Journal of Southeast University (English Edition)

Vol. 36, No. 4, pp. 453 —464

Dec.2020 ISSN 1003—7985

Design of cost allocation rule for joint replenishment
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Abstract: To encourage retailers to form cooperative alliances
to jointly replenish inventory, considering that the supplier
provides a flexible lead time and quantity discount to retailers,
a model of average total cost per unit time of periodic joint
replenishment is constructed, and an approximate algorithm,
which can satisfy the requirement of any given precision, is
given. The cost allocation rule in the core of the joint
replenishment game is designed based on the cooperative game
theory. The numerical experiment results show that the
proposed algorithm can quickly solve the joint replenishment
problem when the item number is not greater than 640. The
retailer’s cost saving rate is always greater than 0, and it
increases with the increase in quantity discount and fixed cost
after adopting the given cost allocation rule. With the increase
in the safety stock level, the retailer’s cost saving rate
increases first and then decreases; and the retailer’s cost saving
rate increases with the increase in the size of the alliance, but
it decreases as the number of product category increases. The
proposed cost allocation rule can reduce the retailer’s cost up
to 20%, which is conducive to forming a cooperative
coalition.
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oint replenishment is an important method to reduce
J purchasing costs, which has been adopted by many
enterprises. For example, Suning and Tmall first jointly
purchased some goods in 2016 to save procurement and
management costs. Baiyun Mountain and other six phar-
maceutical enterprises plan to set up a joint procurement
platform to introduce agents and strategic products for
each member enterprise and reduce enterprises’ purchasing
costs. The General Motors and Peugeot Citroen Group
(PSA Peugeot Citroen Group) announced a global pur-
chasing company with estimated annual savings of two
billion dollars through joint procurement of raw materials
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and standardized components'''. In 2019, the Beijing,
Tianjin and Hebei Medical Insurance Bureau jointly issued
Beijing-Tianjin-Hebei
with the procurement work opinion, which is expected to
be included in the pilot scope of medical consumables va-
rieties, and the reduction of price was more than 50% .

medical consumables combined

Due to the inconsistency of lead time and replenishment
cycle, the same product has the same replenishment cycle
when the enterprise carries out joint replenishment. The
fixed cost of replenishment is shared among the enterpri-
ses. Therefore, it is necessary to minimize the cost of
joint replenishment per unit time and solve the cost allo-
cation problem.

The research on joint replenishment has been mainly
devoted to optimizing total costs and searching for the re-
plenishment cycle of the cooperative alliance. Joint re-
plenishment can be defined as reducing procurement costs
by coordinating orders for multiple products to achieve

31 It can also be defined as retailers

economies of scale
placing joint orders with one supplier to reduce purchase
prices and save ordering costs'*'. Therefore, joint replen-
ishment is regarded as a joint order of one or more items
to reduce replenishment costs. It includes the joint replen-

ishment of a single item'”

and the joint replenishment of
multi-items'®’ .
usually considers multiple periods in the research, and
products of all retailers are ordered together. Multi-items
joint replenishment strategies include the direct grouping
strategy and the indirect grouping strategy. The direct
grouping strategy means that products are randomly divid-

ed into the set group; the restocking cycle of the same

The joint replenishment of a single item

group of products is the same; and the replenishment cy-
cle of each group needs to be decided'”. The indirect
grouping strategy is to set a basic replenishment cycle.
The replenishment cycle of all products is the integer
times of the basic replenishment cycle, and the decision
maker needs to make decisions on the basic replenishment
cycle and each product cycle™
of replenishment costs, van Eijs et al. """ considered that
the indirect grouping strategy is better than the direct
grouping strategy.

Cost allocation is another research direction on joint re-
plenishment, and the rationality of the cost allocation
scheme will directly affect whether joint replenishment

. From the point of view

can be carried out and implemented. Meca et al. """ de-



454

Shi Xuefei and Wang Haiyan

signed the cost allocation scheme based on the cooperative
game theory for joint replenishment with deterministic de-
mand, no major setup cost, and zero lead time. Anily et
al. ! proposed a cost allocation scheme of joint replen-
ishment with deterministic demand and zero lead time.
Dror et al. ' put forward the concept of product aggrega-
tion and pointed out that the core of the corresponding co-
operative game is non-empty. Dror et al. "' further ana-
lyzed the sensitivity of the parameters of the joint replen-
ishment problem of the inseparable product set, and con-
cluded that the game’s indivisibility occurs more likely
than the concave. Ye et al. """ presented the EOQ mod-
el of joint replenishment interval value and put forward
the allocation scheme of proportion surplus allocation val-
ue. They also proposed the EOQ model of joint replen-
ishment interval-value considering shortage cost and the
cost allocation method of the variable-weight Shapley val-
ue. Chen et al.""™ constructed the linear programming
model of joint replenishment and gave the allocation
scheme of dual solution. Although some cost allocation
rules are given in the above literature, cost allocation
rules are generally not universally applied owing to some
flaws. For example, the Shapley value with the large
scale of the cooperative alliance is obtained after a long
time and it may not be in the core of the corresponding
cooperative game. Also, only by constructing a linear
programming model, can the dual solution be guaranteed
to be in the core of the cooperative game. Furthermore,
there is a limitation in the literature on the cost allocation
scheme of joint replenishment. The lead time is assumed
to be zero in those studies, which is an ideal situation but
is rare in practice. Most of the literature on joint replen-

[19-20]

ishment considers deterministic lead time or zero lead

time, and only a few papers on joint replenishment con-
sider random lead time”' ™,
makes the joint replenishment model more complex.

In recent years, some scholars have paid attention to
the joint replenishment problem with a controllable lead
time. Braglia et al. "' pointed out that how to control the
lead time and ordering cost was an important problem in
random inventory replenishment. Shortening lead time
can reduce safety inventory and improve customer serv-
ice™ #! pointed out that the lead time include

ice’™ . Tersine'
the cycle time of multiple processes, such as order pro-

since the random lead time

cessing, product processing, transportation and delivery,
which can be accelerated by investing more costs. There-
fore, the lead time, to a certain extent, can be shortened.
In other words, it is controllable. 1. 077
studied the joint replenishment problem with a controlla-
ble lead time, in which the lead time can be shortened by
crashing costs. More crashing costs of investment will

Marcello et a

lead to a shorter lead time. Those papers aim to minimize
the cooperative coalition’s cost, which means that the
joint replenishment is formed through cooperation.

To the best of our knowledge, there is no literature on the
study of the cost allocation scheme of the joint replenishment
problem with a controllable lead time. It is necessary to de-
sign corresponding allocation scheme that satisfies fairness
and feasibility. Therefore, this paper will construct a model
of the joint replenishment problem with a controllable
lead time, make decisions on the joint replenishment cy-
cle and replenishment quantity, and design the cost allo-
cation scheme for the corresponding joint replenishment.
The crashing cost function adopts the function used by
Chen et al. ™', Moreover, this paper also considers the
quantity discount™ , which is very common in the inven-
tory replenishment problem. The fixed cost independent of
the product type and the replenishment quantity are consid-
ered, and the fixed cost related to the product type and in-
dependent of the replenishment quantity is assumed to be
0. Therefore, the problem considered in this paper is actu-
ally an extension of the cost allocation problem of Meca et
al.'", and this paper considers the flexible lead time and
multi-items in the joint replenishment problem.

In this paper, first, the long-run average cost model
and the corresponding joint replenishment model of multi-
ple retailers ordering periodically under the condition of
nonlinear quantity discount and controllable lead time are
established. Then, an approximate algorithm is given to
solve the model. Finally, the cost allocation rule in the
core of the joint replenishment game is presented.

1 Problem and Model

A supplier supplies n items to m retailers located in the
same area. Let N={1,2,....,n}, M=1,2, ..., m. The
supplier provides a flexible lead time for retailers, and
charges retailers a fee for the corresponding lead time.
The fee is called the crashing cost, which is used for ex-
pediting order processing, production and shipping. Let
L, be the lead time of retailer j where je M and L, e [[,,,,
L. Lo > 1. >0. The corresponding crashing cost is
c(L) “?, 6>0. The orders of retailer j are placed togeth-
er, and retailer j makes decisions on the lead time and re-
plenishment cycle length to minimize the average total
cost per unit time cost when he/she replenishes inventory
separately. When some retailers form a coalition for joint
replenishment, they make joint decisions on the uniform
replenishment cycle length and lead time to minimize the
average total cost per unit time cost of the cooperative co-
alition, as shown in Fig. 1.

Joint replenishment not only helps retailers share the
fixed cost but also helps them obtain a greater discount
from the supplier. Assume that there is a trusted leader to
help retailers form a cooperative coalition to jointly re-
plenish inventory. To form a cooperative coalition for re-
ducing their total cost, the following two problems need
to be solved: 1) How to make decisions on the lead time
and replenishment cycle length to minimize their total cost?
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Fig. 1

and 2) How to allocate the total cost incurred by joint re-
plenishment in fairness and rationality?

The inventory replenishment model of retailer j is pro-
posed first, where j € M. Considering that the supplier
bears the transportation cost and provides the quantity dis-
count to retailers, retailer j replenishes inventory periodi-
cally in an infinite horizon. A nonlinear all-unit quantity
discount is adopted, and the price function of item i is ex-

4q;

pressed as F(gq,) =c¢, + %, where ¢, is the order

quantity and Q, is the constant, which is large enough to
be always greater than g,. To ensure that the price of item
i decreases with the increase in the order quantity and it

TC(L, T) = [A+CL)” + ¥

ieN
Then, the objective of retailer j is

min  TC,(L;, T))
Lie [y Ll . T,>0
In the above expression, the range of lead time is limit-
ed since the lead time is usually larger than O and cannot
be infinite even if there is no crashing cost. L, and 7, are
the decision variables of retailer j.
Joint replenishment without considering the consolida-

h(pL, T) )‘_'i T 0, -, T
#*_;V(Ci"'#))‘ﬁn] T.

hi(p Ly, Ty A, T

cannot be less than c,, we set O, > g, in this paper. There
is no limitation of storage capacity, and the related inven-
tory cost is assumed to be time-invariant, unit item i sto-
ring unit time in the warehouse will incur the holding cost
h,. The fixed cost A, which includes telephone charges,
delivery costs and the labor cost incurred in processing the
order, is incurred in each order. Retailer j places an order
of all items he/she wants to purchase for the supplier.
The average demand arrival rate of retailer j’s item i is A,
where A, >0 represents retailer j does not purchase item
i, and there is no more information on demand. To main-
tain a high service level, let the inventory level of item i

P LjAj[
2

be always not less than where p > 0 is predeter-

mined. The objective of retailer j is to minimize the aver-
age total cost per unit time incurred by inventory replen-
ishment.

Without considering the shortage cost, the total costs
incurred in a replenishment cycle includes the fixed cost,
the purchase cost, the crashing cost and the holding cost.
In a replenishment cycle T;, the order quantity of retailer
Jsitem iis T;A;,
i (pL ;Tf) Aji

so the average inventory level of item i
, and then the holding cost incurred in a

hipL +T)A,T,

replenishment cycle is )

Qi_

AT.
#. Therefore, the total cost incurred

The price of

item i is c; +

in a replenishment cycle is

A+C(L)™" + Y hp L, +THA; T, .
J

ieN 2
>

Q0 -A, T,
ieN (ci * #)/\ﬁ Tj

Let TC,(L;, T;) be the average total cost per unit time of
retailer j, and it can be expressed as

J

tion cost does not change their cost structure, but it re-
quires retailers to share the lead time and replenishment
cycle length. Therefore, if retailers form coalition S
where S € M to jointly replenish inventory, coalition S
makes decisions on the uniform lead time L and replen-
ishment cycle length 7,. The average cost per unit time

of coalition S is

TCy(Ly, Ts) = |A +C(Ly) -6+

jes

(>

ieN

and the minimum of the average total cost per unit time is
expressed as

Lie [ I{?}RITX>OTCS(LS’ TS) (1)

2 + 2

ieN

c. +
' w

Joint replenishment forces retailers to share the fixed cost
Qi - Z TS/\ji
Jjes

A and the price of item i reduces c¢; + W
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when z Ay > A
jes
order quantity.

» which is as expected due to a larger

2  Decision on Lead Time and Replenishment
Cycle Length of Joint Replenishment

The previous section presents the inventory replenish-
ment model of retailer j and the joint replenishment model
of coalition S. The solution method of those models will
be presented in this section.

Observing the joint replenishment model of coalition S,
SCM, it is easy to see that ) lglli{]lvaTCs(LS, T,) =

min  TC,(L;, T;) when § = {j};
Ly € [y L] s T,>0

tion method for solving the model [m[in
Lye [y lnol s Ts>0

therefore, the solu-
TCS ( LS’ TS)

can be adopted to solve the model of retailer j, i.e.,
“m]ir]l OTCJ.(L]., T,). Let Ly, Ty be the optimal lead
Lie [l Ll T;>

A+CCL)™

TCy(L, T) = ———— + ( >
T jes

N

ieN

hi(p Ly +Ty) A

time and the optimal replenishment cycle length of coali-
tion S.

2 Aji

h. 4
Lemma 1 If;( ! —]ESW) > 0, then
penmin TG Ly T5) = min TCi(Ly)

where

TCy(L,, Ty) =2

ZZ( -_; ”)(A+C(L) ) +

ieN jeS§ W
tpL Ql)
2 2&( )

A

h y Ji

Proof Since z ( - ’ESW) > 0, then we have
ieN

c, +
2 Eq

2 14

2 ZZ(h _/ezs‘/\”))\ (A+CCLp™ +

ieN jes

A+CLH™
So, when T, = , TCS(L) =
h ]z; AN
ieN jes ? - w

oo 2t
2 i Jjes
ieN jes (2 w

(h’ip Ly
jeS ieN

) A (A +C(Ly) ™" +

0,
) +Ci+W)/\ji.

hi jeS )‘ﬁ
Note that if z —"‘T > 0 does not hold, then
ieN

the optimal replenishment cycle length of coalition S tends to

dTC (L, Ty)

—<
T

0. This is because the quantity discount causes the price

be positive infinity, i.e., T, — + o since

to fall too much, which exceeds the average holding cost
of the product. The order quantity will be limited by the
storage capacity, which violates our hypothesis that there
is no limitation of storage capacity. Therefore, considering

YA,

j - ’ESW always holds in this paper. Also,

TC,( Ly, Ty) =

min
Lyellpy Il Ts>0

1[1?1111 ]TC’S(LS) always holds, and then
Lge [ L

the optimal replenishment cycle length of coalition S is 7y

A+CLH™
= : by the proof of Lemma 1.

R

DD B Y
ieN jes \ o - w

L v
z 3 ( iP + Q; ) A
jesS ieN W

Let L, be the optimal lead time of coalition S that sub-
jects to TC,(Ly ) = . r[rlnnl ]TC;(LS) where SC M, then
we have the following proposition.

Proposition 1  There is an optimal lead time 7, and it
is unique. T, decreases with the increase in the fixed cost

A and increases with the increase in W or C.
Proof

TC(L) =2

)Y Z( _; /\")/\ (A+CcLp™ +
2

ieN jeS W
Z z (M P _,_%)/\ﬁ is continuous and different-

jeS ieN 2 i
iable in [0, + o), and then
ITC (LY
oL,
A
200 22( ~_,Z; )Aﬁ
z z Ip)lﬂ _ ieN je§ 2 W +1
= a SN hpr LT JACLYT +C

jes ien

9TCL(Ly)

S + —
If T =0, then (LS)W21 /A (LS)9 +C =
Z Ai
Z 2 Ll Aji

ieN jeS W

2C6

. Furthermore, (L)"**"
Z h,.p A

jes ien

VA (Lg)’ + C increases with the increase in Lg in [0,

Ji
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. GTC’s(Ls) . .
+ o ), the solution to oL =0 is unique, and then
N
it is clear that there is a wunique solution to
I[rlnn TC'((Ly).
. . . . dTC(Ly)
Again, if there exists a solution L; to T =0,
S

then it is obvious that L, increases if C or W increases, and

L; decreases if A increases by the equation (L)"*"

ZZ(2 _;/\I)Aﬁ

2Co
ieN jeS§

w
/JACLDY! +C =
’ E,E,hip)\ji

jes ieN
. (LS*)U/ZH /A(LS\)O _+_C
Ifl,, <Ls <l we know that C
> A,
z z _ /EY
ieN jes
2 W by the proof of Proposi-
z z pA'jlhl
ieN jeS
tion 1. Then, we have /T L Yot = ﬁ,
l Z 2 p A,
ieN jes
A+ CLH™
where T = . L is non-de-
DIEAN
2 2 |\ h o= T
ieN jeS 2 W

creasing with the increase in A because 7, increases with
the increase in fixed cost A, which means that the higher
fixed cost always leads to a longer replenishment cycle
length and the shorter lead time. Also, L; is non-increasing
with the increase in W because T, is non-decreasing with

TCy(L) = TCGCL )
<

the increase in W. The quantity discount reduces if W in-
creases. In other words, the replenishment cycle length
may be reduced due to the reduced quantity discount.
Lemma 1 simplifies the objective function and Proposi-
tion 1 proves the existence and uniqueness of the optimal
lead time. Though it still cannot help us find its optimal
solution expression, it may help us search for a relatively
close approximate solution to the optimal solution more
easily. For searching for an approximate solution to meet
the precision requirement, Proposition 2 is proposed to
estimate the error caused by the approximate solution.
The percentage error is defined as the ratio of the differ-
ence between the approximation and the optimal value to
the optimal value. If L is an approximate solution to
min TC’ (L), then

Lge [l L
TC(Ly) - TC4(L;)
TCi(Ly) '
Proposition 2 If L; <L\ <L, +e&, then the percent-
age error incurred by the approximate solution L) is no
greater than &/L5.

the percentage error is

Proof AsL; <L <L +e,
TC, (L) <
h, 2
2 F o | A A+ CLT) +
555 S e
hp(CL; +&) ‘
>y (M ‘e +%))\ﬁ
jes ieN 2 !
Hence,
! :P"?/\‘
TCy (L) -TC' (L)< Y Y
jeS ieN
Then, we have
y 3 ek
jeS ieN E

TC{(L)

According to Proposition 2, the error can be estimated
by the difference between the optimal lead time and the
Then,
proposed to search the approximate optimal solution. Let
[ x] be the smallest positive integer that is not less than x
where x >0.

Algorithm 1

Input: M, N, h, A, p, A
percentage error 7).

Output: TCS(LY), L.

approximate optimal lead time. Algorithm 1 is

i o @n WL, L., and the

l lmax_lmin ’
K= L}lmj d= 0 k=0, Ly =1,
While (k<K)
If TC, (L)) >TC(!
L,=1_ +kd

+ kd) then

min

end

A, " | ;
2/;;(’;_.,-%/”))\_,7% +CCLH™) +22(thl’s +C_+Q,)/\ﬁ

k—k +1
end
Return results.
Proposition 3 The percentage error of the lead time
obtained by Algorithm 1 does not exceed 7.

Proof According to Algorithm 1, 3k’ satisfies [, +

(k' -1)d<L; <l +k'd, then we have L; <[, +k'd
<L, +d. According to Proposition 2, then

TC;(L’S‘) _’-[‘C,S‘(I‘SV)s d :lmax _lmin 1 $7}lmm$n

TCL (L) L Lo | Ly Ly
nlmin

h d _ lmax - lmin K _ lmax
where d =———, e

Therefore, the approximate solution of any specified

accuracy 7 can be obtained theoretically by Algorithm 1,
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and then we can call it an xn-approximate algorithm. Al-
gorithm 1 can search the lead time of coalition S and then
the replenishment cycle of coalition S can be obtained by

A+CaLp™
T = . As Algorithm 1 can
2 A
D - Re Y
ieN jes \ g w

solve the approximate solution with arbitrary accuracy, we
can regard it as the optimal solution.

3 Cost Allocation for Joint Replenishment

The joint replenishment model and the solution to the
joint replenishment model are presented in the above sec-
tions, but they are based on a cooperative coalition that
has been formed. Retailers can choose cooperation and
non-cooperation before an action, and retailers will not
participate in cooperation without sufficient motivation.
Generally speaking, retailers’ actions are driven by their
interest, and cost savings is the motivation for retailers to
participate in cooperation. On the other hand, retailers al-
so pay attention to the fairness of cost allocation when
choosing whether to cooperate. The cost allocation rule en-
sures that the cost savings for retailers is fair and reasona-
ble, and it will also be the motivation for retailers to par-
ticipate in the cooperation. The cost allocation in the core
of the cooperative game is a relatively fair and reasonable
allocation scheme, so the cost allocation scheme is de-
signed based on the cooperative game theory. The replen-
ishment game is a cooperative cost game"™" and the coop-
erative cost game is introduced before designing the alloca-
tion rule.

The replenishment game is a cooperative cost game. A
cooperative cost game is defined as (P, v) where P is a set
of players and v is a real-valued set function ( characteristic
function) which maps the subsets S of the set P into the set
of real numbers. v(S) expresses the total cost of coalition
S, so does v(gp).

The cooperative game’s core is an important concept in
the cooperative game theory since it is the set of solutions
satisfying efficiency, individual rationality and coalition
rationality. Efficiency means that the whole cost of the co-

A+CL)H™
pr

U

() =TC, (L, T}) =

h.
+2 3 (5

alition is allocated to just the retailers. Individual rationali-
ty is that retailers have reduced their cost after coopera-
tion. Coalition rationality is defined as a no sub-coalition
which can save more costs after departing from the grand
coalition where the grand coalition means that all retailers
participate in the joint replenishment. Let £ =(&,, &,, ...,
& ») be an allocation of cooperative game (P, v), where
| P| is the number of elements of set P. Then, we have
the following formulae if it is in the core of cooperative
game (P, v):

Y & =vip (2)

jeP

Y & < v

Jjes

SCP (3)

Since S includes the singleton set {j}, j e P, the in-
equation (3) includes individual rationality and coalition
rationality. The allocation rule £ is called the core alloca-
tion rule.

Only when the cost allocation rule is known before co-
operation, then the retailer decides whether to participate.
Improper cost allocation rules may cost retailers more than
they want, and it is an obstacle for forming the coalition.
Therefore, this section works on the design of cost alloca-
tion based on the total cost that has been incurred.

Assume that (L,, 7, ) is the optimal solution to
LEHm’n} T&>0TCS(LS, T,), then the total cost of coalition S
is known. Let (M, ¢) be the joint replenishment game
where ¢(S) = min  TC, (L, T), S €M, then we

Ly [y Ly s T >0
have following proposition.

Proposition 4 The joint replenishment game (M, ¢) is
subadditive.

Proof Subadditivity in the cooperative cost game is
defined as o ( UUV) <@(U) +¢(V), where UNV =,
and U, VEM. We will prove the inequality o( UUV) <
o(U) + ¢ (V) in the following. Let (L,,T, ), and
(L,,T,), (L,,,T,,) be the optimal solutions of

TC, (L, T,), Lvelzm{,mz;?l, - TC, (L,, T,) and

TC,uv (Lyyy, T respectively. Then,

min

min )
uuv /o
Ly U Ll Ty >0

we have

Aj

) BB e

jeU ieN

‘- A,
A+CcLH™? h. L 0
(VW =TC(L;, T}) =7 + (71_/EV )T,\+ ('p . J)A._
@ \% VLV,TV T‘j LEZIV_/EZV 2 w /52\/;\' CI+W B
A +C( LUUV h[ jeUuVAﬂ hpL 0.
oCUUW =TCp (L, T ) = m 3 (f _.7) Tiwdy + 3 Z( Plow +—’)A‘,,.
Tyov &\ 2 w & 2 W

Since U, VC M, then z Z Ay + D A So,

jeU jeU jeV

e=3 3 A,

ieN jeu

AvCcLH (n 2N
15 -

S AT

ieN jeU

. hpL; )
)T; +( Py +c.+Q’) >

2 Tw
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S YA A+CLH ﬁ_;"ﬁ
ieN jeu 2 z ,\ﬂT 2 w
ieN jeUUV

The following inequality can be obtained in the same
way.

2 A

ieN jev

(V) > TC,( L;, T; ) = TCqu ( L;uv’ T:/uv )

ji
ieN jéuuv

So, ¢ (U) + ¢ (V) > TCUUV (L:/uv» T?/uv) =
e(UUYV).

By Proposition 4, we have ¢ (UU{i}) < o (U) +
¢({i}), so there are no dummy players who have made
no contribution to the coalition because everyone in the
coalition is helpful for reducing the cost of coalition. It
implies that the more retailers take part in the coalition,
the more cost savings incurred. Therefore, we aim to en-
courage all retailers to participate in joint replenishment
for maximizing the cost savings of the joint replenish-
ment. It requires fair and reasonable allocation rules to
motivate retailers to participate in joint replenishment.

First, the allocation rule ensures that retailers’ costs are
reduced after cooperation, and all the costs incurred by
the coalition should be allocated to retailers. Secondly,
under the same rule, no smaller coalition can cost less
than that they are allocated from the grand coalition; oth-
erwise, they will leave the large coalition and form a
smaller coalition. Such a rule can be considered as fair
and reasonable, and the solution in the core of the joint
replenishment game satisfies such conditions. So, we try
to find a solution for the core of the joint replenishment
game.

Let{ =1, 45 -0

is the total cost allocated to retailer j in joint replenish-

{,, } be an allocation vector where

ment game (M, ¢).
The allocation vector { = {{,, {,, ...
.} is in the core of joint replenishment game (M, ¢)

Theorem 1

where

Z A

A+CcLH™
+

é/j — ieN -
Z 2 )‘fi Ty
jeM ieN
h, Z Aj |
%(2 ATy +%( .pM+Ci+%)Aﬁ
A+CCL
Proof  First, it has Z { = #
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So, the allocation rule satisfies efficiency. Then,
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So, the allocation ¢ = {{,, {,, ..., {,, } satisfies individual
rationality and coalition rationality.
In summary, the allocation is in the core of the joint
replenishment game (M, ¢). Proof is complete.

j 2 2 )‘ji TI;I ieN 2 W e
jem ieN
+ 2& (h’p# +c, +%)/\ﬂ. is the cost per unit time of re-

tailer j, then the total cost in a replenishment cycle is{; =
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the total holding cost incurred by retailer j’s items in a re-

plenishment cycle, so retailer j should pay

> A(A+CLO™
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)\jl_ ieN i W

jeM ieN
each joint replenishment cycle, where the fixed cost and
the crashing cost are allocated in proportion to the total
demand of the grand coalition and retailer j bears the pur-
chasing cost of his/her own products. Such a cost alloca-
tion rule is clear and easy to understand, and also more
convenient to implement.

4 Numerical Experiments

This section verifies the effectiveness of the solution
method and the cost allocation rule through some numeri-
cal experiments.

4.1 The computational time of solution

Computational time is a measure of the solution meth-
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od. Too long a computational time may render the solu-
tion method infeasible. Therefore, it is necessary to test
the computational time of different product types and their
accuracy to observe the solution method’s feasibility.
Since the method for solving the joint replenishment prob-
lem is the same as that of the replenishment model with-
out cooperation, we only do the test of the computational
time for the replenishment model without cooperation, i.
e., only one retailer. The number of items is 10, 20,
40, 80, 160, 320, 640, and the accuracy of the solution
is 0.1, 0.01, 0.001, and 0.000 1, respectively. Since
do not affect the com-

max

those parameters except /_,, and /
putational time of the algorithm, those parameters’ value
for this section can be set as follows: A =100, C =100, W
=10 000, p =1, § =2. The computational time increases
with the increase in the value [, -1 .. We set the value
.. — .. large enough so that the optimal lead time is in
[l 1], and then let I, =1,1_ = 100. Other

parameters’ values are generated randomly by the Matlab
random function. The demand arrival rate A is randomly

generated in [0, 10]; A, is randomly generated in [1,2];
and Q, are randomly generated in [5 000,5 500]. Tab. 1
shows the computational time for a different number of
items and percentage error.

The computational time is the time that it takes to search
for the approximate value. After fixing the items’ number,
retailers’ number and percentage error, each test was car-
ried out 10 times, and we took the average computational
time. Tab.1 shows that the solution time increases rapidly
with the increase in the number of items and it increases
with the decrease in the percentage error. However, it also
shows that when the number of items is 640, the percent-
age error is 0.000 1, and the solution time is about 627 s,
which means that the problems with no more than 640
kinds of items and no less than 1 x 10 ~° error can be solved
quickly. It can run faster if we narrow down the search
length of lead time since we find that the search area is rel-
atively large, and all the lead times we obtain are not grea-
ter than 5, which means that [, = 100. Therefore,
l... =10 is a more appropriate parameter value.

Tab.1 Computational time s
n
K 10 20 40 80 160 320 640
0.1 0.001 753 0.018 140 0.001 962 0.012 286 0.038 499 0.131 300 0.819 089

0.0l 0.016 000 0.025 160 0.026 632 0.051 876 0.232 853 0.813 830 5.874 229

0.001 0.044 622 0.056 003 0.146 688 0.493 920 1.529 465 7.234 998 7.234 998

0.000 1 0.393 806 0.526 896 1.189 102 3.564 062 14.260 760 71.288 220 627.673 831
4.2 The computational time of solution 400

This section mainly analyzes the impact of ordering

cost, safety inventory level and quantity discount on re- 1200
tailer cooperation income. Take five retailers and five 21000
products as an example, and the main parameters of the § 200
example are set as follows: A =100, C =100, W = %
10000,p =1, 6=2,1, =1, [, =10. O =[5 298, O 600
5148, 5062, 5194, 5408], h={1.38, 1.63, 1.36, o
1.41, 1.37}, ¢ ={7.68, 2.33, 5.87, 4.59, 8.61}.
The average demand arrival rate of five retailers are 200, 7000 2000 3000 4000 5000
{2.98, 5.34, 5.07, 2.04, 7.75}, {4.97, 5.74, 3.81, A
8.14, 1.65}, {8.99, 4.13, 0.65, 3.93, 9.12}, (a)
{5.01, 0.15, 3.59, 0.54, 3.19}, {2.77, 7.03, 2.35, 0.18r
3.75, 3.30}, respectively. We observe the trend of cost 0.16
savings and cost saving rate when parameter values 0.14
change in this section. The cost savings is the total cost £0.12
generated by non-cooperation minus the cost to be borne ébo,lo
after cooperation. The cost saving rate is the ratio of cost é 0.08
savings to the total cost generated by non-cooperation. §0.06
The higher cost saving rate leads to a better cooperation 0.04
effect. 0

First, we observe the effect of increasing fixed cost A on
the cost of retailer 1. From Fig.2, it can be observed that
the cost savings increases gradually with the increase in the
fixed cost, but the increment decreases gradually. Fig.2

0 1000 2000 3000 4000 5000
A

(b)
Fig.2 Fixed cost effect on cost of retailer 1. (a) Effect on cost
savings; (b) Effect on cost saving rate
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also shows that the cost saving rate is also increasing but
stabilizing faster. When the fixed cost exceeds 5 000, the
cost saving rate is greater than 30. It implies that the high-
er fixed cost may lead to retailers’ increased willingness to
participate in joint replenishment in the view of cost.
Then, we observe the effect of quantity discount on the
cost of retailer 1, and also observe the change of cost sav-
ing rate and cost savings. Fig.3 shows that the cost sav-
ings and the cost saving rate vary with the increase in W,
where O and W magnify or reduce the same multiple sim-
ultaneously. Then the quantity discount can be decreased

by increasing @ and W in proportion since
Qi_kz /\ji Qi_z)\ji
Q,- E _ jes < jes if
RN T T W

k >1, which means that the larger W will lead to a smal-
ler quantity discount in Fig. 3. We can conclude that the
cost savings and cost saving rate of retailer 1 decreases
with the decrease in quantity discount from Fig. 2, respec-
tively. It implies that the greater quantity discount leads to
a better cooperation effect and the increased willingness of
retailers to cooperate from the perspective of cost. The
cost savings and the saving rate stabilize because the quan-
tity discount has also stabilized when W >2 000.
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Fig.3 Quantity discount effect on cost of retailer 1. (a) Effect
on cost savings; (b) Effect on cost saving rate

Finally, we investigate the impact of safety inventory
level on the cost of retailer 1, and Fig. 4 shows the cost
savings and the cost saving rate varies with the increase in
p. It can be seen that both cost savings and cost saving rate
rise first and then fall. The cost savings is the highest

when p =1 and the cost saving rate is the highest when p =
1.5. Therefore, p =1.5 is best if retailers are more in-
clined to higher service levels, and the cost saving rate of
retailers is the highest, and the cooperation effect is the
best when p =1.
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Fig.4 Safety inventory level effect on cost of retailer 1. (a)
Effect on cost savings; (b) Effect on cost saving rate

4.3 The coalition size and number of items’ effect on
cooperation

We have proved that the joint replenishment game is
sub-additive in Section 3, which means that cooperation is
always fruitful. However, it is unknown how the coopera-
tion is affected by the coalition size and the number of
items, so the investigation of cost savings and cost savings
with different coalition sizes and the number of items is
presented in Tab.2. The demand arrival rate and the hold-
ing cost rate are generated randomly by Matlab. Other pa-
rameters are kept as formerly described in Subsection 4. 1
except for [, . Based on the experience of Subsection
4.1, let [, =10. Then, we test the cost savings and the

Tab.2 Cost savings of coalition

n

10 20 40 80 160 320

5 1326 1 845 2908 4227 50987 8 377

10 3476 4708 6061 10482 14 896 21 102

20 7477 11120 16314 16424 34092 47 418
40 17 653 24860 36439 51741 73213 102490
80 35556 51374 72632 109 090 155253 217 762
160 73 535 111334 224 737 228 323 322 886 455 834
320 153 386 221 664 326 614 464 635 659 793 944 483
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cost saving rate with the increase in the number of retail-
ers and the number of items. The cost savings is the total
cost of all retailers before cooperation minus the total cost
after cooperation. The cost saving rate is the ratio of the
cost savings to the total cost generated in non-cooperation.
The number of retailers represents the coalition size, and it
takes the value of 5, 10, 20, 40, 80, 160, 320. The num-
ber of items » in Tabs. 2,3 and 4 takes 10, 20, 40, 80,

Tab.3 Cost saving rate of coalition

n

" 10 20 40 80 160 320
5 0.2193 0.2017 0.1688 0.1278 0.0988 0.0740
10 0.2840 0.2487 0.2080 0.1578 0.1238 0.088 9
20 0.3293 0.2969 0.2297 0.2336 0.1408 0.1016
40 0.3947 0.2891 0.2575 0.2121 0.1529 0.1109
80 0.3636 0.3475 0.2512 0.2138 0.1636 0.1148
160 0.4077 0.3810 0.2221 0.2312 0.1617 0.1168
320 0.4220 0.3725 0.2628 0.2251 0.1628 0.1276

160, 320, respectively.

Observing the data of each row in Tabs.2, 3 and 4, it
can be seen that the data for each row in Tab. 2 is an up-
ward trend, which indicates that cost savings increase
with the increase in the number of items, meaning that
cooperative coalition benefit from the joint replenishment
of these products. The data in each row in Tab. 3 is decli-
ning with the increase in the number of items, which in-
dicates that the total cost savings of the cooperative coali-
tion decrease and the effect of cooperation decreases with
the increase in the number of items. When we calculate
the cost savings of retailer 1, we find that it decreases
when the items number increases from 40 to 80, which
may lead to the dissatisfaction of the retailer. Therefore,
when the number of items is greater than 40, it is recom-

mended to carry out batch replenishment.

Tab.4 Cost savings of retailer 1

n

10 20 40 80 160 320
5 83.5773 119.331 0 176.659 9 101.236 3 84.823 4 13.261 3
10 105.010 6 136.532 4 187.446 0 124.523 5 106.056 9 39.087 5
20 115.815 5 144.578 0 192.016 9 133.727 17 114.577 0 46.755 4
40 121.403 7 149.363 6 194.612 9 139.052 9 119.465 8 51.701 1
80 123.943 9 151.827 4 196.222 9 140.980 8 122.894 4 52.4923
160 125.084 0 152.911 0 196.306 1 141.679 1 124.563 3 54.905 8
320 125.732 2 153.552 9 196.363 4 142.914 7 125.322 1 55.127 3

Observing the data of each column in Tabs. 2, 3 and 4,
it can be seen that each column of data in Tab. 3 is gener-
ally on the rise as the item’s number increases, although
individual data suddenly decreases. When the item num-
ber is small, the cooperative coalition’s cost saving rate
can be maintained at a high level. The data in each col-
umn in Tab. 2 is strictly incremental, and each set of data
is more than double that of the previous data, which also
verifies the subadditivity of the joint replenishment game.
Each column of data in Tab. 4 shows an increasing trend,
but the increasing amplitude is gradually decreasing. It
shows that the cost savings of a retailer after cooperation
increases with the increase in the coalition’s size, but the
cost saving rate decreases with the increase in the
coalition’s size.

5 Conclusions

1) Considering that multiple retailers jointly replenish
inventory from one supplier where the supplier offers a
quantity discount and the flexible lead time to retailers,
the problem is modeled as the optimization of binary
functions. This paper proves that joint replenishment is
beneficial to the coalition and it reduces the coalition’s to-
tal costs. The grand coalition can achieve the most signif-
icant benefit.

2) Based on cooperative game theory, a cost allocation

rule of joint replenishment is designed to ensure that all
participating retailers can benefit from the cooperation. It
suggests the costs each retailer should bear in the joint re-
plenishment.

3) This paper presents an n-algorithm, and the percent-
age error is introduced to control the approximate solu-
tion. The approximate solution can be regarded as an op-
timal solution if the percentage error 7 is agreed by all re-
tailers who take part in the cooperation.

4) Numerical experiments show that our solution meth-
od can quickly solve the joint replenishment problem with
a large number of items. Numerical experiments also
show that it can save more costs when the fixed cost and
quantity discount are high, and retailers will have an in-
creased willingness to cooperate in view of the cost. Joint
replenishment may help retailers save more than 20% of
their cost. The numerical experiments suggest the propos-
al of a safety stock level and the number of items to be
joint ordered.
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