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Abstract: Path prediction of flexible needles based on the
Fokker-Planck equation and disjunctive Kriging model is
proposed to improve accuracy and consider the nonlinearity
and anisotropy of soft tissues. The stochastic differential
equation is developed into the Fokker-Planck equation with
Gaussian noise, and the position and orientation probability
density function of flexible needles are then optimized by the
The probability density
function obtains the mean and covariance of flexible needle

stochastic  differential equation.

movement and helps plan puncture paths by combining with
the probabilistic path algorithm. The weight coefficients of the
ordinary Kriging are extended to nonlinear functions to
and the
expansion is used to calculate nonlinear parameter values of

optimize the planned puncture path, Hermite

the disjunctive Kriging model.

simulation experiments are performed. Detailed comparison

optimization Finally,
results under different path planning maps show that the
kinematics model can plan optimal puncture paths under
clinical requirements with an error far less than 2 mm. It can
effectively optimize the path prediction model and help
improve the target rate of soft tissue puncture with flexible
needles through data analysis and processing of the mean value
and covariance parameters derived by the probability density
and disjunctive Kriging algorithms.
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Minimally invasive surgery has been substantially im-
proved through percutaneous punctures in the past
decades, and flexible needle puncture has been widely

used for biopsy, brachytherapy, seed implantation, and

(1]

anesthesia . However, performing the percutaneous

Received 2021-10-17, Revised 2022-01-11.

Biographies: Xiong Pengwen(1987—), male, doctor; Li Qian( Corre-
sponding author), female, doctor, lector, qianli@ ncu. edu. cn.
Foundation item: The National Natural Science Foundation of China
(No. 61903175, 62163024, 62163026), the Academic and Technical
Leaders Foundation of Major Disciplines of Jiangxi Province under Grant
(No. 20204BCJ23006) .

Citation: Xiong Pengwen, Zhou Xueting, Li Qian, et al. Path predic-
tion of flexible needles based on Fokker-Planck equation and disjunctive
Kriging model[ J]. Journal of Southeast University ( English Edition),
2022,38(2): 118 — 125. DOI: 10. 3969/j. issn. 1003 —7985. 2022. 02.
003.

puncture operation for some refined procedures is still dif-
ficult due to the lack of sufficient accuracy on motion
control of puncture. The accuracy requirement for general
operations is approximately at the millimeter level, while
the accuracy requirement for the needle is quite crucial
considering eye or infant surgery'” .

Many research achievements have been realized by
flexible needle movement modeling in the past years''.
Park et al. "' proposed a probability density equation to
calculate the reachable probability density of the needle
tip for the random performance of bevel-tip flexible nee-
dles during puncture. Furthermore,
ment is planned in accordance with the probability that the

the random move-

needle tip would reach the predetermined state. Alterovitz
et al. ' considered the uncertain factors caused by indi-
vidual differences between patients as well as the difficul-
ty in predicting the interaction between the needle and the
tissue and described these uncertain factors with a random
probability distribution. Zhao et al.”
dle-tissue interaction model that considers the nonlinear
and anisotropic characteristics of soft tissues. However,
the accuracy of these methods is insufficiently high due to
the assumption of linear models for complex nonlinear hu-

established a nee-

man tissues.

Many algorithms have also been proposed to plan a
suitable puncture path for flexible needles. Huo et al. '™
designed a puncture path plan based on the target particle
swarm algorithm and regarded the flexible needle path
planning problem as a multi-objective optimization prob-
lem. Arora et al. "' used the Markov decision process to
carry out robust path planning and guidance in a complex
organization as well as the needle interaction environ-
ment. Gao et al. """’ planned the puncture path of flexible
needles by using a geometric approximation method and
established a forward and inverse kinematics model of
flexible needles through D-H parameters and accessibility
conditions to pierce the target point accurately.

1 Symbols and Definitions
1.1 Needle tip coordinate system

A bevel-tip flexible needle is constructed to analyze
model parameters. The needle comprises an insertion
speed v, a rotation speed w, and a rotation angle a.
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When the flexible needle is inserted into human tissue,
the soft tissue will exert a reaction force on the oblique
surface of the needle tip, which deflects the flexible nee-
dle and facilitates its movement along a certain arc. The
bending curvature of the flexible needle is approximately
constant during the puncture movement; that is, the flexi-
ble needle moves along an arc of a fixed radius r.

As shown in Fig. 1, the D-H parameter method''” is
used to establish the forward motion model of the punc-
ture needle, and the coordinate (7, L,, L,) is used to ob-
tain the pose transformation of the needle tip relative to
the global coordinate system.

Inside the tissue

Outside the tissue

Fig. 1
process

Establishment of puncture needle model in the turning

1.2 Orthogonal set of flexible needle movement

Assume that the function f(t) considers the time of
flexible needle movement, and the vector { contains an-
gular velocity @ and linear velocity v in the fixed refer-
ence frame f(¢). The special orthogonal vector set SO(3)
represents the space rotation matrix R***, and the Euclid-
ean motion group SE(3) represents the three-dimensional
motion of a rigid body'’. SO(3) can then be expressed
as Euler angles «, B, and y by the following:

R=R,(y)R,()R,(B) (1)

R t] 2)

g:[o 1

where g e SE(3); Re SO(3);teR’; g 'g ese(3);¢ =
(g7'8)" eR".

2 Flexible Needle Error Analysis Model

2.1 Random error term

Suppose the input observation points in the experiment
are S={S,,S,,...,5,} and S, e DCR", and the corre-
sponding output response points are Z = {Z,, Z,, ..., Z, }
and Z,CR’.

The puncturing process of the needle into the soft tissue
can be regarded as quasi-static, which is discretized to es-
tablish a model of the interaction between the needle and

the soft tissue. Owing to the uncertainty of the needle in-
sertion system, a simple way to capture random phenom-
ena is to add a noise term such that the designed model
can search for a reachable workspace with probability.
The relational expression of the nonlinear function Y(S;)
under Gaussian random noise is as follows:

(1) =w,(1) +An(1) (3)
dN(t) =N(t+At) —N(t) =n(t)dt 4)

where A is the noise parameter; n(t) is Gaussian white
noise.

2.2 Fokker-Planck equation model

Lete,(i=1,2,...,6) denote the standard basis for R,
and E, is the antisymmetric matrix of e,, which is denoted
as E, =¢é,"".

can be expressed as:

The random vector X =[x, x, ... Xx]

6
g=8(x,x,, ..., x;) = exp( Zx,.E,.) (5)

Assume that a flexible needle is inserted at a constant
speed v(¢) with a rotation at an angular velocity w(¢) and
finally reaches the desired posture ( position and direc-
tion). With k as the curvature of the needle trajectory, an
incomplete stochastic differential model with noise (3)
can be established

£dt = [k, 0 w,(1) 00 v,]"dz+[00 A 000]"dN =
h(t)dt + HAN(1) (6)

The Fokker-Planck equation is the development of the
stochastic differential equation, which describes the prob-
ability density distribution function of the flexible needle
position and its orientation with time 7"

(8.1 _
ot

2

~ e D& 06801+ 2D (8. 00l =

-1 -1 -l

6

Z D,,E Ep(g,t) (7)

6 rid 1
- > hi(1) Ep(g, 1) +—
i=1 2 ij=1

-1

~—
where || D|<1. The differential formula E, represents the
Lie derivative; D, (g, 1), D,(g,t) respectively denote the
growth rate of the mean and standard deviation of the

probability distribution function.

-1

E::f(g) =di7_[f(exp( _TXi)g)]r:Ozaaig (8)

6
When g(0) =e, A = Y h(nE, and g = gA, the
i=1

formula m(f) = exp(Af) = exp (JA(T) dr) represents
0

the arc trajectory of the flexible needle, where 7 is the re-
maining time to realize the goal.
The new function F(g, t) can be described as shown
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below to obtain an approximate functional form of f(g, 1)
in Eq. (8):

p(g. 1) =F(m ' (1g,1) (9

Suppose that the initial state of flexible needle move-
ment can be expressed as p(g, |g,0) = [(g-g,), and D,
(g, 1) and D,(g,t) are respectively the growth rate of the
mean and standard deviation of the probability distribution
function, i.e., the drift and diffusion terms of the Fok-
ker-Planck equation"”

The following formulas can be obtained considering the
Brownian motion of molecular collision to calculate the
growth rate of the mean and standard deviation:

1+At

MAu + yuAt = j F(ede (10)
<Au > u M

D =li =-— == 11

(g, 1) =lim—F— Az T y (11)
1+At 1+At

D,(g, )—hmAth j FONf (1) dedr, =
%*G(O) = 2kT7 1 (12)
where M and T are the Brownian coefficients; u is the

growth rate of the mean; vy represents the particle radius;
k is medium viscosity.
The following equation can be derived from Eq. (12):
2kTy
D,(g, 1) == (13)
M
Assuming the presence of some diffusion in the model,

the Fokker-Planck equation can be approximated as a
Gaussian distribution function:

[_(g—,tl(t))2

20:(1) ] (14)

p(g, lg.t) =

1 -
V2mo (1)

As in Eq. (14), the mathematical model of the flexi-
ble needle can be obtained by the Fokker-Planck equa-
tion. This model is recorded as the probabilistic path
model, and its mean g and covariance o-z can be respec-

tively denoted as follows:
~t/r, ( 1 5)
~24/7, ) ( 1 6)

I:L(t) =8¢
oin =21 -

The probability density function p(g, t) lasts for a short
period of time t. Meanwhile, the Fourier transform,
which lasts for a long period of time,
the convolution in the time domain to the product in the
frequency domain.

is used to convert

p(g.t, +1,) =p(g, 1) *p(g.1,) (17)

2.3 Disjunctive Kriging model

Kriging is used to predict spatial modeling and the re-

gression algorithm of random processes based on the co-
variance function, and its model considers the global cer-
tainty and uncertainty in the experimental
process!'"’. This model is also widely used in prediction,

sensitivity analysis, and optimization conditions. Howev-

local

er, the ordinary Kriging method is mainly used for linear
models and ignores the uncontrollable factors, such as the
nonlinearity and anisotropy of flexible needle movements
Thus, this
method produces inevitable errors in needle movement.

in the soft tissue in puncture environments.

The innovative point aims to extend the weight coefficient
in ordinary Kriging into a nonlinear function and is used
for nonlinear estimation on the random motion field of
flexible needles. this model mainly discusses
the establishment of a prediction model based on the dis-

Therefore,

junctive Kriging method.

The deterministic response Z, € R of ordinary Krig-
ing'” for any S, e D CR" can be expressed as a sum of
F.(t) and N,(t). F,(t) describes the motion of flexible
needle tips involving position and velocity. N,(t) is the
deviation of Gaussian white noise, which can be defined

as:
Z(1) =F(1) +N(1) i=0,1,...,q (18)
Suppose that the known observation point is {Z, =
Z(S,;)}. Thus, the unknown observation point 2( S,) is a

function of each known observation point Z,, which can
be optimized as nonlinear programming.

Z(S)) = Y flZ(S)] (19)
i=1

where f, is a predetermined nonlinear function; Z( S,) is

the disjunctive Kriging estimator.

Z is assumed to be the orthogonal projection of the real
value Z in the vector space formed by f,[ Z(S,)] to solve
the function in Eq. (19).

E[Z(S,) | Z(S)] = Z[ﬁ<Z<Si>> [ 2(5)1  (20)

The sample set in this model is assumed to obey the
joint normal distribution. Among them, Z(S;) corre-
sponds to the standard normal distribution Y(S;), and the
normal deformation function is ¢; therefore, Z(S,) =y
[Y(S;)], and the equation can be obtained from Eqgs.

(19) and (20):

Z(S,) = Zf,{Y(S,)] (21)

If the function is satisfied, then
[Cwoiren(- L)y <e @)
Using the orthogonality of Hermite polynomials, ()

can be expressed as
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(y) = Zcmk(y) (23)

B 1
Co= sl pommen(- ) 2

where 7, (y) is a Hermitian polynomial; C, is a coeffi-
cient; k is an integer.

As in Egs. (20) and (21), the equation can be ob-
tained by using the k-order Hermitian polynomial to con-
vert the above equation:

Ys) = Y (25)

i=1

7L Y(S)) 1S

n N
k=0

where f, is the coefficient of determination; 7, is the k-
order Hermitian polynomial; i and k are both integers.

The following equations are obtained in accordance
with the conditions of unbiasedness and minimum vari-
ance estimated by disjunctive Kriging:

ELZ(S,) - Z(S,)] =0
} (26)

VAR[Z(S,) - Z(S,)] =min

where Z(S,) represents the true value at the observation
point S;; E is the mathematical expectation; VAR is the
variance. The following can be deduced from the above
formula:

n

; ‘ £l _
> ol ¥S)1 i) - T}_O (27)

i=0

where i, is the correlation coefficient between Y(S§,) and
Y(s,).

Therefore, the relationship between the undetermined
parameter f, and :,[/fj can be satisfied:

S i = byt k=1,2, N j=1,2, ..,
i=1
(28)

where z/;fj is the correlation coefficient of Y (S,) and
Y(S,); b, is the k-order Hermitian expansion coefficient,
which can be expressed as:

+o k
X 0 _—¢n
b, = j —e

V2 ayk

The disjunctive Kriging variance can be obtained as

(29)

shown below to solve the error assessment after Hermite
polynomial expansion in Eq. (29):

oy = 2 b (b = 3 fuh) (30)

Finally, the parameters obtained by the disjunctive
Kriging algorithm (DKA) are evaluated, and the flexible
needle puncture path model predicted by the probabilistic
path algorithm (PPA) is simultaneously optimized. The
errors due to uncertainty and nonlinearity are also re-
duced.

3 Model Simulation and Experiments

A simulation experiment was conducted to verify the
feasibility of the flexible needle prediction model algo-
rithm based on the DKA and validate the nonlinear plan-
ning of the optimal puncture path. The puncture path by
p(g, 1g.0), ¢f;. is initialized and given an input point P,
and target point P,. Meanwhile, the flexible needle failed
to acquire the optimal path, and the mean w () and co-
variance a-z( 1) of the PPA planning by the Fokker-Planck
equation are obtained. Gaussian random noise is then
added, and the variance o-f) of the simulation test in the
nonlinear environment by the disjunction Kriging is
found. Finally, the model obtained the simulation test pa-
rameters of the PPA + DKA to update the optimal path.

Many path planning algorithms are available for flexi-
ble needle puncture'"”’
the adaptability of puncture areas and avoidance of obsta-
cles considering the nonlinearity and uncertainty of flexi-
ble needle puncture environments. Moreover, the model
introduces Gaussian noise into the Fokker-Planck equa-
tion, optimizes the probability density function, obtains
the mean value and covariance, and plans the puncture
path with the PPA. The same starting and target points
are provided for this simulation experiment in the current
study, and the weight coefficient in the ordinary Kriging
is extended into a nonlinear function. The nonlinear vari-

. The proposed model can improve

ance, mean square error, mean, and weighted mean of
the disjunction Kriging optimization model are calculated
on the basis of Hermitian expansion. The puncture path
planned by the PPA based on the Fokker-Planck equation
can then be optimized, thereby determining whether the
path is optimal. Finally, the results based on the Fokker-
Planck equation and DKA are used to predict the flexible
needle path.

3.1 Probabilistic path planning based on the PPA

Flexible needle trajectory is assumed to be close to a per-
fect arc with determinate insertion position and direction to
simulate the probabilistic path planning of the flexible needle
in an ideal (no obstacle) situation. The unideal situations,
including those involving obstacles or the insertion position
and direction errors in the system, are also considered.

Errors will occur in the actual operation of the flexible
needle due to the uncertainty of the needle position sys-
tem. Fig. 2 shows the path error caused by the insertion
position and direction of the flexible needle, and Fig. 2
(a) demonstrates the prediction of the successful arrival
path generated by the PPA for various starting positions
near the optimal position. Fig. 2(b) shows various start-
ing directions. Fig. 2(c) reveals probabilistic path simu-
lation prediction from the starting to the target point under
the uncertain situation with random obstacles, and the
needle trajectory close to arcs avoids the obstacles.
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Fig.2  Path error caused by the insertion position and direction
of flexible needle. (a) Probabilistic path generated by position error;
(b) Probabilistic path generated by direction error; (c) Probability path
under a given obstacle

3.2 Error simulation test based on the DKA

The current study evaluates and predicts factors, such
as global certainty, local uncertainty, nonlinearity, and
anisotropy, according to the covariance function and con-
tinuously optimizes puncture path based on the random
probability path planning process to obtain the result of
modeling random data using disjunctive Kriging. Assum-
ing that the input is random white noise, the parameter
values of the flexible needle puncture process are obtained
through multiple simulation verifications.

The variance VAR, mean square error MSE, mean EI,
and weighted mean WEI calculated by the DKA with ran-
dom noise input of the flexible needle are used to evaluate
the error simulation effect of flexible needle puncture, as
shown in Fig. 3. Among the 25 sets of test values, some
inherent variability abnormal values caused by irregular
muscle tissues are eliminated. VAR is the variance of
model evaluation, and the range of all test values after re-
moving outlier values is between 0. 4 and 0. 8 mm’,
which is used to estimate the error of the simulation re-

sults of flexible needle puncture. The clinical requirements
of flexible needle puncture surgery indicate that the error
should not exceed 4 mm’ and the abnormal value is also
1.16 mm’ <4 mm’; thus, the simulation results meet the
clinical requirements. MSE calculates the average error of
the model by evaluating the MSE of multiple points. The
measurement range after removing the outlier value is be-
tween 0. 30 and 0. 05 mm’, which is a small error value
obtained after several optimizations. EI, which is the ex-
pected improvement value of the prediction model, is used
to optimize the model continuously, and the range of
measurement results after removing outlier values is be-
tween 0.02 and 0.08 mm. WEI is based on EI and fore-
casts the weighted expected value according to the level
of different influencing factors, thereby reducing errors.

i(l) 0.07
E09 E 88?
£08 =l
207 & 004
§ 06 s 003
05 0.02
oall YV TV gorpem AN AN
0 5 10 15 20 25 0 5 10 15 20 25
Simulation times Simulation times
(a) (b)
0.14 0
0.12 g =20
o I
= Y m
= 006 = 0
0.04 -80
0.02 -100
0 5 10 15 20 25 0 5 10 15 20 25
Simulation times Simulation times
(¢) (d)
Fig.3  Estimated puncture parameter values of the flexible

needle under the DKA. (a) Variance; (b) Mean square error; (c)
Mean; (d) Weighted mean

Fig. 4 shows that the simulation tests of the interpola-
tion process have a good fitting effect based on the punc-
ture experiment of the optimal planning path and the error
comparison between test and training values under the
DKA. The system error of the flexible needle puncture
model is much less than 2 mm, which meets the clinical
requirements of interventional surgery. This model also
increases the probability of reaching the target and reduces

Variance/mm?:
1 0.145

1 0.130
0.115
0.100
0.085
0.070
0.055

( FE— 0.040
0 02 04 06 08 1.0

Shift/mm

Fig.4 Error distribution map between the test and training val-
ues under the DKA




Path prediction of flexible needles based on Fokker-Planck equation and disjunctive Kriging model 123

errors in an uncertain nonlinear environment, which veri-
fies the effectiveness of the proposed model.

The prediction model, which is based on the DKA as
well as the insertion position, insertion direction, and ir-
regularity of inserted tissues and obstacles, reduces the er-
rors in the process of flexible needle puncture. Some pre-
4751 The current study used
the path planning diagram in the two-dimensional envi-
ronment to demonstrate the path of the flexible needle
puncture soft tissue. The simulation path diagrams under
the PPA are shown in Fig. 5. Meanwhile, Figs. 5(a) to
5(d) present a continuous optimization process plan by
the PPA under definite starting and target points and simi-

vious studies are available in

lar obstacle environments.
puncture path. The result indicates that the optimization
process performed by disjunctive Kriging via continuous
interpolation obtains optimized training values based on
the test results of the above-mentioned parameters, such
as variance and mean, thus allowing the gradual planning
of the optimal path based on the PPA. This process also
improves the targeting rate of flexible puncture needles.

The red line represents the

Fig.5
Optimization process 2; (c¢) Optimization process 3; (d) Optimization

PPA planning diagram. (a) Optimization process 1; (b)
process 4

3.3 Comparison of the PPA and PPA + DKA

The parameter values that must be optimized for punc-
ture simulation are obtained from the formula derived in
module three. Meanwhile, the parameters in the program
are optimized through the PPA + DKA and data process-
ing, such as box plots, to obtain the parameter values for
the soft tissue puncture optimization of the flexible needle
continuously.

Four different organization maps with obstacles in a
nonlinear and uneven environment under the same starting
and target point are designed to further verify the pro-
posed model. A comparison simulation with the PPA and
PPA + DKA models based on the path model is also per-
formed, as shown in Fig. 6.

Map2

Mapl

3 . e "
.‘ ’

Map3

~
)

0

e ®
(o)
Fig.6  Path contrast diagrams of the PPA and PPA + DKA.

(a) Four different organization maps with obstacles in a nonlinear and
uneven environment; (b) Path planning of flexible needles under the
PPA; (c¢) Path planning of flexible needles under the PPA + DKA

As shown in Fig. 6 and Tab. 1, path planning by the
PPA + DKA is more flexible than that of the PPA under
the same uncertain simulated map environment. The path
planning time is slightly increased under the PPA + DKA,
but the optimal path length is reduced, and the uncertain-
ty and nonlinearity of the environment are fully consid-
ered. The puncture path length of flexible needles in a
random environment should be considered for nonlinear
soft tissue with different obstacles. A total of 32 experi-
ments on 4 different maps were performed, and each
group performed 8 tests. The simulation results are still
consistent with the above conclusions.
path planning time and puncture path length value based
on the random selection of eight sets of the test are shown
in Fig. 7.

The simulation

Tab.1 Simulation data contrast of the PPA and PPA + DKA

Map Path planning time/ms Optimal path length/mm
label PPA PPA + DKA PPA PPA + DKA
1 1.39 1.36 6.21 5.83
2 2.99 3.13 6.74 6.53
3 3.20 3.22 6.15 6.18
4 6.41 6.33 9.25 8.24

Fig. 7 indicates that the path training time of most
groups of the PPA is longer than that of the PPA + DKA.
Meanwhile, the time difference of the selected training
groups between the PPA and PPA + DKA after the data
filtering process is negligible. The path length of the PPA
+ DKA is significantly better than that of the PPA. Con-
sidering the damage to the human body by flexible nee-
dles and the complex environment of nonlinear soft
tissues, the PPA + DKA is effective because it can reduce
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Fig.7 Contrast simulation value of the PPA and PPA + DKA.

(a) Training test time; (b) Training test path length

the puncture error and the length of the puncture path and
finally reach the target point despite its slightly long cal-
culation time.

The simulation test path diagram is imitated as a flexi-
ble needle tip puncture process shown in Fig. 8, which is
recorded as the path planning diagram of the PPA and
PPA + DKA. The detailed needle tip path planning dia-
gram in Fig. 8 shows that the path length of Fig. 8(b) is
significantly smaller than that of Fig. 8(a). The simula-
tion test times of Figs. 8(a) and 8(b) are 6. 14 and 6. 08
ms, respectively, which again verifies the simulation test
results in Figs. 6 and 7. The above comparative simula-
tion experiment shows that flexible needles can accurately
reach target points with the shortest path under the pro-
posed model.

Fig. 8
Path of the flexible needle puncture tip under the PPA; (b) Path of the
flexible needle puncture tip under the PPA + DKA

Flexible needle path of the PPA and PPA + DKA. (a)

4 Conclusions

1) The flexible needle path prediction model effectively
improves the target accuracy in needle surgery. The pre-
diction model can reduce uncertainty errors in body mem-
brane tissues. Thus, the proposed model is crucial for bi-
opsy, brachytherapy, and other medical procedures that
require accurate needle implantation.

2) This model combines the Fokker-Planck equation to
plan the probabilistic path of flexible needles, analyzes
the nonlinearity and uncertainty through disjunctive Krig-
ing interpolation, continuously optimizes the model ac-
cording to test parameter values, and obtains the predicted
path error of flexible needles. The results prove that this
model improves the target rate and obtains the optimal path
in an uncertain environment during the insertion.

3) The proposed algorithm model can also effectively
optimize puncture paths under uncertain conditions. Com-
pared with other algorithms, the proposed model uses the
Fokker-Planck equation combined with disjunctive Krig-
ing to predict external conditions, thus avoiding the as-
sumption errors caused by the ideal state of linearity and
uniformity in soft tissue puncture. This model can effec-
tively handle the generality, uncertainty, and complexity
of the puncture environment; it is also consistent with the
application of flexible puncture needles in realistic opera-
tions.
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