
compensation and procurement strategy for retailers to
manage stock-outs. This study provides the following
contributions to the literature of managing disruptions. By
taking dynamic aspects into consideration, we propose a
new type of dynamic combined strategy for handling sup-
ply disruptions. Through this reactive strategy, we pres-
ent analytical guidance for retailers on how to jointly ad-
just the compensation level and sourcing quantity over
time, depending on disruption length, compensation
cost, recovery speed, customer sensitivity,
contributing factors.

and other
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1 Model Formulation

A retailer sourcing from a regular supplier might expe-
rience a supply disruption, where no buffer stock is re-
served. Market demand is deterministic and normalized to
be 1 at time 7. Suppose that the supply disruption occurs
at time O and lasts till time 7, that is, a stock-out with
the length of T occurs.

Facing a stock-out, impatient customers choose to pur-
chase other alternative goods, causing the retailer losses
in terms of lost sales. Patient customers might choose to
backorder. To reduce the negative impact caused by the
stock-out, the retailer considers the following two coun-
termeasures during the disruption: compensating custom-
ers to encourage a higher backorder rate and satisfying
customers with emergency sourcing. In the process of
jointly using these two strategies, customers exhibit dy-
namic reactions, and additional cost arises in the period
of the stock-out. After the disruption ends, the retailer
procures from the regular supplier. The demand 1 is satis-
fied in real time, while the backlogging demand genera-
ted during disruption is successively met at a fixed recov-
ery speed of k, where k is critically linked to the capacity
of the regular supplier. Clearly, an additional recovery
cost is incurred after the end of the stock-out. In the fol-
lowing, we formulate the demand dynamics and the addi-
tional cost caused by the disruption.

Suppose that y(t) customers decide to backorder at
time ¢. In other words, the backorder rate is defined as
y(t), which decreases with the waiting time and the
customers’ sensitivity «, and increases with the compen-
sation level p(¢)'"”'. Therefore,
order rate y(¢) as y(t) =1 —a(t,,, —1t) +p(t). In other
words, y(t) customers accept the compensation level
p(t) and choose to postpone their purchases. A total

we describe the back-

T
compensation cost of ¢, f p(H)y(t)dt is required from the
0

retailer, where c, is the unit compensation cost.

The length of the waiting time is characterized by the
customers’ arrival time ¢ and the satisfactory time ¢, .
practice, the sequence of meeting backlogged demand
commonly follows a “first-come first-served” principle.
Suppose that there are D(¢) backorders accumulated, the
marginal increase of D(t) with respect to time is defined as

In

dD(t)/dt =y(t)

Under this principle, the customer who arrives and de-
cides to backorder at time ¢ will be met at time 7, =T +

max

D(1t)/k. Therefore, y(t) can be further identified as
y(t) =1 —a[D(t)/k+T-t] +p(t)

where p(t) =0 and 0<y(f) <1. As for the un-backorder
demand 1 — y(1¢), the retailer decides to offer x( ) of
them with the emergency sourcing policy, and let the rest

of them be lost sales, 0<<x(t) <1 - y(7). By procuring
sources from a secondary supplier, the retailer achieves
replenishments with a zero lead-time and a price c,. Ac-

.
cordingly, an emergency sourcing cost of c, j x(t)dt and
0

T
a lost-sale cost of CIJ [1 —=y(?) — x(t)]dt occur.
0
After the supply of the regular supplier is restored at
T
time 7, a total amount of D(7T) = f y(t)dt backorder de-
0

mand is generated. To satisfy both the real-time demand
and the backlogged demand, the retailer procures from
the regular supplier at a price ¢,. Therefore, it raises an

T
additional recovery cost of ¢, f y(t)dzr.
0

Summing up, given y(t) =1 —a[D(t)/k+T -1t] +
p(t), the additional cost incurred during the disruption
impact period is derived as

cpf:[y(t) 1+ a(%D +T - t)]y(t)dt + cef:x(z)dt +

c]f [1 = y(1) —x(t)]dt+c0fry(t)dt

In the above expression, these four items respectively
represent the compensation cost, the emergency sourcing
cost, the lost-sale cost, and the recovery cost.

Given the disruption impact, the retailer makes the de-
cision of how and when to cost-effectively adopt emer-
gency sourcing and compensation, that is, to decide the
dynamic quantity x(#) and the compensation level p(¢).
As indicated in y(#), the compensation level can be iden-
tified by y(t). Therefore, let x(7) and y(f) be the deci-
sion variables, and D(#) be the state variable. We formu-
late the above question as the following control model.

minf:{cp[y—l +a(%D+T—t) ]y+

cx+c(l —y—x) +coy}dt (1)
S. t

dD
= _ 2
ar =Y (2)

1

l—a(?D+T—t)sysl (3)
0<sx<l-y (4)

Eq. (2) captures the dynamics of the backlogged de-
mand. In particular, D(0) =0, no demand is backlogged
at the initial time of disruption. Egs. (3) and (4) respec-
tively give the maximum and minimum values of the de-
cision variables y and x. By solving the above model, we
achieve the optimal quantity of x and y, denoted as (x~,
y"). For notational simplicity, we omit the time index ¢
from this point forward.
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2 Optimal Reactive Strategy

To achieve the optimal solution (x*,y") for the above
question via Pontryagin’s minimum principle''”, we first
formulate the Hamiltonian function for the above model
as follows:

H:cp[y—l+a(%D+T—t)]y+ccx+
o(l-y-x) +¢y=Ayy

Accordingly, the derivatives of the Hamiltonian func-
tion to the decision variables x and y are given as

&:ce—cl<0
0x
and
1
%:cp [Zy—l +a(?D+T—I)] —c +cy — A

The Hamiltonian function decreases with x, hence, the
optimal x* for minimizing H is achieved as x* = max(x).
Let 0H/dy =0, combining with the constraints for x and
y, i.e., formulae (3) and (4), the optimal (x",y") is
determined as

X =loy
Y 1 -F,<y <1
y*={1 y=1
1-F, »w<1-F,
where
1 1 (A, —¢,+cC
F():O((?D"'T_t), yl:?(%‘i’l—l;o)
P
(5)

The optimal (x*, y") can be in three sets of value.
Both the value and the corresponding condition rely on
the co-state variable A,, which can be defined as

_9H _ cadA

-1 -
D= Y=g A(D =0 (6)

Given the above necessary and transversality conditions
in Eq. (6), A, is described as

_ cpa

T
A o= 25 yner = 25D -0 ()

Substituting Eq. (7) into Eq. (5), the optimal solution
(x",y") can be further identified, as well as the corre-
sponding reactive strategies for mitigating the stock-out,
as shown in Proposition 1.

Proposition 1

) Ifa(t-T) <F<F0+%D, then x; = ‘%(F‘
F, —%D), v =1 +%(F—F0 —%D), and the strate-

gy is determined as CS.
!
&
egy is determined as C.

3) If F<a(t-T), thenx; =F,, y;, =1-F,, and the
strategy is determined as S.

2) f F=F,+—-D, thenx, =0, y, =1, and the strat-

€~ 6

Here, F =

Eq. (5).

As indicated in Proposition 1, the optimal real-time re-
active strategy hedging against the stock-out can be in
three forms: CS, C, and S. Among them, CS is a com-
bined policy incorporating compensation and emergency
sourcing, while C and S are the pure compensation and
sourcing strategies, respectively. Under the implementa-

-1+ %D(T), and F, is given in

p

tion of CS, the retailer satisfies — %( F-F, - %D) cus-

tomers by rerouting to an emergency supplier,
meantime, compensates the rest of them for backorder-
ing. If C is utilized, all the customers are backordered

in the

because the retailer offers them real-time maximum com-
pensation. By rerouting to a secondary source after the
occurrence of a supply shortage, that is, adopting the
sourcing strategy S, the retailer meets all the customers’
arriving during the supply disruption.

The time intervals of using the above strategies are es-
sentially linked to the real-time accumulated backorders D
and the terminal quantity D(7T). If it is optimal to control
the terminal quantity under a(? — 7T), no compensation is
provided for gaining more backorders, that is, using the
strategy S. Otherwise, compensation is employed. In
particular, during the periods in which a small number of

backorders are accumulated, i.e., F, + %D < F, the

compensation should be provided at the maximum level,
i.e., ¥y, =1. When the backorders D exceeds a critical

value, i.e., F, + “p> F, the compensation level

k
should be adjusted dynamically to the backorders, i.e.,
. 1 a
ylﬂ+§%F—ﬂ—?D)<L

The critical time points that switch between these three
options are defined by two equations: F=a(t-T) and F
=F, +aD/k. In view of the continuity of the state varia-
ble D, we find that the direction of the strategy transition
is determined. The policy C can switch into CS, and CS
can switch into C and CS. Given this property, the opti-
mal strategy for the whole out-of-stock time can be deter-
mined by examining the decisions at the initial time 0 and
the terminal time 7, that is, the initial and the terminal
strategies.

In the following, we explore how to construct the opti-
mal dynamic reactive strategy to handle the stock out,
starting from time O and 7. At the beginning of the stock-
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out, no backorder is accumulated, i.e., D(0) =0. Ana-
lyzing the conditions at time O and T for the options CS,
C, and S, we have Corollary 1.

Corollary 1

1) At the initial time O, the optimal strategy starts with
Cif F>aTl; with S if F< —qaT; and with CS if —aT <
F<aT.

2) At the end of the stock-out, the optimal strategy ter-
2a
k

minates with C if F >=-D(T); with S if F <0; and with

CS if0<F<2?aD(T).

3) The optimal strategy is determined to be S for all ¢
e (0, T), if it is optimal to adopt S at time 0.

Proof of 1) and 2) Let t=0 and ¢ =7, the results
can be directly deduced from the conditions stated in
Proposition 1. The condition for adopting S at time 7 is F
<a(t-T). Clearly, the inequality holds at any time
point ¢ if it holds at time 0.

According to Corollary 1, if it is optimal to adopt sour-
cing at the beginning of the stock-out, the advantage of S
remains thereafter. That is, the retailer contingently pro-
cures products from the spot market at a high price, and
meets all un-backorder demand during the period of stock-
out. Conversely, if the optimal decision of the retailer is
determined to be either offering pure compensation or
pure sourcing to customers, that is, adopting CS and C,
the quantity of sourcing and the level of compensation
change over time as the stock-out continues. Consequent-
ly, the strategy might switch from CS to C or S at some
time points. With regards to the initial strategy C, it can
change into CS, then S. As a result, beginning with CS
and C at time 0, the optimal strategy can be in six pat-
terns: C, C-CS, C-CS-S, CS, CS-C, and CS-S. The
conditions of implementing these strategies are defined by
the initial and terminal strategies, as presented in Corol-
lary 1. Among them, the C-CS-S can be first excluded
by the initial and terminal conditions.

Given the structures of the optimal strategies, and the
conditions for each pattern, combining with the definition
of backorders, i.e., dD/dt =y, we next identify the op-
timal path D” and the transition time points. By doing
so, the optimal strategies are determined, as well as the
conditions of implementing them, as presented in Propo-
sition 2.

Proposition 2

¢, —C
1) If2aT+(1 k) (1 —e ) <1 - ‘C ¢ the opti-
mal strategy is S for all 1 (0, 7).

c
) f—-1> %T, the optimal strategy is C for all

¢ -
S

te(0,7).

c, —C,
3) If1 < ——°

<aT + (e - 1) (m—k) and
c
P

p

(e —1)(M—k) <2-
¢

gy is CS for all t (0, 7).

¢ —-c

% the optimal strate-
P

€ —C

4y If aT—%D(D < -1 <%D(T), the optimal
p
strategy is C-CS for all t € (0, T), where the transition

time ¢, between C and CS is given from the equation F =

o

F“+k

T
D, and D(T) is given as 1, +f v, dr.
Ty

€~ 6

5) If aT+%D(T) >1 - >%D(T), the optimal

S

strategy is CS-S for all t € (0, T), where the transition

time ¢, between CS and S is given from F = af — oT, and

psl
f T

D(T) is given asf y, dt +f y; dr.
0 Toa

€~ 6

6) If %D(T) < -1 <aT—%D(T), the optimal

P
strategy is CS-C for all t € (0, T), where the transition

time is 7,,,

and D(T) is given as T — 1, + f;yl dr.

Proof of 1) In the use of S, we can see that y* =1 —
a(D/k —t). Substituting it into the state equation dD/d¢
=y, we have dD/dt =1 - a(D/k - t). Solving this dif-
ferential equation, the optimal path D* for the control
model is achieved as D" =kt + k(1 = k) (1 —e ") /a.
Let t =T, the terminal state D" (T) is obtained. Consid-
ering that the condition for using S at time 0 is ' <0, the
result is proved based on Proposition 1. 2) and 3) can be
similarly proved. 4) to 6) are directly deduced from
Proposition 1 and Corollary 1.

As indicated in Proposition 2, after the occurrence of
the supply shortage, the optimal countermeasure of the
retailer is covered in six patterns, mainly depending on
the compensation cost, the length of supply disruption,
and the recovery speed. If the disruption lasts a short time
and the compensation cost is high, i.e., 2aT + (1 —k) (1

€~ 6

_ e—aT/k)

<1l - >0, it is optimal that the retailer

p
reroutes to a secondary source during the whole disruption

period, that is, adopting S for all e (0, 7). For conven-
ience, we denote the above condition as ( short 7, large
c,)- On the contrary, if the occasion of (short 7, small
c,) occurs, i.e., (¢ —c¢))/c, =1 >al/k, strategy C
that continuously compensates customers is superior over
other policies. As the length of disruption becomes lon-
ger, neither pure sourcing nor pure compensation is effec-
tive. The optimal decision falls into four dynamic com-
bined policies: CS, C-CS, CS-S, and CS-C. As stated
in 3) of Proposition 2, CS that simultaneously utilizes
compensation and emergency replenishments suffices to
alleviate supply disruption with (medium 7, small c ).
The latter three strategies are advantageous to handle with
long disruptions, as shown in Fig. 1. C-CS represents the
following decisions: purely compensating customers be-
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fore using CS from time 7. Under the adoption of CS-S
and CS-C, the combined decision CS changes into pure C
and S at time 7, and 7, respectively.

Sourcing+Compensation
i~ Co

Compensation

M_l _D(T)>a(—D+T ) . D(T)<a( 2per- )

| A
[ V[ |

0 tp] T
(a)

Sourcing+Compensation Sourcing

a(i- T)<c‘ S % D(T)<a(—D+T 0 a(t=T)> <"

Il A
I 1M 1

0 tp] T
(b)

Sourcing+Compensation
cl Co

Compensation

a(t=T)<E= 1% pTycaEDeT—t) ST 142 D(T)>a(2D+T—1)
K K c K K

1 I\
r 1 [ 1

0 o T
(c)

Fig. 1 Optimal strategies with transitions during disruption.

(a) Strategy C-CS; (b) Strategy CS-S; (c) Strategy CS-C

3 Numerical Analysis

In order to visually present the optimal strategies and
further shed light on the roles of the contributing factors,
a numerical analysis is addressed in this section. We es-
tablish a basic set of values as follows: £ =0.5, a=0.1,

¢, =5, ¢, =1, and explore how the optimal strategies
change to the compensation cost ¢, and the disruption du-
1.5¢ o
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Fig.2 Optimal strategies with different ¢, when T=1.5.
under ¢, =6; (d) Strategy S under c, =8

ration 7.

Fig. 2 shows the optimal strategies for mitigating a sup-
ply shortage with the length of 7 =1.5, and how they
change with the compensation cost c,. We observe two
important managerial insights.
of a short supply failure and benefitting from a favorable
compensation cost (¢, =2), it is optimal to provide all
customers a maximum compensation p for gaining a full
adopting a pure compensation C
strategy. Note that, as the disruption continues, the max-
imum compensation level slightly grows over time. The
reason is stated as follows. As the backlogging demand D
accumulates at the rate of y =1, customers who arrive lat-

First, after the occurrence

backorder rate, i. e.,

er will perceive a longer waiting time, resulting in a drop-
ping willingness to wait automatically. In consequence, a
higher compensation is required for prompting all custom-
ers to place backorders. Secondly, as c, grows, the pat-
tern of the optimal strategies gradually evolves from C in-
to a pure compensation-mixed policy C-CS, then a mixed
policy-pure sourcing CS-C, and finally a pure sourcing
S. In other words, as the advantage of compensation de-
creases,
sourcing strategy grows.
curement x should be employed to satisfy some customers
from time point 7, if ¢, =4, and from the beginning of
the disruption if ¢, =6. On the other hand,
terval of compensation becomes shorter.
Fig. 3 illustrates how optimal strategies change with the
length of disruption. In the event of a low compensation
cost (¢, =3), purely compensating customers is sufficient
to hedge against short stock-outs. However, as for long

the time interval of implementing the alternative

In particular, emergency pro-

the time in-
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(a) Strategy C under ¢, =2; (b) Strategy C-CS under ¢, =4; (c¢) Strategy C-CS
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Fig.3 Optimal strategies with different 7 when ¢, =3. (a) Strategy C under 7=1; (b) Strategy C-CS under T=2; (c) Strategy C-CS un-

der T=3.5; (d) Strategy C-CS under 7T =5

disruptions, emergency sourcing should be employed in
conjunction with compensation from time Lys i.e., tak-
ing a pure compensation-mixed policy C-CS. As the dis-
ruption becomes longer, the sourcing quantity x, as well
as the corresponding time interval of using CS, are re-
quired to be longer.

4 Conclusions

1) The optimal strategy to minimize the negative dis-
ruption impact during the out-of-stock period falls into six
patterns: a pure sourcing, a pure compensation, a mixed
policy of sourcing and compensation, a mixed policy-
pure sourcing, a mixed policy-pure compensation, and a
pure compensation-mixed policy. The conditions for utili-
zing these strategies vary from the contributing factors,
e. g., compensation cost, customer sensitivity, and dis-
ruption length.

2) For short disruptions, it is sufficient to implement
pure strategies during the entire out-of-stock period. If
the compensation cost is small, it is preferable to purely
compensate all customers for placing backorders. On the
contrary, if compensation exhibits no advantage, the
manufacturer should purely satisfy all the customers by
seeking a secondary source along with a mark-up price,
immediately after the appearance of disruption.

3) For long disruptions, the other four mixed strate-
gies are favourable. These strategies provide practical
suggestions on how to dynamically adjust the compensa-
tion level and sourcing quantity over time under different
situations.
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