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Abstract: Firstly, the notion of the left-left Yetter-Drinfeld
quasicomodule M = (M, -, p) over a Hopf coquasigroup H is
given, which generalizes the left-left Yetter-Drinfeld module
over Hopf algebras. Secondly, the braided monoidal category

"YDQCM is introduced and the specific structure maps are
given. Thirdly, Sweedler’s dual of infinite-dimensional Hopf

algebras in “YDQCM is discussed. It proves that if (B, m,,

Wy A, &) is a Hopf algebra in  YDQCM with antipode S,,,
then (B°, (my)*, &,, (Ay)®, w,) is a Hopf algebra in

"YDQCM with antipode S,, which generalizes the
corresponding results over Hopf algebras.
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et H be a Hopf algebra. Schauenburg'" obtained a

braided monoidal category equivalence between the
category of right-right Yetter-Drinfeld modules over H
and the category of two-sided two-cosided Hopf modules
over H under some suitable assumption. This yields new
sources of braiding by which one can obtain the solutions
to the Yang-Baxter equation, which plays a fundamental
role in various areas of mathematics'*™'.

In 1997, Doi'" studied the duality of any finite-dimen-
sional Hopf modules in the left-left Yetter-Drinfeld cate-
gory YD where L denotes any ordinary Hopf algebra
over the ground field k£ with a bijective antipode.

The most well-known examples of Hopf algebras are
the linear spans of (arbitrary) groups. Dually, also the
vector space of linear functionals on a finite group carries
the structure of a Hopf algebra. In the case of quasigroups
(nonassociative groups), however, it is no longer a Hopf
a Hopf quasigroup”™ ",
which is a specific case of the notion of unital coassocia-
tive bialgebra''" .

Motivated by these notions and structures, this paper

algebra, but more generally,
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aims to construct Sweedler’s dual of infinite-dimensional

Hopf algebras in { YDQCM.

Throughout this paper, let k be a fixed field. We will
work over k. Let C be a coalgebra with a coproduct A.
We will use Heyneman-Sweedler’s notation"”, A(c¢) =

Z ¢, ®c, for all ce C, for coproduct.

1 Preliminaries

Recall from Ref. [5] that a Hopf coquasigroup is a uni-
tal associative algebra H, armed with three linear maps:
A:H—-HXH, ¢: H—K and S: H—H satisfying the fol-
lowing equations for all a, b € H:

A(ab) = A(a)A(D)
e(ab) = g(a)e(b)
(dd®e)A(a) =a =(e®id)A(a)
zs(al)am ®ay =1®a = Zals(azl) ® ay,
zall ®S(ay)a, =a®l = zall ® a,S(a,)

Recall from Ref. [6], the authors gave the notion of a
left H-quasimodule over a Hopf quasigroup H. Duality, a
left H-quasicomodule over a Hopf coquasigroup H is a
vector space M with a linear map p: M—H KM, where

p(m) = 2 m_, & m, such that 2 g(m_)my, = m and

Zs(mfl)m()f] ® my, = Zm—ls(m()fl) ®my =1 ®m

for all me M.

Moreover, the authors studied the notion of the left-left
Yetter-Drinfeld quasimodule M = (M, -, p) over a Hopf
quasigroup H.

Duality, a left-left Yetter-Drinfeld quasicomodule M =
(M, -, p) over a Hopf coquasigroup H is a left H-module
(M,-) and a left H-quasicomodule (M,-) satisfying the
following equations:

z (a; +m) _a, ® (aq
za] m®a, X ay
za|®a21 cm ) ay

forallae H me M.
Remark that the first equation is equivalent to the fol-

sm), = zalmfl ® a, = m,
22a11°m®a,2®a2
:za||®“12'm®az

lowing formula:

pla-m) = zanmfls(az) ® a, *m,

We use ;, YDQCM to denote the category of the left-left
Yetter-Drinfeld quasicomodules over a Hopf coquasigroup
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H. Moreover, if we assume that M is an ordinary left H-
comodule, we say that M is a left-left Yetter-Drinfeld
module over H. Obviously, the left-left Yetter-Drinfeld
modules with the obvious morphisms is a subcategory of
"YDQCM. We denote it by " YDCM.

Note that if the antipode S of Hopf quasigroup H is bi-
jective, then the category ; YDCM is a braided monoidal
category with a “pre-braiding” defined as

TMPN->NRM, r(m@n) = Zm_l - n @ m,

TINQM—>M@N, 77 (n@m) =Y, my @S (m,) -n

for any M, N ZYDCM, meM and n e N.

One can check the following lemmas and Corollary 1.

Lemma 1 Let H be a Hopf coquasigroup. Then,
( ZYDQCM, &), k) is a monoidal category.

Lemma 2 Let H be a Hopf coquasigroup with a bijec-
tive antipode S. Then, the monoidal category (}, YDQCM,
X, k) with the pre-braiding defined above is a braided
monoidal category if and only if the following identity
holds:

szn n@m_, pRm, = mel n@ny, cp & my,

For any M, N, P e "YDQCM, me M, ne N and p € P,

this category will be denoted as (ZYDQC, X, k).
Corollary 1 Let H be a Hopf coquasigroup with a bi-

jective antipode S. If the following equations hold:

men n@m_o, ®m, = szl cn @ my_, & my,

men ®@m_,  n@m, = szl Q@ m, 1@ my,
for any M, N e, YDQCM, m € M, n € N, then
(ZYDQCM, ), k) is a braided monoidal category, and

we denote it as (j YDQCM, ), k).

Let H be a Hopf coquasigroup with a bijective antipode
S. Under the hypotheses of the above results, we have
the relationship:

(IYDCM, ®), k) C(2YDQCM, ®), k) C(YDQC, ®), k)

In what follows, let L denote a Hopf coquasigroup with
a bijective antipode S,. Let H be a Hopf algebra in

IYDQCM, i.e., explicitly, it is both a L-algebra and a
L-coalgebra with comultiplication A and counit g, and the
following identities hold:

Alxy) = Y x (x5 y) ® Xy A(D) =1®1
e(xy) =e(x)e(y), e(l,) =1
pu(xy) = (), ® (xy), =
DXy @Yo pully) =1, ®1,
fol X Xy ® Xy, = ZXHxH X X0 X Xy
Zx_laH(xO) =gy(x)1

L(xy) = Y (L )Ly, 11, =&,
A(L+x) = D (L +x) @+ x), e(l+x) = e(D)e(x)

Su(xy) = D ((S(x) 4+ S,(») (S(x0), =
D (xy = S())S(xy), S(1) =1
Su(xy) = D ((S(x) 4+ Su(») (S(x), =

> (x  S(1))S(x,), S(1) =1
for any x, ye H and [ e L.
2 A Generalization of Sweedler’s Dual of Hopf
Algebras in YD
In this section, let H be a Hopf coquasigroup with a bi-
jective antipode S, and B an infinite-dimensional Hopf al-

gebra in ;) YDQCM.
Let (A, m,, u,) be an associative algebra. Then, we

have coalgebra A° given in Ref. [13] as

A’ = {feA”

Kerf Dan ideal of A of cofinite dimension }

Let (B, my,, wy Dy, €,) be a bialgebra in j; YDQCM.
Recall that B is the subspace of all b* € B* vanishing on
some cofinite ideal I of B. Let i: B* ®B"—(B®B) * be
the natural embedding, defined as (i(fXg)) (a®b) =
fla)g(b) for f,geB" and a, be B. For all fe B*, the
following statements are equivalent:

feB' =(m;) "(A"®A"), dim(B—~f) <
dim(f<B) < o, dim( B—~f<B) < ®

For any fe B" and a, b € B, we define (a—f) (b) =
f(ba) and (f<—a)(b) =f(ab). This defines a B-B bimod-
ule structure on B .

We consider the action of H on B* given by (h -f)(b) =
f(S(h)-b) and the quasicoaction of H on B" defined by
p(H(b) :S’l(b(_w)@f(bo) forall heH beB and fe
B".

Let A, B be algebras in ZYDQCM. Then, we have the
braided tensor product algebra A (X)B with the product

(x ®y) (a ®b) = ZX(y(_” ca) ®y,bforal x,acA
andiy, be B. -
It is not difficult for one to check the following two
lemmas.
Lemma 3 The action <—: B* (X)B—B is a left H-line-
ar and the action —~: BRB"—B is a left H*-linear.
Lemma 4 B’is an H-submodule of (B", A,, &,).
Proposition 1 B is a subalgebra of (B*, A,, &, ).
Proof By Lemma 3, foranyf, geB" and a, b e B,
we obtain

((fe) <—a) (D) =(fg)(ab) = (f®g)A(ab) =
f(al(az(_u'bl)g(azobz) =
f(aQ(71)2.[(S"(az(71)1)-a1)b1])g(amb2) =
(S_I(a2<-1)2)'ﬂ[(s_](a2(-1)1)'a1)b1] x
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glayb,) = [(Sil(azpnz)’f)'*
(87" (ay _11)-a) (b)) (g<ay) (b,) =
A° [(S_](az(-1))‘(f’*a1)®g/*azo)](b)
Thus,

(fe)<BCA" [H-(f~B)®g~Bl CA" [(H -)<B) ®gBl

Combining fe B’ with Lemma 4, we can conclude that
H-fe B°. Moreover, since f, g € B’, the left-hand side
of the above containment is finite dimensional. Hence,
fg e B". Finally, it is easy to check that £, (1) e B’.

We have that io7: (B")"®(B")”" —

(B ®B) ** is an algebra map in ;; YDQCM.

Proof Applying the quasicoaction of H on B, the
proof is complete.

Now, we obtain the main result of this paper which
gives a characterization of Sweedler’s dual of Hopf alge-
bras in 7YD.

Theorem 1

Lemma 5

Let H be any Hopf coquasigroup with a
bijective antipode S. If (B, m,, u,; A, e,) be a Hopf al-

gebra in "YDQCM with antipode S,, then (B’, (m,)®,

ey,(Ap)™, ;) is a Hopf algebra in j; YDQCM with anti-
pode S, .

Proof According to Ref. [13], we check that

1) B’ is an H-subquasicomodule of B*.

2) Observe that (m,)” =A, cicr: BB @B’ —B". It is
morphism in ,;YDQCM. Obviously, &, : k—B’ is. Thus,
(B’, (my)™, ;) is an algebra in ,M.

m,
3) Observe that (A,)* is the composite map B’ ——

N L D I . o
i(BB®B) — B ® B. It is a morphism in
"YDQCM. Obviously, u, : B'—k. Thus, (B°, (A,)%,
Wy ) is a coalgebra in ,M.

4) (Ay)™: (B)™—(B")®®(B")* is an algebra map.

5) S, (B°) CB".

6) (myp) ™ (S, @ic'lgu)(ABu)"P =gy, and (my) " (idy
®SB )(AB”)OP =&pMp -

In the setting of Hopf coquasigroups, the notion of the
left H-module is exactly the same as that for ordinary
Hopf algebras since it only depends on the algebra struc-
ture of H. Thus, the proof of these assertions is either
trivial or will become trivial after acquainting the Hopf
coquasigroup calculus developed above.
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