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Abstract: A large class of algebras (possibly nonassociative)
with group-coalgebraic structures, called quasigroup Hopf
group-coalgebras, is introduced and studied. Quasigroup Hopf
group-coalgebras provide a unifying framework for the
classical Hopf algebras and Hopf group-coalgebras as well as
Hopf quasigroups. Then, basic results similar to those in Hopf
algebras H are proved, such as anti-( co) multiplicativity of the
antipode S: H— H, and S* = id if H is commutative or
cocommutative.
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n 2000, Turaev'" introduced, for group 7, the notion
I of a modular crossed 77-category and showed that such
a category gives rise to a three-dimensional homotopy
quantum field theory with target space K(, 1). Exam-
ples of 7-categories can be constructed from the so-called
Hopf 7r-coalgebras also introduced in Ref. [1]. The no-
tion of a Hopf 7r-coalgebra generalizes that of a Hopf al-
gebra. Some mathematicians have contributed to the sub-
ject!"™
grow in some directions. More recent considerations have

. The subject of Hopf 7-coalgebras continues to

led to generalizations of the notion of Hopf #r-coalgebras.

The authors in Refs. [8 — 10] proved that, for every
Malcev algebra L, there is an algebra U(L) and a mono-
morphism ¢: L—U(L) of L into the commutator algebra U
(L) such that the image of L lies into the alternative cen-
ter of U(L), and U(L) is a universal object with respect
to such homomorphisms.

The algebra U(L), in general, is not alternative, but it
has a basis of Poincaré-Birkhoff-Witt type over L and in-
herits some good properties of universal enveloping alge-
bras of Lie algebras. If G is a smooth Moufang loop with
Malcev algebra (L, [,]) not of characteristic 2, 3, as
tangent spaces of G, then the authors in Ref.[11]

Received 2020-08-01, Revised 2020-12-20.

Biographies: Zhang Senlin (1989—), male, Ph. D. candidate; Wang
Shuanhong ( corresponding author), male, doctor, professor, shuan-
hwang@ seu. edu. cn.

Foundation items: The National Natural Science Foundation of China
(No. 11371088, 11571173, 11871144), the Natural Science Foundation
of Jiangsu Province (No. BK20171348).

Citation: Zhang Senlin, Wang Shuanhong. Fundamentals of quasigroup
Hopf group-coalgebras[ J]. Journal of Southeast University ( English Edi-
tion), 2021,37(1):114 —118. DOLI: 10.3969/j. issn. 1003 —7985.2021.
01.015.

showed that the enveloping algebra U(L) is a Moufang
Hopf quasigroup with the structure maps A: U(L) —U(L)
®U(L), e: U(L)—k defined by A(x) —»x®1 +1Xx and
e(x) =0 for all x e L extended to U(L) as algebra homo-
morphisms, and S: U(L) —U(L) defined by S(x) = —x
extended as an antialgebra homomorphism. Let G act on
U(L) by Hopf quasigroup endomorphisms induced by the
quasigroup conjugation. Let U (L)¢ = {U (L), }.coe
where the algebra U (L)  is a copy of U(L) for each a
G. Fix an identification isomorphism of algebras i : U(L)
—U(L).

For any a, 8 € G, one defines a comultiplication A e
U (L) —U (L), ®U L)y by A, ,(is(h) = 3 i (h)
® i,(h,) for any he U(L). The counit &: U (L), —k is
defined by £(i,(h)) =e(h) for he U(L). For any o e
G, the antipode S : U (L) ,—U (L) - is given by S (i,
(h)) =i,(S(Ch)). The constructions above give a so-
called quasigroup Hopf G-coalgebra in this paper.

The aim of the present paper is to establish the exist-
ence of integrals for a quasigroup Hopf 77-coalgebras.

Throughout the paper, we let 7 be a discrete group
(with neutral element 1) and & be a field (although much
of what we do is valid over any commutative ring). We
use the Sweedler notation to express the coproduct of a
Zc, ®c, ™. Weset k" =k
{0}. All algebras are supposed to be over k and unitary,
but not necessarily associative. The tensor product X) =
X, is always assumed to be over k. If U and V are k-
spaces, o, ,: URQV—V&U will denote the flip map de-
fined by o ,(u@v) =v@u.

1 Preliminaries

coalgebra C as A(c) =

1.1  Group-coalgebras

We recall from Ref. [2] that a 7r-coalgebra (over k) is
a family C={C_},_, of k-spaces endowed with a family
A={A,;: C;—~C,RC,}, ., of k-linear maps ( the co-
multiplication) and a k-linear map g: C,—k(the counit)
such that A is coassociative in the following sense that,
for any o, B,y e 7,

The coassociativity axiom

(A,,Rid:)A,, =(id. RA; DA, 4
The counit axiom
(ide ®e)A,, =ide =(e®idc)A, ,
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Note that (C,, A, |, &) is the usual coalgebra.

We extend the Sweedler notation for a comultiplication
in the following way: for any o, 8 e 7 and c e C,,, we
write

A.p(0) = 2 Chag oy € C,0C

or shortly, if we leave the summation implicit, A B( c) =
Cit.y @€ p- The coassociativity axiom gives that, for
any o,3,yem, and ce Coss
Ctaprt,0 €1, ap 2.8 €2y = €t @C2, 1.5 D2, py2. )

The element of C,QC,RC, is written as ¢, ,, ®c,
®c.,, - By iterating the procedure, we define inductive-

ly Cltiay @ RC a5 for any c e C,on

1.2 Convolution algebras

Let C=({C,}. A, &)
1,) be an (not necessarily associative) algebra with mul-

«cn, b€ a 7r-coalgebra and (A, m,
tiplication m and unit element 1,. For any fe Hom,(C,,
A) and g € Hom, ( Cﬁ, A), we define their convolution
product by

fxg= m(f@g)Aa'B e Hom,(C,,, A)

Using the coassociativity axiom and counit axiom, one
verifies that the k-space

Conv(C,A) = @Hom,(C,, A)

endowed with the convolution product * and the unit ele-
ment £1,, is a not necessarily associative 77-graded alge-
bra, called convolution algebra.

In particular, for A =k, the associative 7r-graded alge-
bra Conv(C, A) = @C, is called dual to C and is deno-

ted by C”.
1.3 Hopf quasigroups

Recall from Definition 4. 1 in Ref. [11] that a Hopf
quasigroup is a unital algebra H( possibly nonassociative)
equipped with algebra homomorphisms A: H-HXH, &:
H—k forming a coassociative coalgebra and a map S: H—
H such that

m(S@m) (ARid) = m(idQm) (idRSRXid) (AR)id) = eRid
m(m®id) (id@SRid) (id®A) =m(m@S) (idRA) = idRe

Remark 1 A Hopf quasigroup is a Hopf algebra iff its
product is associative.

2 Quasigroup Hopf Group-Coalgebras

Definition 1 A quasigroup Hopf group-coalgebra over
7 is a g-coalgebra H = ( {H}, .., A =
{A, . H,—H,®H,}, 4., ¢), endowed with a family §
={S:H —H_,} of k-linear maps ( the antipode)
such that the following conditions hold:

aeT

Axiom 1 Each (H,
ciative algebra with multiplication m_ and unit element 1
eH,.

Axiom 2 For all o,Bem, A, B and ¢ are algebra ho-
momorphisms .

Axiom 3 For all a e 7,

m,(id, @m,) (S, Qid, ®id,) (A, ,Qid,) =
e®id, =m,(id, @m,) (id, ®S, ®id,) (4, @id,)

Axiom 4 For all a e,

m,(m,®id, ) (id, @S, @id, ) (id, @A) =
id, ®e =m (m,@id, ) (id, ®id, ®S,) (id, ®A, )

In this paper, a quasigroup Hopf group-coalgebra over
7r is called a quasigroup Hopf 7r-coalgebra. We note that
the notion of a quasigroup Hopf sr-coalgebra is not self-
dual and that (H,, m;, 1, A, &, §;) is a (classical)
Hopf quasigroup. One can easily verify that a quasigroup
Hopf 7r-coalgebra is a Hopf 7r-coalgebra if and only if its
product is associative.

Definition 2 1) A quasigroup Hopf #-coalgebra H is
commutative if each m_ is commutative.

2 ) A quasigroup Hopf m-coalgebra H =
({H,},A,¢&),., i1s cocommutative if, for any o e w7,
A, =0y yA,,, i.e forany heH,, h, ,Rh,,
= h(Z.a) ®h(|,a Y

3) A quasigroup Hopf s-coalgebra
({H,},A, &),_, is the first flexible if

m_,1_) is not a necessarily asso-

H =

Sa"(h(l,a"))(gh(z,m) =(Sa"(h(1,a"))g)h(2,a)
VYaew, heH, geH,

and the second flexible if

Bt (88 (hi y)) =(hy &) S, (e o)
Vaew, heH, geH,

4) A quasigroup Hopf s-coalgebra H =
({HQ}’A’g)QETT
eH,geH,

is the first alternative if, for any a e 7, h

SaChi o) Chig 8 = (S, (b o) hiy )8

8(S i (hy o) hiy ) = (88 (hiy oy)) hy
and the second alternative if, for any aew,he H,, g
H,

a

B o (S (h o) 8) =(h oy Se(hi o)) 8
g( h(l_a) Sa"( h(z,u") )) = (gh(,m ) Sa"( h(z,u"))

5) A quasigroup Hopf s-coalgebra H =
({H,}.A, &), is called the first Moufang if, for any «
em heH, g feH,

S (i o) (8Ch, ) = (S (hy )8 B )

and the second Moufang if, for any ae w7, he H,, g, fe
H,

a
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hi o (g(Sa"(h<2.a"> )N) =((h, 8 Sa"(h<2,a"> NS

A quasigroup Hopf 7r-coalgebra H=({H, },A, &), 18

aem

said to be of finite type if, for all « € 7, H,is finite di-
mensional (over k). Note that it does not mean that @

=ty

H_ is finite-dimensional (unless H, #0, for all but a fi-
nite number of o € 7).
The antipode S = {S_},., of H is said to be bijective if

each S_ is bijective. We will later show that it is bijective
(121

aem

whenever H is of finite type

Example 1 Let (H,m, A, &,S) be a Hopf quasigroup
and the group 7r act on H by Hopf quasigroup endomor-
phisms.

1) Set H" ={H_},., where the algebra H_ is a copy of
H for each a € w. Fix an identification isomorphism of
algebras i : H—H_. For o, 3 e, one defines a comulti-
plication A _,:H, — H, ® Hy by A, (i (h)) =
z i,(h) ®iz(h,) for any h e H. The counit &: H,—k is
defined by £(i,(h)) =&(h) for he H. For any a € m,
the antipode S : H —H . is given by S (i (h)) =i (S
(h)). All the axioms of a quasigroup Hopf 7r-coalgebra

for H” follow directly from definitions. Let H™ be the
same family of algebras {H =H} with the same

aem

counit, the comultiplication Am o Hy—H, QH, and the
antipode S,: H, — H_ .. defined by Aw(iw(h)) =

Y i (B(h)) ®iy(hy) and S, (i, () =i, (a(S(h))) =
i (SCa(h)) where h e H. The axioms of a quasigroup

Hopf 7r-coalgebra for H follow from definitions. Both

H™ and H™ are extensions of H since H] = H] = H, as
Hopf quasigroups.

2) In particular, if G is a smooth Moufang loop with
Malcev algebra (L, [,]) not of characteristic 2, 3, as
tangent spaces of G, then the enveloping algebra U(L) in
Ref. [12] is a Moufang Hopf quasigroup with the struc-
ture maps A: U(L) —U(L) ®U(L), e: U(L) —k defined
by A(x) =x®1 +1X®x and &(x) =0 for all x € L extend-
ed to U(L) as algebra homomorphisms, and S: U(L) —
U(L) defined by S(x) = — x extended as an antialgebra
homomorphism. Let G act on U(L) by Hopf algebra en-
domorphisms induced by the quasigroup conjugation. The
constructions above give a quasigroup Hopf G-coalgebras

(U(L)° = (U(L),},.o and (UL)® = {U(L),},.q
where each U (L) is a copy of U(L) sitting at a € G.

Theorem 1 Let H be a quasigroup Hopf 7-coalgebra.
Then

Om, (S, ®idy)A, ., =1,6=m,(id, ®S,)A, .,
Vae.

@S (ab) =S, (b)S (a), Yaem, a,beH,.

@S (1) =1,YVaem.

DA, Sy=0y o, (S, XA, 4 Ya,Bem.

®eS, = ¢.

Proof (D is obtained by applying Axiom 3 in the def-
inition of a quasigroup Hopf 77-coalgebra to h®)1,, Ya e
m,he H,. We now show 4) as follows:
forall he H,,

Agr o Sg # Apr o (h) =mgg (A 1S ,&
AB",a")Aaﬁ,B"a"( h) = Aﬁ",a"(saﬁ( h(l,uB) ) )AB",a" :
(iopan) =g o (SypChy o) P gooy) =
Ag (o (Sygxidy (h) =e(W)Ay (1,,) =
(M) (1, ®1,)

and also, one has

A/;".a" *Oun,.m, (SQ®SB)AQ,B(/1) =
mB”@u”(Aﬁrl,u"®a-Hu‘,Hﬁ‘(Su®Sﬂ)Aa,ﬁ)Aﬁ"a".uﬁ(h’) =
hii gy Se(hi g) @hy S (s ) =hi g0 Se(hi 5) &
e(hy )1, = hUﬂ") Sﬁ(huﬁ) Y®1 - =e(h)( 13"®1u")

Furthermore, for any he H ,,

U-H",Hﬁ‘(Sa®Sﬁ)Aa,[3(h) :8(15"®1a") *O0y .5, (S,®
SHA 5(h) =(Ag 1Sy * Ay ) * 0y 4y (SRS, -
Aa,ﬁ(h) =(Saﬂ(h(l,aﬁ))(1./3")h(ZTB"))SB(h(S,ﬂ))®
(Sep(hirap) 2oy haa ) Sa(Pis 0y) =

(Saﬁ(h(l,aﬁ>)(1,ﬁ"> h(zﬁ")) Sﬁ(hw,ﬁ)) ®(Saﬁ(h(1,a,8))(27a") €
(hgs.p))) (by Axiom 4) =
(Saﬁ(h(l,aﬂ))(l,ﬁ")h(z,ﬁ"))Sﬁ(h(s.ﬁ))®Saﬁ(h(1,aﬁ))(2,a") =
g(h(z,1))(Sa/;(h(l.am)u,;;")@Saﬁ(h(l.aﬁ))(Z,a")) =
e(h(z_]))Aﬁr\yﬂaSaﬁ(h“ﬂm) =AB,‘_Q,.Saﬁ(h)

Thus, Ay Sy =0y n (S, @A, 4 Va,Bem.
To show (2), we observe that

S,(ab) =e(b, S, (ab, ) =
Salbiini.w) (b naaySalaby ) =
S"l(b(l«])(]vd))(8(a(],]))(b(],l)(z.ury))Su((a(z,a))b(z,u})) =
Sa(biiniw) ((Selag o w) (@a naaybaneay)) S
(an0bi o)) =
S (b ) ((S.(ag ) (ap Do ))S (a5 4b; ) =
Su(b(l,u>)((Su(a(l,u>)(a(z,nb(z.l))(l,m‘))sd
(Capnboyy) ow) =
Sa(b(l,u))(Sa(a(l,a))g(a(Z,l)b(Z,l))) =
Sa(b(].a))Sa(a(l.a))‘9(a(2.1))‘9(b(2.1>) =5.(b)S (a)

Thus, S, om,=m,°0o, ,°(S,®S,), Vaem, a,be
H,.

Finally, it is easy to obtain 3) and & by (.

This completes the proof.

Corollary1 Let H=({H,} A, ) be a quasigroup
Hopf 7-coalgebra with the antipode S = {S_},... Then,
S, is the unique convolution inverse of id, in the convo-

aem’

lution algebra Conv(H, H,-), for all a e 7.

Proof Theorem 1(D says that S, is a convolution in-
verse of id,, in the convolution algebra Conv(H, H,.),
for all a e 7.

Fix a e w. Let T, be a right convolution inverse of
id, in the convolution algebra Conv(H, H,.). For all h
eH,
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S,(h) =S, *(id, *T)(h) =
Sa(h(l,a))(idH,, * Toc)(h(l,l)) =
SaChi o) (hi (o T,(his ) =&Chy )T, (R o)) =
T (eChy ) hgy ) =T,(h)

andso T, =S,.

Fix o« e 7r. Let T, now be a left convolution inverse of
id,, in the convolution algebra Conv(H, H,.). For all h
e H,, similarly we have,

S.(h) =(T, xid, ) * S, (h) =
(T, xidy )(hi 1) S, (h ) =
(Ta(hu,a))h(z,u"))Su(h(3,u)) :Ta(hu.u))é‘(h(z,l)) =
Tu(h(l,u)g(h(z.l))) =T,(h)

and thus, 7, =S,. Therefore, S, is the unique convolu-
tion inverse of id, in the convolution algebra Conv(H,
H, ), for all « e w. This completes the proof.

Corollary 2 Let H be a quasigroup Hopf 77-coalgebra
with the antipode S = {S,},.,. Then, A;. .S, is the
unique convolution inverse of A,. . in the convolution
algebra Conv(H, H; ®H, ), for all a,B e 7.

Proof One can see directly from the proof of Theo-
rem 1(4) that A, S, is a convolution inverse of A, -
in the convolution algebra Conv( H, HB,.®HQ,‘), for all
oa,Bem. Fix a,Bem. Let T, .. be a right convolution
inverse of AB,.J‘ in the convolution algebra Conv( H, Hﬁ,‘
®H, ).

We write T, ,«(h): =T,.(h) , ®T, (h),. Forall he

H ,, we have

B>
Ay Sg(h) =Ag S5 (Mg Ty ) () =
(Sg(h(z,ﬁ))®Sa(h(1,a)))((h(3,ﬁ") ®h(4,u"))T o
(h(s,qg))) :(Sﬁ(h(Z_ﬁ))®

Su(h(l,w))((h(lﬁ’» ®h<4,a"))(TB"(h(5,w>)l®

T, (s o)) = SpChe ) Uiy Ty (his ) ) ®
SoChi o) Chey oy Tm‘(h(s,uﬁ))z) =

e )Ty (B o) @S, Chiy o) (h oy T (B ) )
(by Axiom 3) =

Tﬁ"(h(s.ag))1®Sa(h(1.a>)(h(2.a") Ta"(hm.aﬁ))z) =
Tyi(hiyop) 1 ®&Ch )T (B op) s =

e(hy ) Ty (R op) =Ty ()

which implies that A, S, =T, . Fix a,Bem. Let

T, . be a left convolution inverse of A, -

volution algebra Conv(H, H,-®H,-). In a similar man-

in the con-

ner, we can deduce by Axiom 4 that A, Sz, =T, -
A, S, 1s thus the unique convolution inverse of A, -
in the convolution algebra Conv(H, H,- ®H, ), for all
a, B e ar. This completes the proof.

Corollary 3 According to Theorem 1), each quasi-
group Hopf 7r-coalgebra is both the first alternative and
the second alternative.

Corollary 4 Let H={H_}
m-coalgebra. Then, {a e | H,#0} is a subgroup of 7.

be a quasigroup Hopf

aem

Proof Set G={aenw!H, #0}. Since £(1,) =1,#
0, we first have 1, #0,1i.e. H #0, and so 1 € G. Then,
let «, 8 G. Using Axiom 2, one can also see that Aa,B
(1,5 =1,®1,7#0. Then, 1,50 and so o € G. Final-
ly, let « € G. By Theorem 1®), S .(1,.) =1, #0.
Thus, 1_..#0 and hence, o' e G. This completes the
proof.

Theorem 2 Let H be a quasigroup Hopf 7r-coalgebra.
Then, for any aemw, S,.5, = idHu if H is commutative or
cocommutative.

Proof For any aew. Let he H, If His commuta-
tive, we have

S8.(h) =SS (h, ,e(h,,)) =
S SuChiy o) (S Chiy () hs o) =
St (Sl 1.0 (S Chiy paan) haw) =
S (S (hi ) o) (Sy () (1w hiow) =
(RS (hi ) 1.w) S (S0 (hay) aay) =
e(S,(hy ) ) hy o =e(hy))hy, =h

It follows that S .S, =id,, .
If H is cocommutative, we find that

SuSe(h) =848, (hy yelhy ) =
S8, (hy o)elhy,) =
SaSa(hy ) (S Chiy o) s o) =
St (Se(hi 1y1,0)) (S Chy ey o) =
Sa (S Chi ) ) (81 () o P w) =
S (S Chi ) a) (81 () 0wl w) =
e(S,(hy ) hoy =eChyy)hg o =h

)

It also follows that S,.S, =id, .
proof.

This completes the
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