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Abstract: To achieve sparse sampling on a coded ultrasonic
signal, the finite rate of innovation ( FRI) sparse sampling
technique is proposed on a binary frequency-coded ( BFC)
ultrasonic signal. A framework of FRI-based sparse sampling
for an ultrasonic signal pulse is presented. Differences between
the pulse and the coded ultrasonic signal are analyzed, and a
response mathematical model of the coded ultrasonic signal is
established. A time-domain transform algorithm, called the
high-order moment method, is applied to obtain a pulse stream
signal to assist BFC ultrasonic signal sparse sampling. A
sampling of the output signal with a uniform interval is then
performed after modulating the pulse stream signal by a
sampling kernel. FRI-based sparse sampling is performed
using a self-made circuit on an aluminum alloy sample.
Experimental results show that the sampling rate reduces to
0.5 MHz, which is at least 12. 8§ MHz in the Nyquist sampling
mode. The echo peak amplitude and the time of flight are
estimated from the sparse sampling data with maximum errors
of 9. 324% and 0. 031%, respectively. This research can
provide a theoretical basis and practical application reference
for reducing the sampling rate and data volume in coded
ultrasonic testing.
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Itrasonic waves are generally generated using a sin-
U gle-pulse excitation technique with existing ultrason-
ic testing equipment, and their peak acoustic power is di-
rectly determined using the pulse amplitude. Even if the
emission voltage increases to its upper limit, the average
acoustic power is low, which results in a low signal-to-
noise ratio (SNR) of the echo signal. A coded excitation
method can effectively solve this problem. The duration
of a continuous coding sequence is longer than that of a
single pulse in the time domain. Thus, the average sound
power and echo SNR are effectively improved without in-
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creasing the emission voltage Most common ultra-
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sonic coded forms include the M-sequence pseudo-random

coding'’, Huffman sequence'*’, Barker code'”’, Golay

6
code'”,

. 7
tion"”" .

Unlike the traditional Nyquist sampling, the finite rate

and linear and nonlinear frequency modula-

of innovation ( FRI) sampling theory was first proposed
by Vetterli et al. ™™ in 2002. However, this theory is just
for FRI signals, which can be represented by finite de-
grees of freedom, and the degree of freedom per unit time
is called the rate of innovation (ROI). According to the
FRI sampling theory, sparse sampling data are obtained
by uniform space sampling of the signal that is processed
using a properly designed sampling kernel whose sam-
pling frequency is much lower than that of a traditional
sampling technique. Using this method, the A/D sam-
pling rate can be greatly reduced and the key parameters
of a signal, such as the echo amplitude and time of
flight, can be accurately estimated from the sparse sam-
pling data. Therefore, the sampling technique can be ap-
plied to cases that require a great reduction of a large
amount of sampling data' . Until now, the FRI sampling
theory has been applied to fields of super-wideband com-
GPS,
and industrial ultrasonic testing

munication, radar, medical ultrasonic imaging,

[10-12]

The FRI sampling theory was originally proposed for
four typical FRI signals, namely the Dirac stream signal,
differential Dirac stream signal, non-uniform spline, and
piecewise polynomial signal™. In subsequent research,
the piecewise sinusoidal signal''”’ and a pulse signal of
(141

known shape' ™ were incorporated into the types of sig-
nals that can be FRI-sampled.

The ultrasonic signal in the form of a single-pulse exci-
tation can be transformed into a pulse stream signal to sat-
isfy FRI sampling requirements. Tur et al. "' introduced
the FRI sampling method to the medical ultrasonic ima-
ging field in 2011. Peng' first applied this method to
the field of pipeline flaw ultrasonic array testing in 2015.
Since the coded ultrasonic signal does not satisfy FRI
sampling requirements, it cannot be directly FRI-sam-
pled. To solve this problem, this paper proposes a novel
signal transformation technique to obtain a pulse stream of
the coded ultrasonic signal to satisfy FRI sparse sampling
conditions. Meanwhile, a circuit has been designed to

perform the proposed method.



28

Song Shoupeng, Chen Yiqian, Xu Baowen, and Qiu Yue

1 FRI Sparse Sampling of a Pulse-Excited Ul-
trasonic Signal

The mathematical model of a pulse-excited ultrasonic
signal can be expressed as a Gaussian modulated signal

16
and expressed as''®

s(r) = z Ble_(t_t’):/afcos(z'ﬁfo(t —-1) +¢) (D)

where L is the number of echoes in one signal; B, is the
amplitude coefficient of the echo; «, is the pulse width
factor of the echo; ¢, is the time of flight of the echo; f; is
the center frequency of the ultrasonic transducer; and ¢, is
the initial phase.

The Gaussian pulse envelope g(f) can be extracted as

g(l) — Z Ble—(t—r,)z/ou2 (2)

We define g(t) as the ultrasonic pulse stream, which
can be determined by finite degrees of freedom {3, t,},_,
if the pulse width factor «, of the Gaussian envelope is

FRI
{4 i t
s(f) | Ultrasonic pulse g0 sampling
stream forming el

prior known. Therefore, g (¢) can be sparse-sampled
using the FRI-based method.

Suppose the time duration of the ultrasonic echo signal
is 7, the ROI of the pulse stream can then be calculated

as follows™:

ROI = 2L (3)
T

Fig. 1 shows the FRI sparse sampling framework of a
pulse-excited ultrasonic signal. First, the reflected ultra-
sonic signal s(7) from the test object is transformed into
an ultrasonic pulse stream signal g(#). Then, g(t) is pro-
cessed using the FRI sampling kernel to obtain the output
signal y(¢). The sparse sampling data y[n] are then ob-
tained by sampling y(¢) with uniform intervals at a low
sampling rate, which is not lower than ROI. Finally, the
estimated signal g( ¢) is obtained by parameter estimation
and estimation algorithms, such as the annihilating filter
method'™, matrix pencil method'"”", and singular value

decomposition method"® .

Parameter &)

240 7\* bl estimation and |——»

t=nT reconstruction

Fig.1 Framework of FRI sparse sampling for a pulse-excited ultrasonic signal

2 FRI Sparse Sampling Framework of a Coded
Ultrasonic Signal

2.1 Mathematical model of a binary frequency-co-
ded ultrasonic signal

A coded ultrasonic signal is applied to improve the av-
erage sound power and echo SNR. This is more conven-
ient for frequency selection and debugging. Therefore, it
was selected as the coding increasing the emission volt-
age. Moreover, a frequency coding form can impart a-
bundant frequency information to an ultrasonic detection
signal, which can improve the frequency sensitivity of
the ultrasonic detection signal to different sizes and types
of defects, thereby improving the defect detection rate.

The binary frequency-coded (BFC) signal c(¢) is ex-
pressed as

e(f) = [%bklEG(—kl ) -

M =

o~
I
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m=1

where K is the total length of the coded excitation signal,
KeZ"; G(t-kr) is a rectangular window function with

0
length 7; b, = {1, i=1,2, and b, b, =0, w,(i=1,2) is

the fundamental frequency of a trigonometric function;
M is the harmonic order, M eZ"; and E is a constant.
Let us assume that the response function of an ultra-

. . 12
sonic transducer is as follows''”:

h(1) =Be " cos(wyt + ) (5)

where B is the amplitude coefficient; ¢ = 1/y”; vy is the
pulse width coefficient; w, is the center frequency of the
ultrasonic transducer; and ¢ is the initial phase.

Then, the response of the coded signal c(¢) through
the ultrasonic transducer is as follows:

x(1) = F'[X(w)] = F'[C(o)H(w)] =

EBe™ [ 2 b, G(t —k, 7))cos(w,t +¢) +
Y, b, G(t =k, 7)) cos(w,t + ) ] (6)

where F~'[-] denotes the inverse Fourier transform;
X(w), C(w), and H(w) are the Fourier transforms of
x(t), c(t), and h(t), respectively.

X b, E -
Clw) = ¥ " *sa[ (020 T

ZK‘ M&Z[(w _;’z) 7'2] (7)

k=1 ™
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1 oo
H(w) = 5/mpy e (8)

Figs. 2(a) and (b) illustrate four-bit BFC excitation
signals. The frequencies of low- and high-frequency
code elements are 3.2 and 6.4 MHz, respectively. Figs.
2(c) and (d) illustrate the coded ultrasonic echo signals
reflected from the flat bottom aluminum alloy sample.
The center frequency of the ultrasonic transducer is
5 MHz with a bandwidth of 4 MHz. Fig. 2 indicates that
this type of signal has a longer oscillation and a more
complicated waveform than a pulse-excited ultrasonic
signal.
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Fig.2 Binary frequency-coded excitation signals and ultrason-
ic echo signals. (a) Coded excitation signal 0010; (b) Coded excita-

tion signal 0101; (c) Coded ultrasonic echo signal 0010; (d) Coded
ultrasonic echo signal 0101

The coded ultrasonic echo is more complex than the
pulse ultrasonic pulse in a waveform, which needs more
parameters to determine it. Thus, it does not satisfy the
FRI-based sparse sampling conditions for ultrasonic pulse

echo; that is to say it cannot be determined by two de-
grees of freedom {B, t,}_,. Therefore, it cannot be
FRI-based sparse sampling directly. Considering that the
primary information of the coded ultrasonic echo is also
the amplitude coefficient and the time of flight, if we
can find a way to express the coded ultrasonic echo using
these two parameters, the FRI-based sparse sampling
method would then be applied to it.

2.2 High-order moment of coded ultrasonic and FRI
sampling
Let us assume that the coded echo signal x, (¢) reflec-

ted from the bottom of the test sample is as follows:
x. (1) =p'x(1) (9)

The pulse compression signal x, (#,) by extracting the
second-order moment of the coded echo signal can then
be obtained as follows:

x, (1) =ITLI£1[1*TJ%+x,(t) x,(:-to)dt] =
(EBB)’ [cos(mlto)kz: b, G(t —k7,) -
G(t -ty k7)) + cos(wzto)kzlil b, G(t -
k) Gt =1, —kr) | 27; (10)

where 8’ is the reflection attenuation coefficient and ¢, is
the amount of delay processing for one of the echo sig-
nals.

To improve the SNR and time resolution of the coded
ultrasonic signal, a pulse compression'

generally performed on its echo signal using a matching
dlzo—zzj

“I' technique is
filtering metho , which is a second-order moment
method.

According to the Wiener-Khintchine theorem the
autocorrelation function of a coded ultrasonic echo signal
is the inverse Fourier transform of its power spectrum
function, and the peak point of the matched filter output
signal appears at t = ¢,, with its amplitude equal to the

(EBB')’ =
2

— of the coded ultrasonic ech-
c

[23]
5

energy value P =

o signal x, (t). Clearly, the peak point amplitude is in-
dependent of the waveform of x, (), which is only relat-
ed to its energy value P; i.e., the matched filter can
concentrate the energy of a coded ultrasonic echo signal
on the peak of its output signal, which can improve the
average sound power of the signal.

Figs. 3(a) and (b) present the second-order moment
waveforms of Figs. 2(c) and (d), respectively. The
sidelobe level of the signal that was compressed using the
matched filter is still high, because it is difficult to ob-
tain the signal ROI and the accurate parameters of the co-
ded ultrasonic echo signal. To suppress the sidelobes and
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Fig.3 Second-order moment of the coded ultrasonic signal.
(a) Coded ultrasonic echo signal 0010; (b) Coded ultrasonic echo sig-
nal 0101

highlight the mainlobe, a mismatched filter is construc-
ted by adding a window function in the matched fil-
ter'™™': however, this method increases the mainlobe
width and decreases the mainlobe amplitude.

To overcome the shortcomings of the second-order
moment method, a high-order moment x,, (#,) of coded
ultrasonic echo signals is introduced, which can be ex-

pressed as

xy(t) = [x,(t)]1™ nelt (11)

If the mainlobe amplitude P, = 1 and the sidelobe am-
plitude P, <1, the mainlobe amplitude of a high-order
moment x, (f,) is then maintained or increased and each
sidelobe is attenuated. The higher the order 2n, the grea-
If both the mainlobe and sidelobe
amplitudes P,; <1 and P, <1, the amplitudes of the ma-

ter the attenuation.

inlobe and sidelobe of the high-order moment x, () are
attenuated. As the mainlobe concentrates the main ener-
gy of the second-order moment, assuming that the mini-
mum ratio of mainlobe to sidelobe amplitudes is AP =
P,/P,, the attenuation gradient of the sidelobe is then
larger than that of the mainlobe. This has the same effect
of enhancing the mainlobe and suppressing the sidelobe.

Fig. 4 shows the high-order moment of the BFC ultra-
sonic echo signal 0010. The higher the order, the larger
the ratio AP of the mainlobe and sidelobe amplitudes,
i. e., the mainlobe is being enhanced. Clearly, the high-
order moment signal x, (#,) can be characterized by
using two finite information degrees of freedom, namely
the peak amplitude and the peak arrival time of the main-
lobe, {P,, t,,}_,,» which correspond to the echo signal
amplitude and the time of flight, respectively. Mean-
while, the processed signal satisfies the characteristics of
an FRI signal, so it can be sparse-sampled based on FRI.
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Fig.4 High-order moment of a coded ultrasonic signal. (a)

Second-order moment; (b) Fourth-order moment; (c¢) Eighth-order
moment; (d) Twelfth-order moment

The amplitude ratio AP increases greatly for higher or-
der moments x,, (f,). Therefore, the SNR of the coded
ultrasonic echo signal will be greatly improved with
higher order moment processing. The amplitude P, and
time of flight ., can represent the signal x,,(#,). Accord-
ing to the high-order moment conversion process, these
two parameters {P,,, t,,};_, of the high-order moment
signal x,(#,) can be estimated from the {P,, 1,}/_, of the
coded ultrasonic echo signal x, (¢) as follows:

N (Eg 3/)2 2n
Pu =P = | 2 %]
(12)

el

2

t, +1
by =t +t, = —F7—

+1,

where 2n is the order of the high-order moment; ¢ is
the oscillation start time of the coded ultrasonic echo
signal; ¢, is the oscillation end time of the coded ultra-
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sonic echo signal; and ¢, is the time delay of the pro-
cessing system.

2.3 FRI sampling method of the coded ultrasonic

echo signal

The FRI sampling process of the coded ultrasonic echo
signal can be summarized as follows:

1) Generating the coded excitation signal c( t) accord-
ing to coding rules;

2) Driving the ultrasonic transducer by power amplifi-
cation to generate the coded ultrasonic detection signal

x(1);

3) Obtaining the reflected echo x, (¢) from the test ob-
ject;

4) Obtaining the high-order moment signal x, (¢,)
from the echo signal x, ();

5) Performing FRI sparse sampling on x, (f,) to ob-
tain sparse sampling data y[ n];

6) Estimating the peak amplitude and time of flight
{P,, ty}_, of x,(t,) using the annihilating filter method;

7) Estimating the parameters of the amplitude and time
of flight {P,, t,},_, of the coded ultrasonic echo signal.

Fig. 5 presents the framework of FRI sparse sampling
for the coded ultrasonic echo signal.

x(1)
;' ______________________ R 1
! i
|| Code |0 | Unirasonic [%()_ | Maicheq | (%) | Higher order |xi(h) | | FRI - |y{n] | Parameter |(Py. ty}
!| generation transducer filter UEY UL ] sampling estmation
! convert !
i E
1

Coded ultrasonic signals pulse stream construction

Fig.5 FRI sparse sampling framework of the coded ultrasonic signal

3 Circuit Design of the Sparse Sampling Frame-
work

To verify the effectiveness and performance of the pro-
posed method, a circuit has been designed. Fig. 6 shows
the circuit block diagram.

The circuit includes a code generation module, echo-
receiving module, matched filter module, high-order
moment convert module, and FRI sampling kernel circuit
model. The coded excitation signal is generated using the
code generation module for exciting the ultrasonic trans-

ducer, and the coded ultrasonic echo signal is pre-ampli-
fied and bandpass-denoised using the echo-receiving
module. The second-order moment of the echo signal is
then extracted using the matched filter module. The
high-order moment of the echo signal is further trans-
formed using the high-order moment convert module to
generate the ultrasonic pulse stream with its output signal
amplified again by a post-amplifier. Finally, the FRI
sampling kernel is applied for subsequent data sampling
with a uniform interval at a low sampling rate.

i |

i ] Coded ultrasonic signals pulse E

i Ultrasonic stream construction circuit |

! transducer | [ (| !

i I/,—Code generation module R ) [ N 4 :IEChO receiving module} i

[ I 1 ! i

b Ultrasonic | ! ' i
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! [ [ !
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i ,oTTTTTTTTI T ~ pmTTTTImommoooooooooooooo =Y i
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i | o convert module ' | [ eSS }
e Ny Lo ! ! FRI sampling!
! ! I -E ﬂ X E AME : ! kernel circuiti
N Multiplier _/\_ Multiplier Multiplier 7 P
j 1

i 1

Fig.6 Circuit block diagram of FRI sparse sampling of the coded ultrasonic signal

Code generation module: An FPGA is used as the
control chip to generate a BFC signal c(¢); the frequen-
cy of the low-frequency code element “0” is set to
3.2 MHz, the frequency of the high-frequency code ele-
ment “1” is set to 6.4 MHz, and the code length is set to
4 bit; i. e., there are 2* coding forms from 0000 to
1111. The ultrasonic excitation chip is used to amplify

the BFC signal into a high-energy-coded excitation signal
with an amplitude of + 60 V, exciting the ultrasonic
transducer to generate a coded ultrasonic signal.
Echo-receiving module: The preamplifier circuit con-
sists of the operational amplifier, which is used for im-
pedance matching and preamplification of the coded ul-
trasonic echo signal x (¢). Preamplification aims to ad-
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just the amplitude of the coded ultrasonic signal in a
proper range to fit subsequent signal processing. The
second-order Butterworth bandpass filter circuit consists
of the operational amplifier. The central frequency of the
passband is set to 5 MHz, the bandwidth is set to 4 MHz
with the passband attenuation set to — 3 dB, and the
stopband attenuation is set to —40 dB.

Matched filter module: This module divides the echo
signal into two signals and delays one of them. The de-
lay circuit consists of a second-order Bessel lowpass filter
implemented with the passband cutoff frequency set to 10
MHz, passband attenuation set to —3 dB, and the stop-
band attenuation set to — 40 dB. Because of the large
group delay of the Bessel filter, the echo signal can be
delayed by hundreds of nanoseconds. The two signals are
connected to the four-quadrant multiplier, and the output
of the multiplier is connected to an implemented integral
circuit. The second-order moment of the coded ultrasonic
signal x, (¢t,) is then obtained.

High-order moment conversion module: The second-
order moment x,, (¢) is connected to the four-quadrant
multiplier for multiplication, and the result of the multi-
plication is its high-order moment. More multipliers are
required for higher orders. The high-order moment of a
coded ultrasonic echo signal is finally constructed into an
ultrasonic pulse stream signal x,, (#,) by gain adjustment.

Part of the FRI sampling kernel hardware circuit is

Coded excitation module

FRI sampling kernel
circuit module

implemented using a Chebyshev lowpass filter to form a
Fourier series coefficient screening circuit for approxi-
mation, which then directly samples it using the FRI
sparse sampling circuit. According to the characteristics
of the input signal and results of the subsequent parame-
ter estimation algorithm, the conditions for a sampling
kernel to be satisfied are determined. After the input
signal passes through the FRI sampling kernel circuit,
sparse sampling can be performed on it at its ROI, and
the major parameters can be estimated using the sparse-
sampled data through the parameter estimation algo-
rithm.

4 Experimental Results and Analysis

An experimental platform was established to verify the
effectiveness of the proposed method for pulse stream
forming and FRI sampling, as shown in Fig. 7. In the
experiments, a 4-bit BFC ultrasonic detection signal was
adopted, and a test signal was applied to an aluminum
alloy sample to obtain the flat bottom echo. The high-or-
der moment of the coded ultrasonic echo signal was then
obtained using the pulse stream construction circuit. The
ultrasonic pulse stream signal was processed using the
FRI sampling kernel circuit to obtain the FRI sampling
kernel output signal. Finally, the signal was sparse-sam-
pled at a low sampling rate with uniform intervals to ob-
tain the sparse sampling data.

Osciloscope

Ultrasonic transducer
Sample

Coded ultrasonic signals
pulse stream construction module

Fig.7 Experimental platform

In the experiment, a T/R immersion normal ultrasonic
transducer with a central frequency of 5 MHz and band-
width of 4 MHz was used. Water was used as a coupling
medium. The thickness of the aluminum alloy sample
was 20 mm, the frequency of the low-frequency code el-
ement “0” was set to 3.2 MHz, the frequency of the
high-frequency code element “1” was set to 6.4 MHz,
and the code length was set to 4 bit.

Using the coded ultrasonic signal 0010 and 0101 as ex-
amples, Figs. 8 (a) and (b) show the initial pulse and
bottom echo of the coded ultrasonic signals 0010 and
0101. Figs. 8 (c) and (d) show the pulse stream, FRI
sampling kernel output, and FRI sampling points of the
two coded signals, respectively. Figs. 8 (e) and (f)
present a comparison of the pulse stream and the esti-
mated signal with the parameters estimated using the FRI

sparse sampling data,
Nyquist-Shannon sampling theorem, the A/D sampling
rate of the coded ultrasonic detection signal needs to be
no less than 12. 8 MHz. In the experiment, the number
of pulse echoes is L, =2, the signal duration is 7, =
8 s, and the local maximum innovation rate of the ul-
trasonic pulse stream is ROI, =2L,/7, =0.5 x 10°, that
is only 4% of the conventional sampling frequency. The
high-order moment in this experiment was the twelfth
one. Clearly, the mainlobe amplitude of the coded ultra-
sonic echo signal was greatly increased and the sidelobe
amplitude was greatly attenuated. An annihilating filter
algorithm was used to estimate the signal peak amplitude

respectively. According to the

and time of flight of the pulse stream using the sparse-
sampled data.
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Fig.8 Experimental results of two coded ultrasonic signals 0010 and 0101. (a) Initial pulse and bottom echo of the coded ultrasonic signal
0010; (b) Initial pulse and bottom echo of coded ultrasonic signal 0101; (c) Pulse stream and sampling kernel output of the coded ultrasonic signal
0010; (d) Pulse stream and sampling kernel output of the coded ultrasonic signal 0101; (e) Estimated result of the coded ultrasonic signal 0010;

(f) Estimated result of the coded ultrasonic signal 0101

Fig. 9 shows the amplitude and time parameter esti-
mation errors of the 2* binary frequency coding forms.
The high-order moment is twelfth. P, and t,, are actual
values; P}, and t',, are estimated values. Both of them
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Fig.9 Parameter estimation error. (a) Amplitude parameter;
(b) Time parameter

were obtained by averaging 10 data samples. The for-
mula of the estimation error is expressed as

P, -P
AP, = 7‘ il n x 100%
PHI
th, —t
Aty = M % 100 %

HI

The converted pulse stream signal could be FRI
sparse-sampled, and the amplitude and time of flight
of the high-order moment signal could be accurately
estimated using the sparse-sampled data. The maxi-
mum error of the amplitude was 9. 324% . This may
be due to the saturation phenomenon when the ampli-
tude of the ultrasonic pulse stream signal exceeds the
rated value of analog devices. The maximum error of
the time of flight was 0.031% . The FRI sparse sam-
pling frequency was performed at the local maximum
innovation rate of the high-order moment pulse stream
signal, which was 0.5 MHz. Therefore, the sparse
sampling rate was considerably lower than that using
the conventional Nyquist sampling method, and the
amount of sampling data was considerably reduced.

At the same time, the echo pulse amplitude of the
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original coded ultrasonic signal is compared with the
echo pulse amplitude of the high-order moment pulse
stream. If there are multiple echoes in one detection,
the minimum amplitude value is taken, as shown in
Fig. 10. When the noise level is constant, extracting
the high-order moment pulse stream can improve the
SNR by increasing the echo amplitude of the detection
signal.

1.15

1.10

E 105 —— High-order moment echo amplitude

£ 1.00F —#- Original echo amplitude

E 0.95F * X AT *- - %
090 “* R ¥
0.85 1 1 * ) 1 1 1 1 ¥

0001 0011 0101 0111 1001 1011 1101 1111
Coding form

Fig. 10 Comparison of echo amplitudes

5 Conclusions

1) In response to the problem of coded ultrasonic
this study proposed a novel
framework by converting the coded ultrasonic echo in-

FRI sparse sampling,

to a pulse stream to satisfy the requirements of FRI
sparse sampling.

2) A circuit has been designed to implement the
proposed framework using a high-order-moment-based
converting method of twelfth to convert the signal.

3) Experiments have been performed on an alumi-
num alloy sample using a binary frequency-coded ul-
trasonic signal with an encoding length of 4. Experi-
mental results show that the coded ultrasonic signal
can be FRI sparse-sampled using a high-order-mo-
ment-based converting method, and the amplitude and
the time of flight of the echo signal can be estimated
using the sparse-sampled data with maximum errors of
9.324% and 0.031% , respectively.

4) The sparse sampling rate was 0. 5 MHz in the
experiments,
conventional Nyquist sampling rate of at least 12. 8
MHz.

which is considerably lower than the
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