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Abstract: A modified time domain interpolation method is
proposed for orthogonal
(OFDM) systems to address the problem that time domain

frequency division multiplexing

interpolation in the least square ( LS) channel estimation
method based on comb-type pilots cannot choose the pilot
spacing flexibly. Firstly, the estimated channel frequency
response (CFR) at pilot positions in the frequency domain is
obtained by LS channel estimation based on comb-type pilots,
and the estimated channel impulse response (CIR) in the time
domain is obtained by linear interpolation and inverse fast
Fourier transform ( IFFT). Secondly,
estimated CIR obtained by linear interpolation is analyzed by
theoretical deduction, and a method for correcting it is
proposed. Finally, an estimated CFR at all subcarrier positions
in the frequency domain is obtained by performing zero
padding in the time domain and fast Fourier transform ( FFT)
on the modified CIR. The simulation results suggest that the

the error of the

proposed method gives similar performance to time domain
interpolation, yet it does not need to meet the condition of
time domain interpolation that the number of subcarriers must
be an integral multiple of pilot spacing to use it. The proposed
method allows for flexible pilot spacing, reducing the number
of pilots and the consumption of subcarriers used for channel
estimation.
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O rthogonal frequency division multiplexing ( OFDM)
is a multicarrier modulation technique with high
bandwidth efficiency, high transmission rate, and robust-
ness to multipath fading. It has been adopted in wireline
applications such as digital audio broadcasting (DAB)'",
underwater acoustic communication (UWA)"™, and dig-
ital video broadcasting ( DVB )™, fifth generation
(56)™, etc.
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Channel estimation is essential for OFDM systems; the
influence of the channel needs to be estimated at the re-
ceiver. Pilot-based approaches are widely used in channel
estimation. Pilot tones can be inserted into the time do-
main or frequency domain, called block-type and comb-
type. The comb-type pilot arrangement has better per-
formance than the block-type for fast-fading channels' .
The estimated channel frequency response ( CFR) at the
pilot positions can be obtained by least square (LS) or
minimum mean square error (MMSE)'”. MMSE algo-
rithm provides better performance with high complexity.
LS algorithm utilizes the least-squares criterion and has
been widely used due to its low complexity.

The LS estimated CFR is interpolated to obtain CFR at
all subcarriers. The interpolation methods can be divided
into frequency domain interpolation, transform domain
interpolation, and time domain interpolation. The fre-
quency domain interpolation methods include linear inter-
polation, Gaussian interpolation, and spline cubic inter-
polation'” . Transform domain interpolation uses the dis-
crete Fourier transform ( DFT) to transform the LS esti-
mated CFR into the transform domain. High-resolution
interpolation with low complexity is based on zero-pad-
ding in the transform domain and inverse DFT ( ID-
FT)"¥.

Time domain interpolation has a similar process to
transform domain interpolation. The LS estimated CFR is
transformed into the time domain by IDFT, and the esti-
mated channel impulse response (CIR) is obtained. CFR
at all subcarriers is obtained by zero padding and DFT.
Time domain interpolation has been proven to have a low-

7 .
" Time

er bit error rate (BER) than linear interpolation
domain interpolation has a better performance than trans-
form domain interpolation, as shown in Ref. [8]. Fur-
thermore, as demonstrated in Ref. [9], time domain in-
terpolation outperforms linear, cubic, and low pass inter-
polation. Time domain interpolation has been investigated
for OFDM systems with virtual subcarriers in Refs. [ 10,
11].

Time domain interpolation is accurate if the channel de-
lays are integral multiples of the sample time of the
OFDM symbol and the sample length of CIR is less than
the number of pilots” . Furthermore, DFT and IDFT are
easy to realize using the fast Fourier transform (FFT) al-

1

gorithm'™'. Thus, time domain interpolation is widely
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used. Noise has the potential to affect LS, and noise re-
duction in the time domain is widely used'*"®. Time do-
main interpolation is realized by zero-padding in the time
domain. Therefore, it can be used with various time do-
main noise reduction methods.

However, pilot subcarrier spacing is determined by the
channel’s maximum excess delay!"’. The pilot subcarriers
used in channel estimation will consume a significant
amount of subcarrier resources for the channel with a large
delay spread'”. To use time domain interpolation, the
number of subcarriers must be an integral multiple of the
pilot subcarrier spacing'"®
sumption of pilots. A reasonable pilot spacing should en-
sure good channel estimation performance while minimi-
zing the number of subcarriers consumed by the pilots'"”’
The subcarriers’ especially for
applications with narrow channel bandwidth™" ",

In this paper, the modified time domain interpolation
method is proposed to address the disadvantage of time
domain interpolation in which the number of subcarriers
must be an integral multiple of the pilot subcarrier spac-
ing. Firstly, the OFDM system model is presented and
the relationship between the estimated CIR from LS based
on linear interpolation and the actual CIR is analyzed.
Secondly, the disadvantages of time domain interpolation
are examined and a modified time domain interpolation
method is proposed. Then, simulation results are presen-
ted and analyzed.

, which may cause a larger con-

distribution is essential,

1 Analysis of LS Channel Estimation Based on
Linear Interpolation

1.1 System model

We consider an OFDM system that has N subcarriers.
The transmitted signal at each subcarrier is {X[ k], k=0,
1, ..., N-1}, where k represents the subcarrier index.
The transmitted signal is transformed to a discrete-time
domain by IDFT, given by

1N1
=y 2 X

O0sn<sN-1

(1)

where n is the sample index of the OFDM signal in the
time domain. This is the modulation process of the
OFDM system. Considering the effect of multipath
effects,

27rnk)

exp( N

discrete-time CIR is given by

]l = 20115[” -7

where [ is the index of the different paths; «, is the path
complex gain of the /-th path; 7, is the delay of the [-th
path; and L is the total number of channel paths.
sonable CP guard samples are used after passing through a
multipath channel and removing CP, the received OFDM

(2)

If rea-

signal is represented by

(3)

where (X) denotes an N-point circular convolution opera-
tion, and z[n] denotes time domain samples of independ-

r[n] =x[n]@h[n] +z[n]

ent and identical distributed additive white Gaussian noise
(AWGN). Assuming perfect synchronization, the k-th
subcarrier symbol in the frequency domain is given by

(4)

where Z[ k] are AWGN samples in frequency domain.
Z[ k] =DFT,{z[n]}, H[k] =DFT,{h[n]}, and DFT,{}
represents N-point DFT.

By inserting pilot tones at some subcarriers, CFR at pi-
lot positions can be obtained by

R[ k]
X[ k]

R[k] =DFT,{r[n] } =X[ k] H[ k] + Z[ k]

HIK] = (5)

This method is called LS estimation.
1.2 Analysis of linear interpolation

We consider LS estimation using comb-type pilots and
linear interpolation. Pilot tones are uniformly inserted at
an m interval. When N/m is an integer and the first pilot
tone is inserted at the first subcarrier, the number of pi-
10ts K = N/m. The estimated CFR at pilot positions is

{H[zm] i=0,1, ..., K-1}, andH[ N] is defined as
HIN1 L2 H[N —m] - H[ N -2m] (6)
Defining {H,[i] = H[im], i=0, 1, ..., K}, by lin-

ear interpolation, the CFR at all subcarriers positions is

given as
H{ k] = H[im +p] —( %)Hp[i] +%Hp[i+1]
p=0,1,....m-1; k=0,1,...,N-1; i=0,1...,K-1
(7

Further, the estimated CIR ftL[n] can be expressed by
the N-point FFT of the estimated CFR, given by

=

I:I[ k] W/;nk —

>
I
E

H[im + p] W (8)

=z~ z[=

i=(

=

where W, = exp( — j2mw/N), called the rotation factor.

By the properties of the rotation factor™™, we have
~ 1 K-1 m-1 n » R
h[n] = — H[im + p] W;]n('m+”) = z W-"p [n, p]
N i=0 p=0
(9

when 0sn<K-1,

n K-1 m— 3

h[}’l,p] = L H[ im +p] W—m ( ]7)2 [ ]

N i=0 m
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2
m

(10)

where h,[n] = IDFT {H,[i], i=0, 1, ...,
By Egs. (9) and (10), we have

K-1}.

m-1

NAHZpW’” T (11)

h nl =P, ,.[n] h

where P, . [n] is defined by

1 [sin(q-rmn/N)]2 (12)

V=" L sin(wn/N)

The condition that N/m is not an integer is then consid-
ered, and the other conditions are the same. The number
K= (N/m), where (N/m )represents the nearest
integer with a value greater than N/m.

As in Eq. (6), H[mK] is defined by

of pilots

H{mK] A2 Hlm(K -1)] -H[m(K -2)]  (13)

{H[K], k=0, 1, ..., mK -1} is obtained by linear in-
terpolation. Assuming mK/N=~1 and W, =W ., by simi-

lar deduction to Egs. (8) to (12), flL[n] is represented
by

1 N-1 B N
= Wz 11k W ~ P, .[nl hn] +
0
m-1

101) 3 pW" -

-1] —H[K 2]

K-1
lm

N HIK W™ A

N PmK, m[n] hP

[n] +1[n] (14)
When N is large, the last two parts of Eq. (14) are in-

significant. Then we have

A~

hnl=~p..[nlh,in]  O<n<K-1 (15)

2  Proposed Interpolation Method
2.1 Analysis of time domain interpolation

Time domain interpolation outperforms linear interpola-
tion with low complexity in bit error rate (BER). It is re-
alized by zero-padding and FFT/IFFT. The LS estimated
CFR {H,[i], i=0, 1, ...,
time domain by IFFT:

1 K-1 .
— fz l] W[;m

i

K -1} is converted into the

0<n<K-1 (16)

The K-sample time domain sequence h »Ln] is extended

to an N-sample sequence izDFT[n] by (N - K) -point zero-
padding. There are two basic methods of zero-padding:
The first one is padding at the end of the sequence'®
given by

The second one is padding at the middle of the se-

quence™, given by
h,[n] OSngg—l
A K K
hDFT[n] =0 7SH$N—7—1
~ K
h,[n-N+K+1] N-—<sn<N-1

(18)

The first one is studied in this paper.
The estimated CFR at all subcarriers is obtained by N-
point FFT:

Hyolkl = 2 B[ M Wit

(19)
To analyze the interpolation method separately, the LS

» Hpli] =
Considering the condition that the delay 7, in Eq.

estimated CFR is assumed to be accurate, i.e.
H[im].

(2) is an integer, and the maximum delay 7, <K, then

{il,,[n] , 0sn<K -1} is the accurate estimated result of
CIR'™, proved as follows:

z h mm

K-1

2 h[n] Wy
(20)
(21)

A

H,[i] = H[im] =

hyln] = —2 H,Li1W" = hin]

i=0

As a result, time domain interpolation is a high-resolu-
tion method that is easy to realize. However, the number
of subcarriers N must be the integral multiple of the pilot
N/m
must be an integer. m is determined by the maximum de-
lay 7,,. The maximum pilot spacing that satisfies 7, <K
does not always satisfy the requirement of time domain
interpolation. Smaller pilot spacing can be designed to
satisfy both requirements,

spacing m to use time domain interpolation, i. e.,

but it increases the number of
pilot subcarriers and reduces system efficiency. To over-
come the limitation of time domain interpolation, the

modified time domain interpolation method is proposed.
2.2 Modified time domain interpolation

Considering the condition that N/m is not an integer,

the first pilot tone is inserted at the first subcarrier, and

the number of pilots K = (N/m ). Assuming I;(P [i] =

H[ im], then we have

A

H,lil = Hlim] = Zh Wyt i =01, ..
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Assuming mK/N=1 and W, =W ,, similarly to Egs.
(20) and (21), we have

K-1

1 o . —in
?2‘6 H,[i1W" = h[n]

h,[n] 0<sn<Kk-1
(23)
The relationship between CIR k[ n] and the estimated

CIR based on linear interpolation i;L[n] is derived from
Egs. (15) and (23) as follows:

h[n]~M n=0,1,..,K-1 (24)
Pml(,m[n:I ’ ’ ’
P, .[n] is close to O when 7 is close to K, as shown in
Fig. 1.

In Eq. (15), I[n] in Eq. (14) is ignored. The error of
Eq. (15) is given by

h,[n]
PmK’m [n]

The smaller the value of P, . [n], the greater the error
caused by simplification in Eq. (15), and the error be-
comes significant when n is close to K. Thus, consider-
ing the accuracy of calculation and ease of implementa-
tion, the last quarter of P, [n] with a smaller value
is discarded, and the approximate calculation results of

_ lin] |

e = =
PmK. m [ n]

— hy[n] (25)
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mK, m

h[n] are as follows:

A

h, [ n] 3
Pml(.m[n] 0$7’l$<4K>_1
fll,)FT[n] = };L[n] ;
m <ZK>snsK_1
0 K<n<N-1

(26)
where (%K yis the nearest integer with a value greater

than %K The estimated CFR at all subcarriers is ob-

tained by the N-point FFT, given by

N-1

I:I’DFT[k] = z h,DFT[n]lek

n=0

(27)

The calculation process of the proposed method is
shown in Fig. 2.

3 Simulation Results and Discussion
3.1 Description of simulation

In this section, we analyze the performance of the pro-
posed method on multipath channels. The OFDM system
has 1 024 subcarriers and is modulated with 16-QAM. To
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i

Fig.2 Calculation process of the proposed method
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investigate the performance of the proposed method sepa-
rately, the synchronization is assumed to be perfect.

The channel is the Advanced Television Technology
Center and the Grand Alliance DTV Laboratory’s ensem-
ble E model"”", and CIR for the static case is given by

h[n] =6[n] +0.316 26[n -2] +0.199 56[n - 17] +
0.129 68[n -36] +0.18[n -75] +0.18[n - 137]
(28)

The unit delay is assumed to be the same as the sample
period; there are no power losses caused by the non-
spaced sample'™" .

For the channel with static CIR given in Eq. (28), the

BER and mean square error (MSE) of {I:I[ k], k=0, 1,

.., 1023} at different signal noise ratios (SNR) are ex-
amined. The BER is obtained after the received data has
been decoded as binary data. The initial data is binary da-
ta generated at random, and the number of simulations is
100. The LS estimations are compared based on comb-
type pilots with different pilot spacings and interpolation
methods.

3.2 Comparison with common interpolation methods

Figs. 3 and 4 show the BER and MSE performance of
various interpolation methods against SNR. The legends
“linear, cubic, spline, and proposed method” denote LS
channel estimation based on comb-type pilots with linear
interpolation, cubic interpolation, cubic spline interpola-
tion, and modified time domain interpolation.

1074 )
—*— Linear
—6— Cubic
—#*— Spline
102 —0— Proposed method
4
o
m
107
10~ ) )
10 15 20 25 30
SNR/dB
(a)
100 )
—— Linear
—o— Cubic
107 F —#— Spline
3 —— Proposed method
n 102
[72]
=
10-3
10~
-5 1 L | \
10 10 15 20 25 30
SNR/dB
(b)

Fig.3 Comparing BER and MSE performance of linear, cu-
bic, and cubic spline interpolation methods and the proposed
method against SNR (m =3). (a) BER; (b) MSE
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y —©— Cubic
—#*— Spline
, —— Proposed method
102
2
o
m
107+
106 1 1 I ]
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SNR/dB
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—©— Cubic
107'& —#— Spline
—— Proposed method
102
m
n
=
10-?
10~
-5 1 1 1 1
10 10 15 20 25 30
SNR/dB
(b)

Fig.4 Comparing BER and MSE performance of linear, cu-
bic, cubic spline interpolation methods and the proposed method
against SNR (m =4). (a) BER; (b) MSE

It is obvious that

1) When the pilot spacing is small (m =3), the modi-
fied time domain interpolation outperforms linear interpo-
lation and cubic interpolation in BER performance and
has similar BER performance to cubic spline interpola-
tion. Additionally, time domain interpolation is shown to
be much better than other interpolation methods in MSE
performance. The performance of linear interpolation is
the worst.

2) When the pilot spacing is increased (m =4), the
BER and MSE performance of cubic interpolation and cu-
bic spline interpolation decrease rapidly, approaching lin-
ear interpolation, whereas the modified time domain in-
terpolation method retains its good performance.

3.3 Comparison with time domain interpolation

When m =4, the time domain interpolation method
meets the requirements for use. The legends “time do-
main interpolation, proposed method, and linear” denote
LS channel estimation based on comb-type pilots with
time domain interpolation, modified time domain interpo-
lation, and linear interpolation in Fig. 5.

It is obvious that time domain interpolation and the
proposed method provide comparable BER and MSE per-
formance, which is significantly better than linear inter-
polation.
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Fig.5 Comparing BER and MSE performance of time domain
interpolation, linear interpolation, and the proposed method
against SNR (m =4). (a) BER; (b) MSE

Time domain interpolation cannot be directly used
when m =5 and m =6. The following methods are used
to compare with the modified time domain interpolation.

Method 1 Perform K-point IDFT on the LS estimated

CFR to obtain iz »L 1] in the time domain, whose length is
K, and extend it to an N-sample sequence by (N - K)-
point zero-padding. Perform an N-point FFT on the ob-
tained results to obtain the estimated CFR at all positions.

Method 2 Perform K-point IDFT on the LS estimated

CER to obtain »Ln] in the time domain, whose length is
K, and extend it to an mK-sample sequence by (mK -
K) -point zero-padding. Perform mK-point DFT on the
obtained result and take the previous N value as the esti-
mated CFR of all positions.

The comparison between modified time domain inter-
polation, method 1, and method 2 is shown in Figs. 6
and 7. The legends “method 1, method 2, proposed
method, linear” denote LS channel estimation based on
comb-type pilots with method 1, method 2, the proposed
method, and linear interpolation.

In the case of no noise, the CIR calculated by the mod-
ified time domain interpolation method ( Eq. (26)) and
the CIR calculated by performing K-point IDFT on the LS
estimated CFR (Eq. (23)) are shown in Tabs. 1 and 2.

It can be seen that
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—o— Linear
102
~
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1 074 -
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—©— Method 2
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1070 15 20 25 30
SNR/dB
(b)
Fig. 6 Comparing BER and MSE performance of linear inter-

polation, method 1, method 2, and the proposed method
against SNR (m =5). (a) BER; (b) MSE
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E 1021
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Fig.7 Comparing BER and MSE performance of linear inter-

polation, method 1, method 2, and the proposed method
against SNR (m =6). (a) BER; (b) MSE
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1) Methods 1 and 2 use K-point IDFT on the LS esti-
mated CFR to calculate CIR; the amplitude of the esti-
mated CIR is relatively accurate, but the phase error is
significant and increases as index n increases.

2)Methods 1 and 2 outperform linear interpolation, but
the mK-point DFT and K-point IDFT used do not meet
the use conditions of the FFT algorithm (the number of
FFT points must be a power of 2). Thus, the amount of
calculation is very large. Methods 1 and 2 have low prac-
tical value and are only used as comparisons with the pro-
posed method.

3) The modified time domain interpolation method out-
performs methods 1 and 2 because it has similar calcula-
tion accuracy in the amplitude of the estimated CIR to
methods 1 and 2, and the phase error is much smaller, as

shown in Tabs. 1 and 2.

Tab. 1 CIR and the estimated CIR by the proposed method
and IDFT (m =5)

Estimated CIR

Index CIR
Proposed method IDFT
1 0.999 7 1.000 7
2 0.316 2 0.315920.002 0 0.316 6 £ -0.004 8
17 0.199 5 0.1997,0.003 3 0.19972 -0.050 1
36 0.129 6 0.130120.005 5 0.129 4, -0.107 4
75 0.1 0.101 3 £0.009 2 0.099 12 -0.226 2
137 0.1 0.104 6 £0.020 2 0.09702 -0.416 0

Tab. 2 CIR and the estimated CIR by the proposed method
and IDFT (m =6)

Estimated CIR

Index CIR
Proposed method IDFT
1 0.999 8 £0.001 3 1.001 3.20.001 2
2 0.316 2 0.316 1 £0.003 9 0.317 0 -0.008 7
17 0.199 5 0.200 1 20.005 4 0.199 82 -0.099 4
36 0.129 6 0.130 7 £0.007 9 0.12872 -0.214 1
75 0.1 0.102220.012 4 0.096 52 -0.4517
137 0.1 0.066 4 £0.044 7 0.088 4,/ -0.829 5

3.4 Computational complexity analysis

In practice, the reciprocals of P, ,[7] can be stored,

and division in Eq. (26) can be realized by multiplica-

tion. Using the proposed method, the computation
amount includes three aspects: (N — K) -point linear inter-
polation, N-point IFFT, and Eq. (26). The computation
amount for each step is shown in Tab. 3. (2N - K +
(Nlog,N)/2) complex multiplications and (N - K +
Nlog,N) complex additions are required. The proposed

method has low computational complexity.

Tab. 3 Computation amount of the proposed method

Steps Complex multiplication Complex addition
Linear 2(N-K) N-K
IFFT (Nlog,N) /2 Nlog, N
Eq. (26) K 0

4 Conclusions

1) LS channel estimation based on linear interpolation
is theoretically deduced, and the relationship between the
estimated CIR from LS based on linear interpolation and
the ideal CIR is analyzed.

2) The modified time domain interpolation method is
proposed, which uses CIR obtained by LS based on linear
interpolation to calculate actual CIR, and interpolation is
realized by zero-padding in the time domain, such as time
domain interpolation.

3) LS estimations based on comb-type pilots of differ-
ent pilot spacings with the proposed method, time domain
interpolation, and interpolation methods in the frequency
domain, such as linear interpolation, cubic interpolation,
and cubic spline interpolation, are simulated and com-
pared. The simulation results indicate that the proposed
method performs similarly to and outperforms time do-
main interpolation with low complexity.

4) The proposed method is exempt from the require-
ment that the number of subcarriers is an integral multiple
of pilot spacing. The consumption of subcarriers used for
channel estimation can be reduced.
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