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Abstract: To increase customers’ satisfaction and promote
product’s competitiveness, a customized extended warranty
(EW) policy is proposed, where the diversities in both the
usage rate and purchase date are considered. The marginal
approach is applied to describe the product’s two-dimensional
failure in terms of age and usage, respectively. Moreover,
minimal repair is adopted to restore the failure, and the virtual
age method is applied to depict the effect of preventive
maintenance (PM). On this basis, an optimization model is
established to minimize the maintenance cost and warranty cost
from the manufacturer’s view, and multiple factors are taken
into account, including the PM’s intensity and its period, and
EW’s interval, etc. A numerical case study is provided to
illustrate the effectiveness of the proposed approach. The
results show that by considering the product’s usage rate and
the purchasing date of EW, the number of failures as well as
the cost of maintenance and warranty can be reduced
effectively.
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arranty is a contractual obligation between the

manufacturer and consumers. It can not only pro-
tect the consumers against defective items, but can also
help the manufacturer to avoid customers’ unreasonable
claims"'. In addition to the basic warranty (BW), the
extended warranty (EW) is also widely adopted by the
manufacturer to establish a long-term relationship with the
customers, and thus to gain the opportunities of product
marketing and after-sale service.
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Maintenance policy and the corresponding maintenance
cost are of great importance for the warranty decision-
making. It is reported that the warranty cost accounts for
2% to 10% of products’ operating revenues, and by opti-
mizing the maintenance policy, the warranty cost can be
reduced effectively'”. Chien"' proposed a periodic re-
placement maintenance policy for the one-dimensional
(1D) warranty, which is characterized by a single varia-
ble, e. g. time (age) or usage. A two-dimensional (2D)
warranty can take into account the age and usage rate con-
currently, and it is more suitable for various industrial
products, such as automobiles, CNC machines and engi-
neering machinery, etc. Based on the accelerated failure
time model, Shahanaghi et al. ' proposed a model to op-
timize the number and degree of preventive repairs so as
to minimize the EW provider’s servicing cost. From the
manufacturer’s perspective, Wang et al. ' investigated
the periodic imperfect preventive maintenance ( PM) for
the products covered by a fixed and combined BW and
EW region. Su and Shen'” proposed two types of EW
policies from the view of manufacturers, and three kinds
of repair options were considered for the failed compo-
nents. Based on the generalized renewal process and
Stackelberg game, Santana et al.'” designed the price for
EW and on-demand maintenance to optimize the
manufacturer’s profit.

In the above studies, the proposed warranty policies are
rigid, and the customers are provided with the same war-
ranty items. Actually, customers usually have different
using habits, diverse operating environments and differen-
tiated affordability, and their requirements for mainte-
nance and warranty are personalized in nature. Moreover,
the usage rate will influence product’s failure rate, main-
tenance policy as well as the warranty cost. Obviously,
rigid warranty policies cannot satisfy customers’ personal-
ized needs'.

Customized warranty aims to consider various factors
and meet customers’ diversified demands. Thus, it has
attracted much attention in recent years. Based on the at-

. . 9
tractiveness index, He et al. ™

proposed a demand func-
tion to describe the boosted demand of extending the war-
ranty period, and an optimal 2D BW period was obtained

by maximising the expected profit. On the basis of the
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usage rate, Ye et al. """ grouped the customers and pro-
vided them with differentiated EW periods. Based on the
dynamic usage rate, Tong et al. """ proposed a warranty
maintenance strategy for 2D EW, a maintenance model
was constructed to optimize the maintenance degree and
help the service providers reduce the warranty cost. Lam
et al. "*! presented an EW model including a free repair
period and an EW period, where consumers had the
choice to renew or not to renew the warranty period. On
this basis, the long-run average cost per unit time was de-
rived, and the optimal policies were obtained for the con-
sumers. Su et al.'" presented a two-stage PM optimal
model and the moment that customers purchased 2D EW
was considered. Jack et al. "
strategy for the products sold with a 2D warranty, and the
accelerated failure time ( AFT) model was applied to de-
scribe the effect of the usage rate on item’s degradation.
Up to now, there are still some problems with the cus-
tomized warranty policies. For example, it is usually as-
sumed that customers buy EW only when the product is
sold or when the BW is expired. In fact, customers may
buy EW at any time. Moreover, the proposed PM poli-

put forward a repair-replace

cies are usually of periodicity and iso-strength. Consider-
ing the above shortcomings, this study puts forward some
improvements on the customized warranty. The main
contributions include: 1) Customers can purchase EW at
any time during the product’s useful life; 2) A non-equal
periodic PM policy is proposed, and a more flexible war-
ranty can be obtained; 3) The corresponding maintenance
method, warranty period and warranty cost can be cus-
tomized.

1 Models of Failure and Maintenance

Let 2= (W, U) denote the total warranty period, and
it includes BW and EW. A product is supposed to be sold
to a customer with the usage rate r at t =0, and the man-
ufacturer provides a 2D BW (), =(W,, U,), where W,
and U, are the upper limits of BW’s using time and us-
age, respectively. When either of them reaches its upper
limit, the warranty is terminated. In addition, it is sup-
posed that for a particular customer, the usage rate r does
not change within the warranty period. Thus, the end
time of BW is W, = min(W,, U,/r). Moreover, custom-
ers can buy EW 2 =(W_, U,) at any time #(#=0), and
the end time for purchasing EW is W, =min(W,, U./r).
The manufacturer will bear all the maintenance cost dur-
ing the warranty period.

1.1 Failure modeling

Up to now, three approaches have been proposed for
the failure modeling of 2D warranty, i.e., the bivariate
method, composite scale method and marginal meth-
od™ ', Among them, the marginal method defines the
failure strength as a function of product’s age and usage

rate, and it considers the influence of age and usage on
the times of failures simultaneously. In this study, 7(7)
and U(t) denote the product’s cumulative use time and
usage at time #, respectively, and it is assumed that the
repair time can be ignored. Thus, T(t) =t and the
product’s cumulative usage is U(t) = rt.

Let A(t \ r) denote the failure strength function of the
product. The mathematical expressions of A(7 | r) can be
obtained by data-fitting. For details, one can refer to
Refs. [5, 15 —16]. Therefore, the failure strength func-
tion model is

Xt r) =6, +0,r+0,T(1) +0,U(t) =6, +0,r +(6, +0,r)t
(D

The extreme value of Eq. (1) is close to 0; that is, the
inherent reliability of a new product is A (0 | ) = 6, +
0,r. Considering that the product’s inherent reliability is
independent of its usage rate, 6, =0. In addition, the de-
rived function of Eq. (1) is 6, + 6,7, which means that
the change of failure strength is linearly related to the us-
age rate, regardless of the using time. This study consid-
ers the impact of age, usage as well as their interaction on
the failure rate. Assuming that the product’s inherent reli-
ability is §,, we can obtain the improved two-dimensional
warranty failure model as

At r) =6, +6,T(1) +6,U(t) +0,T(1) U(t) =
0, +01t+02rt+93rt2 (2)

where @, are the constants with positive value, i =0, 1,
2, and 3, respectively.

1.2 A novel non-equal strength PM model

Up to now, three types of maintenance policies are
widely applied in the warranty terms'®"': 1) Policy 1:
Minimal repair is adopted for all the failures. 2) Policy
2: Minimal repair is adopted in BW, and minimal repair
as well as periodic PM are used in EW. 3) Policy 3:
Minimal repair is adopted before the customers purchase
EW; and after that, minimal repair and periodic PM are
adopted until the end of EW.

With the increase in cumulative usage and using time,
the product’s failure rate will usually tend to increase. To
make the maintenance policy more flexible, we propose a
new non-equal strength periodic PM, and it is called Poli-
cy 4. Except that the maintenance strength during each
period may be different, the other assumptions are the
same as Policy 3.

The inspection period of PM is P(AT, AU), where AT
and AU are the step sizes of the time and usage, respec-
tively. In other words, when time reaches AT or the us-
age reaches AU, whichever comes first, one time of PM
will be adopted. Thus, P =min(A7, AU/r). It includes
three types of cases, as shown in Fig. 1. The number of
PMs during the warranty period is n = fix( W/P), where
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fix is a rounding down function. In the 2D warranty, the
actual inspection time nodes are different from the change
of usage rates. When the usage rate is equal to the de-
signed usage rate r,, i.e. r, = W/U, the inspection peri-
od for PM is P(AT, AU) and the warranty period will be
ended at W. When the usage rate r, >r, and r, <r,, the
maintenance inspection period is P, ( AT,, AU,) and

P,(AT,, AU,), respectively, where AT, = AU,/r, <
AT, AU, =AU, AT, =AT, and AU, =AT, - r,.
ul
U z
no 1S .
<
AT, Z
WA S Y
3 / —
//"”/ <« AT
0 T T+P, T+(n-1)P, T4nP, W 1

Fig.1 PM period under different usage rates

The virtual age method is used to describe the effect of
PM. The virtual age factor is § (m) = (1 + m)e ™",
where 0 <m <M. Particularly, when m =0, the effect of
PM is ignored; and when m = M (M is infinite ), the
effect of PM is the same as that of the replacement. For
an incomplete PM, 0 <m <M, and 0 <5(m) <1, its
effect lies between the minimal repair and the replace-
ment.

During the warranty period, the maintenance policy
and failure rate’s variation tendency are shown in Fig.2,
where ¢ is the product’s using time, and A is the product’s
failure strength. At the time of 7 + P, the manufacturer
implements the first PM with the maintenance strength of
m,. The failure rate is reduced from A, to the failure rate,
where the product’s virtual age is §(m,) (T +P), and 0 <
8(m,) <1. By analogy, after a fixed period, a PM will be
performed, and the maintenance strength in each period is
irrelevant. Specially, §(m,_,) =0.

A

n—1

N

A
A
A

T
1

T T+P T+2P - THm-)P T+nP W t
Fig.2 Failure rate’s change tendency with PM policy
The duration of a PM is W — T, then the times of PM

during the warranty period is n = fix((W-T)/P). After
the j-th PM, the product’s virtual age is vj(j =1,2, -,

n-1, n), then we have

v, =8(m,)(T+P)
v:2 =8(m,) (v, +P) (3)
v,=8(m,) (v, +P)

For the minimal repair, the average cost is C, , and the
cost of the j-th PM is C,(m;). During the j-th PM peri-
od, the total warranty cost is C;, which includes the cost
for the minimal repair and PM. Therefore, we can obtain
the warranty cost optimization model for each PM period.

v,+P

min C, =Cmf A(1)dr + C,(m) (4)

Let the total warranty cost during the warranty period
be C. We can obtain the warranty cost optimization mod-
el during the entire warranty period as follows:

v,+W-T-nP

min C = cm(fTA(;)dt +f

0 v,

A(t)dt)+ iC,
(5)

2 Modeling of Warranty Cost

In this study, two factors are considered to analyze the
warranty cost, i. e., the product’s usage rate and the
EW’s purchasing date. It is assumed that for a particular
customer, the usage rate is subject to a random distribu-
tion G(r), and g(r) is the density distribution function.
Based on the usage rate, a novel method is proposed to
divide the customers into different groups, as shown in
Fig.3. In Fig.3, r, and r, represent the lowest usage rate
and the highest usage rate, respectively, r,<r<r,; k
points of the usage rate are taken equally spaced during
the warranty period, i.e. r,, r,, *--, r,; and the custom-
ers are divided into group 1 to group k —1.

g

0

2 T3 V2T 7

Fig.3 Customer classification based on usage rate

According to the time that the customer purchases the
EW, two cases are considered.

Case 1 Customer purchases EW before the expiration
of BW,i.e. 0sT<W,and0sU<U,. In this case, the
manufacturer provides customers with the same rectangu-
lar EW period, and determines the PM policy for the re-
maining BW and EW period according to the EW’s pur-
chasing date, as shown in Fig. 4.
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Fig.4 Purchasing EW before BW’s expiration

Case 2 Customer purchases EW at some point after
the BW is expired, i.e. 7> W, or U>U,. In this case,
the manufacturer provides the customer with a customized
EW period 2, = (W., U!) as well as the maintenance po-

lices according to the purchasing date and usage rate, as
shown in Fig.5.

u

UtrT+U L —————-

U, =
7

"

0 W, W+T+W!

Fig.5 Purchasing EW after BW expired

In Case 1, the manufacturer needs to update the PM
policy when purchasing EW. The remaining warranty
periodis Q, = (W, + W, - T, U, + U, — Tr). Let the
PM period be P, = min( AT, AU/r), and the warranty
will last for W, = (W, + W, -T, (U, +U, -Tr)/r).
Therefore, the times of PM is n; = fix(W|/P]). After
the j-th PM, the virtual age of the product is v, = T +

z S(mj) P;. At the end of the EW, the product’s vir-
1

tual age is v(W;) = Y, 8(m;) P; + W - nP|. There-
i=1

fore, during the total warranty period, the expected war-
ranty cost is
. . e v, +P;
E[C.(P,,m)] = ,Z‘ [Cf A(t]r)de+C,(m) ]+
T (W)
Cm[f/\(t‘r)dt+J’ )\(t\r)dt] (6)
0 Vi
Considering the difference in customer’s usage rate, P,
and m; are the variables to be optimized, and in the total

warranty period, the expected warranty cost optimization
model is

min E[C.(P.,m)] = [ ELCL(P[,m)]dG(r)

i

s. t. P, >0

O0sm <M (7)

J

According to the above classification approach for the
customers , the variables P}, m;" of group i is optimized.
Thus, based on Eq. (6), the customers’ total warranty
cost is

ELC.(PLm) ] = 3 [ ELCI(PL.m)))dG(r)
(8)

In Case 2, when the BW is expired and if the EW peri-
od is maintained constant with that in Case 1, the warran-
ty cost will increase significantly. Thus, a new EW peri-
od ), = (W., U.,) needs to be reset. Considering the
profit for both the customers and manufacturers, we can
obtain the EW period based on the condition that the total
warranty cost is equal to the maximum total warranty cost
max( C) in Case 1. When T = W, , we can obtain the PM

policy and max( C) with Eq. (7). After the j-th mainte-
j

nance, the product’s virtual age is v, = T + 2 &8(m;)P,.
1

It is assumed that when j = n,, the total warranty cost is
less than max(C) ; when j =n; +1, the total warranty cost
is higher than max(C). Assuming that the EW will end at
W, , and by solving the analytical solution of the following
constraint formulation, the EW period can be obtained ;

n

> [Cmﬁw‘)\(t | r)de + Cp(mj)]+ Cm(ﬂ)/\(t | r)de +

i=1
v(W3)

fy At | r)de) = max(C) (9)

Based on the result of Eq. (9) and by multiplying the
usage rate, the EW period can be determined. Mean-
while, the manufacturer needs to optimize the PM policy
so as to minimize EW’s cost. The duration time of EW is
W, = min (W',, U'.,/r), and the PM period is P, =
min( AT, AU/r). Therefore, the times of PM is n, = fix
(W,/P}), and after the j-th maintenance, the product’s

J
virtual age is v, = T + ZS(mj)P;. At the end of the
1

EW, the product’s virtual age is v(w,) = T +

z 8(m;)P; + W, — n,P;. The expected warranty cost
j=1
during the total warranty period is

n

E[C(Py,m)] = [Cmﬁ%)\(t [ rydi +C,(m) |+

j=1 )
T V(W)
C.l| ACt|ryde + A(t]r)dt (10)
(Jacinars [ aclna)
Considering the customers’ usage rate as well as the op-

timizing variables of P, and m;, we obtain the expected
cost optimization model for the manufacturer as follows

"

min E[C,(P,,m,)] = ka[C;(P;,mj)]dG(r)

s. t. P, >0
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O<m<M (11)

By optimizing P} and m;, the warranty policies can be
customized for different customers’ groups. During the
total warranty period, the manufacturer’s expected cost is

ELC,(PLm))] = 3, [ ELC(PEm)) 14G()
(12)

Considering that the EW period will continue to de-
crease with the using time, when the using time reaches a
certain threshold value, the manufacturer cannot make a
profit or will even lose money by providing the warranty.
Therefore, the manufacturer should set a boundary for the
EW. By using Eq. (9), the deadline 7, for EW’s purcha-
sing date can be obtained.

3 Case Study

In this section, a numerical example is provided to il-
lustrate the effectiveness of the proposed policies. Both
the BW and EW periods are (3 years, 6 x 10* km). The
parameters in the failure strength function are set as fol-
lows: 6,=0.05, 6, =0.7, 6,=0.5, and 0, =0. 1. It is
supposed that the customer’s usage rate is subject to a
uniform distribution, r, =0.5 x 10* km/year, r, =3.5 x
10* km/year, and r, =2 x 10" km/year. In total, there
are 6 levels of maintenance strength, i.e. , m=0, 1, 2,
3,4,5 and M, and the corresponding PM costs are C, =
0, 20, 50, 90, 150, 240, and 3 000 dollar, respective-
ly. The average minimal repair cost is C, = 250 dollar.
In addition, we discretize the PM period into P ( AT,
AU) and AT and AU are the integers in units of month
and 10’ km, respectively.

According to Eq. (6), we can obtain the PM periods
(i.e. AT and AU), PM strength (m) and the corre-
sponding total warranty cost (C) when 7 =0. When the
usage rate is r,, the comparison of different maintenance
policies ( presented in Section 2.2) is shown in Tab. 1.
Among them, Policy 4 has the lowest total warranty cost
of 2 041. 28 dollar. It indicates that compared with the
other three policies, the proposed maintenance policy can
achieve better results. The corresponding PM period is (4
months, 7 x 10> km). Furthermore, the strength of the
first two PM periods is 0; and for the other PM periods,
the strength of 2 is adopted.

Tab.1 Comparison of total warranty cost under different poli-
cies

Policies Policy 1 Policy 2 Policy 3 Policy 4
AT/month 9 9 4
AU/10° km 15 15 7
m 4 4 0/2
C/dollar 12225.00 9891.10 3013.97 2 041.28

Considering the maintenance policies and purchasing
date of EW, the minimum warranty cost is shown in Fig.

6. It can be found that Policy 1 and Policy 2 have nothing
to do with the purchasing date, and the warranty cost of
Policy 2 is lower than that of Policy 1. The total warranty
cost of Policy 3 and Policy 4 will increase with the delay
of purchasing date. At the end of BW (i. e. the 36
months ) , the warranty cost for Policy 3 is 9 8§91.10
dollar, which is the same as that of Policy 2. Further-
more, by adopting Policy 4, the minimum warranty cost
is 2 030. 49 dollar at 3 and 7 months, respectively. Obvi-
ously, regardless of the purchasing date of EW, the pro-
posed maintenance policy can obtain the lowest warranty
cost for the manufacturer.

——-Policy 1
——Policy 2
——Policy 3
——Policy 4

2 e i 1 1 1 1 |
0 4 8 12 16 20 24 28 32 36
T/month

Fig. 6 Warranty cost for different purchases time and mainte-
nance policies

According to Policy 4, the optimized maintenance poli-
cies for different purchasing dates are shown in Tab. 2.
The PM period is rounded to (4 months, 7 x 10° km).
Additionally, the PM strength will change with the pur-
chasing date. For example, during the first seven
months, the PM strength is 2/0. It means that only the
last time of PM is O (the last time of PM is canceled) ,
and all the remaining maintenance strength is 2. The
meaning of other PM’s strength is as follows: 3/2/0
means that the strength of the first PM is 3, the strength
of the last PM is 0, and the remaining’s is 2; 3/2 means
that the PM strength of the first PM is 3, and the PM
strength of the remaining month is 2.

Tab.2 Optimized maintenance strategies for different purcha-

sing dates
T/ month m n/times T/month m n/times

0-7 2/0 17 21-23 3/2/0 13
8 2 16 24 3/2 12

9-11 2/0 16 25-27 3/2/0 12
12 2 15 28 3/2 11
13 2/0 15 29-31 3/2/0 11

14-15 3/2/0 15 32 3/2 10
16 3/2 14 33-35 3/2/0 10

17-19 3/2/0 14 36 3/2 9
20 3/2 13

According to the proposed method in Section 2, cus-
tomers are divided into six groups: r, =0.75 x 10* km/
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year, r, =1.25 x 10* km/year, r, =1.75 x 10" km/year,
r, =2.25 x10* km/year, r, =2.75 x 10* km/ year, and
r, =3.25 x 10* km/year. Based on Egs. (7) and (8),
we can obtain the average warranty cost, and the compar-
ison of the two situations is shown in Fig. 7. For the cus-
tomers with a high usage rate, the BW will end earlier;
while for the divided customers’ groups, the total warran-
ty cost can be reduced in stages. The expected total war-
ranty cost is 2 252.77 and 2 342. 16 dollar for the divided
and undivided usage rate strategies, respectively. Obvi-
ously, for the manufacturer it is beneficial to divide the
customers into different groups based on their usage rate.

381
—Undivided usage rate

5341 o
é ——Divided uasge rate
s 3.0F
2
S2.6
@]

22}

12 16 20 24 28 32 36
T/month

0 4 8
Fig.7 Comparison of warranty cost of different customer groups

——Group 1
_——Group 2
= —e— Group 3
—— Group 4 L.
3.0r—Group5 .-
-=-= Group 6_.-"

0 4 8 12 16 20 24 28 32 36

T/month

Fig.8 Warranty cost changing with purchasing date for differ-
ent groups

Similarly,, by minimizing the maintenance cost, we can
obtain the maintenance policy for each group, as shown
in Tab.3. From Tab.3, when the usage rate is low, the
corresponding PM period is long, and the start time for
PM will be postponed. Additionally, the PM strength
may be different during each period. For instance, the
PM strength for Groups 1, 2 and 4 is 2/0. It means that
the strength for the last time of PM is 0 and the strength
for the rest is 2. The PM strength of Group 3 are 2, 2,
2,1,2,2,2,1,2,2,2,1,2,2,2, 1, respectively.

Tab.3 Optimized maintenance policy for each customer group

Tab. 4. It shows that the warranty period tends to de-
crease with the increase in the purchasing time, which is
provided by the manufacturer. With the constraint of
W. =2, the manufacturer stops selling the EW. In the
84th month, the EW period is (24 months, 4 x 10* km).
Therefore, the deadline for purchasing EW is set to be T,
= 84 months in this case, and the optimized PM period
is 4 months. At the end of BW, the PM strength is 3/2,
during the EW, the PM strength becomes 4/2. It means
that the PM strength for the first time is 4, and it is 2 for
the rest of the time. In addition, we can also obtain the
warranty cost under different maintenance policies. After
optimization, the total warranty cost fluctuates around
3 700 dollar.

Tab.4 Maintenance strategies under different purchasing times

T/ W/ u/ s w/

month month 10* km ¢/dollar month month 10* km ¢/ dollar
39 32 6 3700.26| 63 28 5 3634.82
42 32 6 3 706.94 66 28 5 3 641.66
45 32 6 3713.64 69 28 5 3 648.52
48 32 6 3720.36 72 28 5 3 655.40
51 32 6 3727.10( 75 28 5 3 662.30
54 32 6 3 733.86 78 28 5 3 669.22
57 32 6 3 740. 64 81 28 5 3676.17
60 28 5 3628.00| 84 24 4 3563.43

Customer group Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

T/month 9 7 8 6 5 5
AT/month 6 5 4 4 4 4
AU/10°km 4 6 6 8 10 11

m 2/0 2/0 2/1 2/0 2 2

When BW is expired, we can obtain the EW periods
for different purchasing times accordingly, as shown in

Similarly, if a customer purchases EW after the BW
expired, the manufacturer can also provide him/her with
a customized maintenance policy. According to Eq. (9),
we can obtain the optimized maintenance policy as well as
the warranty cost for the customers with any usage rate.
The results are similar to Fig. 8 and Tab. 3. Here, we do
not discuss the details furthermore.

4 Conclusions

1) By combining minimal repair and PM, better main-
tenance effect can be obtained compared with applying
only minimal repair. Furthermore, there is an appropriate
time point during the BW period to update the BW main-
tenance policy and start the PM.

2) For the customers, the warranty cost increases if
they postpone purchasing EW. Meanwhile, the corre-
sponding warranty period is also shortened. Therefore, the
manufacturer should adopt some preferential measures to
encourage customers to purchase EW as early as possible.

3) Besides the purchasing date, the customer’s usage
rate should be considered in a customized warranty poli-
cy. It can help the manufacturer to reduce the expected
number of failures and the warranty cost during the war-
ranty period.

4) In addition to the usage rate, in the future study,
the following factors can also be integrated into the cus-
tomized warranty policy, including the product’s operat-
ing environment, customer’s risk preference and their
learning ability, etc.
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