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Abstract: To improve the efficiency and amplify the exciting
force of a shake table, a novel variable stiffness mechanism
(VSM) constructed by four leaf spring-lever combinations
(LSLCs) was designed. Three VSMs were installed in parallel
on the traditional hydraulic shake table to constitute a resonant
shake table (RST). The static model of the VSM and the
dynamic model of the RST were constructed by considering
the large deflection of leaf springs and the geometrical
nonlinearity of L-shaped levers. The variable stiffness property
of LSLCs was analyzed through
experiments. The simulation and vibration experiments on the
dynamic properties of the RST prototype were conducted. The
results show that compared with traditional shake tables, the
RST consumes lower exciting force in a specified frequency
bandwidth when outputting the same displacement of
vibration. Under a harmonic vibrational excitation, the RST is

and verified static

effective for vibration enhancement using broadband frequency
resonance and can save energy to some extent. The broadband
resonance technology exhibits considerable potential in
practical engineering applications.
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hake tables can be used to reproduce a vibration en-
S vironment in the laboratory and play an indispensa-
ble role in extensive vibration experiments'' ™
shake tables are typical and largescale shake tables exten-
sively applied in many fields, such as large displacement
amplitude and heavy-duty vibration experiments. Howev-

er, limited by the properties of mechanical and hydraulic

. Hydraulic

components, conventional hydraulic shake tables cannot
easily simultaneously meet the heavy load, large displace-
ment, and high acceleration requirements, such as in the
strong earthquake resistance test of large buildings'”.
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Furthermore, traditional hydraulic shake tables often have
low efficiency and high energy consumption during a vi-
bration test. Hence, it is beneficial to develop a novel
and efficient shake table to overcome the defects of tradi-
tional hydraulic shake tables mentioned above and meet
the diverse demands of vibration experiments for modern
industrial products and construction structures.
Resonance, in most cases, is detrimental to mechani-
caloperations and often seriously affects mechanical prop-
erties. Despite the adverse effects, resonance can be uti-
lized to enhance the vibration of exciters in vibration ex-
periments, and it can not only save energy but also filter
high-frequency clutters to improve control accuracy'™ .
Up to now, several resonant shake tables (RSTs) have
been built and utilized” ',
shake tables, RSTs could obtain a higher exciting force

Compared with traditional

with a comparable or even lower input power. However,
the natural frequencies of the RSTs were difficult to be
adjusted during the vibration experiments, and the reso-
nance can only be achieved in a narrowband frequency.
To extend the resonance frequency band, Feng et al. '™
made useful attempts. However, limited by the regulation
mechanism, resonance cannot be easily realized with a
broad frequency band.

This article focuses on the use of resonance technology
to enhance vibrations and reduce power consumption in a
wide frequency band. Inspired by the resonant and anti-

. [13-18]
resonant mechanism R

a novel variable stiffness
mechanism ( VSM) constituted by leaf spring-lever com-
binations (LSLCs) was designed, and three parallel-con-
nected VSMs were mounted on a hydraulic shake table to
constitute an RST. Under specific experimental condi-
tions, the resonant frequency and excitation frequency of

the shake table can be altered.
1 VSM

To achieve the nonlinear stiffness characteristics of the
VSM, leaf springs were chosen as the stiffness element
and structural members. The VSM was mainly construc-
ted by four leaf LSLCs. Two LSLCs were symmetrically
installed for the synergy operation to construct a single
VSM. To achieve a large displacement amplitude of vi-
brations, two single VSMs were connected in series via
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slider guide rail combinations to construct a complete
VSM, as shown in Fig. 1. In the LSLC, several pieces
of leaf springs were stacked to constitute one leaf spring
stack. The leaf spring stacks were in a cantilever state.
The lever of the LSLC was L-shaped, and the lengths of
the two arms of the lever were different. The middle ful-

crum of the lever was hinged to the bracket. The short
arm end of the lever was in rolling contact with the sur-
face of the suspended end of the leaf spring stack by bear-
ings. The long arm end of the lever bears the force exer-
ted by the vibration exciter.

Lever mechanism

]

7

=

Leaf spring stack

Fig.1 Three-dimensional model of the VSM

1.1 VSM model

The working principle of the LSLC is shown in Fig. 2,
where the local coordinate system o-v-h is defined. In the
initial state, the L-shaped lever is in the A’OB’ position,
and the leaf spring remains undeformed. When force F, is
exerted on the lever’s long arm end along the x-axis, the
lever revolves to the A’OB’ position. During rotation, the
angle between the long arm of the lever and the horizontal
plane changes from 6, to §,. Applying the principle of

torque balance, we can obtain the following expres-

. 19
SlOH[ : .

F\l,cos, = FycosB,l,cos(p —6,) — FysinB,1,sin(¢p - 6,)
(1)

where [, and [/, are the lengths of the long and short arms
of the lever, respectively; ¢ is the sum of the angles of
the long and short arms with respect to the horizontal
plane; F} is the force exerted on the short arm end of the
L-shaped lever due to the bending of the leaf spring
stack; and B, is the slope at the free end of the leaf
spring stack.

Fig.2 Schematic diagram of the LSLC

The downward displacement of the lever’s long arm
end along the x-axis is

x=1,(sing,, - sing,) (2)

By deducing from Eq. (2), we can obtain

. . X
sin@, =sinf,, — T
1

cosf, =«/l - (sinem _li)
1

Rotating the lever to the A’OB’ position, the coordinate
of the end point B’ of the lever is marked as (h,, v, )
among the coordinate system o-v-h. The nonlinear geo-
metric relationship of each component is

(3)

2

2

f(x)=h, =d, -1, [cos¢ «/1 - (sin()m —li) +
1

Sin(p( sing,, — li) ] (4)
filx)=v, =1, [Sinqp Jl —(sinel0 _IL)Z -
cos¢( sinf,, — %) ] -d, (5)

where d, and d, are the horizontal and vertical distances
between the fixed end of a leaf spring stack and the fixed
fulcrum of the L-shaped lever, respectively.

Based on references [20 — 21], the relationship be-
tween the force and bending deformation of the cantilever
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end of the leaf spring stack can be obtained as
hy = /2F’ (2005,33 A/ sinBy, +% Z/zsmﬁg) (6)

El
2F,

(7)

Vp =

2(sinB,) " -3 53;2 cosB,

where E is the elastic modulus of the leaf spring stack,
and [/ is the equivalent moment of inertia of the leaf spring

stack. Conducting a series of derivations for Eqs. (6)
and (7), the following equations can be obtained:
2f, e
=y 4( ) +6 (8)
e N
1 1oy
EIB, (2~ 5By ~ 4By )
, 3 9
Fy= 2 (9
215
Combining Eqs. (1), (3), (4), (5), (8), and (9),

the vertical force F, can be expressed as the explicit func-

B, (2~ B - 55

2651, Jl - (sin@,(J _li)
1

sinB,, (f, +d,) ]

tion of displacement x:

x

F =

[cosB,(d, -f,) -

(10)
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1, =d, —lz[cos¢ 1- ( sinf,, — ) +Sing0( sing,,

1 )]

2
fi= lz[ sing /1~ ( sing,, — li) - cosgo( sinf, — li)] -d,
! 1

The equivalent dynamic stiffness of the LSLC along the
x-axis can be obtained by differentiating Eq. (10) with
respect to x. The specific differential process is cumber-
some, so it is not shown here. The parameters of the
LSLC are as follows: d, =22 cm, d, =78 mm, [, =
6 cm, [, =45 mm, ¢ =70°, §,, =60°, E=2.06 GPa, and
I =543. 8 mm'. Substituting the parameters into Eq.
(10), the restoring force and equivalent dynamic stiffness
of the LSLC versus the displacement of the lever’s long
arm end along the x axis can be obtained, as shown in
Fig. 3. In the figure, the LSLC is a stiffness softening
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Fig.3 Restoring force and equivalent stiffness of the LSLC

system whose stiffness rapidly decreases with the dis-
placement increase of the lever’s long arm end.

The RST is composed of three identical VSMs,
each VSM contains two pairs of LSLCs that have identical
structural parameters.

and

According to the equivalent force-
displacement method of series-parallel
springs, taking the symmetrical center of the LSLC pair
as a zero point of the RST displacement, the restoring
force of three VSMs can be expressed as Eq. (11). Sub-
stituting the parameters of the LSLC assigned above into
Eq. (11), we can obtain the restoring force of three
VSMs versus the RST displacement, as shown in Fig. 4.

calculation

In the figure, the restoring force of three VSMs nonlin-
early varies as the RST moves away from the balancing
position. The VSMs exhibit stiffness softening properties.
With the increase in the vibration amplitude, the equiva-
lent dynamic stiffness of the RST can decrease, combined
with the decrease in the equivalent natural frequency of
the system.
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Fig.4 Restoring force of three VSMs versus the RST displace-
ment

1.2 Experimental test on the LSLC’s stiffness

To verify the correctness of the theoretical calculation
of the LSLC’s stiffness, the experimental prototype of the
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VSM comprised of one pair of LSLC was built, as shown
in Fig. 5. The leaf spring stack in the VSM is comprised
of several leaf springs of the same length and width and
different thicknesses. Its stiffness can be adjusted to meet
the equivalent stiffness requirements of the shake table.
The equivalent moments of inertia of the leaf spring
stacks were /=418.3 mm* and 7 =543.8 mm*. The ver-
tical displacements of the lever’s long arm end were
measured using a grating ruler and dial indicator, and the
results were the mean values of two measurement results.
Through continuous loading, the relationship between the
force exerted on the movable end of the VSM and dis-
placement was determined. The comparisons between the
experimental and theoretical results of the force-displace-
ment calculation method are shown in Fig. 6, where
Figs. 6(a) and (b) correspond to I =418.3 mm* and [ =
543.8 mm*, respectively.

Dial LSLC
indicator
Grating |
scale Weights
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Fig.5 Equivalent stiffness measurement of the LSLC
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Fig. 6 Experimental and theoretical result comparison of the
restoring force of the LSLC. (a) /=418.3 mm*; (b) /=543.8
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In Fig. 6, the experimental results are in good agree-
ment with the theoretical results. The loading and unloa-

ding curves do not coincide with each other, hence the
existence of hysteresis. Thus, the friction force between
the moving parts of the VSM is relatively large.

2 RST

The RST was constructed by connecting three VSMs on
the traditional hydraulic shake table. The number of
VSMs used in the RST is not limited to three in order to
meet actual requirements. Benefiting from the structural
advantages, the VSMs can not only broaden the resonant
frequency band but also suppress the vibration clutter in
non-vibrating directions of the shake table by physically
restricting other degrees of freedom except the vertical di-
rection.

2.1 Dynamic modeling of the RST

The RST with VSMs can be simplified as a viscously
damped variable stiffness spring-mass system. The dy-
namic equation of the system can be obtained as

mi + cx +f(x) = F(1) (12)

where m is the total mass of the payload and shake table,
specified as 90 kg; c is the equivalent damping coefficient
of the RST, specified as 2 262 N - s/m to make the
damping factor as about 0.25; and f(x) is the restoring
force of three VSMs, as expressed in Eq. (11).

2.2 Simulation study on the RST’s dynamic charac-
teristic

2.2.1
To reveal the superior performance of the RST, the

Response of vibrational excitation

comparisons between the displacement responses of the
RST with VSMs and conventional shake table with a fixed
stiffness mechanism (FSM) were simulated under the same
harmonic sweep frequency vibrational excitations. In the
simulation, the parameters of the VSMs were set to be the
same as those specified in Section 1. 1, except that [ =
669.2 mm'. The stiffness of the FSM was 216. 168
kN/m, which gives the shake table an undamped natural
frequency of 7. 8 Hz. The vibration frequency spanned
from 2 to 13 Hz at a rate of 1 Hz/s. The amplitude of the
input force was 4 323.36 N, which was expected to ex-
cite the displacement amplitude of 20 mm.

The simulation results were obtained, as shown in Fig.
7. Obviously, under the sweep frequency excitation with
constant force amplitude, the resonance phenomenon oc-
curs. Specifically, with 4 to 12 Hz ( corresponding time
is 2 to 10 s), the displacement responses of two shake ta-
bles are amplified. In the frequency band of 5.5 to 7.8
Hz (3.5 to 6 s), the RST response displacement is larger
than that of the conventional shake table. In the non-reso-
nant frequency band, the displacement responses of the
two shake tables are almost the same. Hence, the dis-
placement amplification effect of the RST is better than
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Fig. 7 Displacement response under sweep frequency excita-

tion from 2 to 13 Hz. (a) Excitation force; (b) Displacement re-
sponse

that of the conventional shake table due to the VSM.
2.2.2 Required vibrational excitation force

To intuitively present the influence of VSMs on the
shake table,
with rated displacement amplitude response were simula-

harmonically sweep frequency vibrations

ted. By producing a rated displacement response, the in-
put forces of shake tables equipped with and without
VSMs were compared. Specifically, the shake tables
were required to output sinusoidal sweep frequency vibra-
tions with a constant velocity amplitude of 1 m/s ( corre-
sponding to 2 to 7.8 Hz) and a constant acceleration am-
plitude of 5 g (corresponding to 7.8 to 20 Hz). In parti-
cular, the sinusoidal sweep frequency vibration simulated
the rated vibrational excitation scenarios, of which 7. 8
Hz is the crossover frequency and the required vibrational
excitation power is the largest around the crossover fre-
quency. Fig. 8(a) presents the vibration displacement re-
sponse of the two shake tables, and Fig. 8(b) presents
the required excitation force of the shake tables equipped
with and without VSMs.
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Fig.8 Comparison of excitation forces with the same displace-
ment response. (a) Displacement response; (b) Excitation force

Fig. 8 shows that by producing the same displacement
response, the excitation force of the shake table with
VSMs is higher than that of the shake table without VSMs
during 0 to 4 s (2 to 6 Hz). Beneficially, the excitation
force of the shake table with VSMs is lower than that of
the shake table without VSMs during 4 to 18 s (6 to 20
Hz). With low frequencies, the shake table with VSMs
needs to overcome more resistance provided by the equiv-
alent stiffness of VSMs. Conversely, with high frequen-
cies producing a rated vibration response, the broadband
resonance caused by the VSMs reduces the excitation
force of the RST.

2.3 Experimental study on the RST’s dynamic char-
acteristic

A prototype of the hydraulic shake table equipped with
three VSMs was built, as shown in Fig. 9. Among the
prototype, the servo cylinder with double piston rods was
controlled by one servo valve. The upper piston rod of
the cylinder was rigidly fixed on the bottom of the shake
table. The movable ends of three VSMs were connected
to the shake table to provide a nonlinear restoring force.
The three VSMs were mounted on the base through three
vertical columns. One displacement sensor (type) was
placed on the cylinder to measure the vibration displace-
ment. Two oil pressure sensors were separately installed
on the two inlet chambers of the servo cylinder to detect
the working pressure of hydraulic oil. The signal acquisi-
tion and control circuit based on DSP2812 were used in
the experiments.

Fig.9 Experimental shake table with VSMs

2.3.1

Shake tables equipped with and without VSMs were
made to produce 2 to 13 Hz sinusoidal sweep frequency
vibration at a rate of 0. 2 Hz/s. The parameters of the ex-
perimental equipment are the same as specified in the sim-
ulation study. The vibration of the shake tables conforms
to the constant velocity amplitude (1 m/s) in the frequen-
cy band of 2 to 7.8 Hz and constant acceleration ampli-

Sweep frequency vibration experiment
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tude (5 g) in the frequency band of 7.8 to 13 Hz. The
vibration displacements of the two shake tables are pres-
ented in Fig. 10(b). The pressure difference between the
two inlet chambers of the servo cylinder in the shake ta-
bles is shown in Fig. 10(a), where the solid and dotted
lines represent the pressure difference of the shake tables
with and without VSMs, respectively. The fast Fourier
transform of the pressure differences is demonstrated in
Fig. 11.
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Fig.10 Oil pressure difference of two cylinder chambers with
the same displacement output under sweep frequency vibration.
(a) Pressure difference; (b) Displacement
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Fig.11 Fast Fourier transform of pressure difference of two

cylinder chambers

As shown in Figs. 10 and 11, when outputting the
same vibration displacement, compared with the shake ta-
ble without VSMs, the shake table with VSMs consumes
more power in the time interval of 0 to 15 s (2 to 4.5
Hz) and less power in the time interval of 15 to 50 s (4.5 to
10 Hz). The experimental results are in good agreement
with the simulation results presented in Section 2. 2. 2.
Hence, the resistance provided by the VSMs plays a ma-
jor role during the vibration in the low frequencies (2 to
4.5 Hz). In high frequencies (4.5 to 10 Hz), the reso-
nance phenomenon emerges when the exciting frequency
is close to the natural frequency of the RST system. The

pressure difference of the shake table with VSMs is prom-
inently lower than that of the shake table without VSMs
around the frequency of 6.5 Hz.
2.3.2 Fixed-frequency vibration experiment

To further verify the influence of the VSMs on the dy-
namic characteristics of the shake table, fixed-frequency
(6.5 Hz) harmonic vibration experiments were carried
out. Outputting the same vibration displacement ( see
Fig. 12(b)), the pressure differences between two cylin-
der chambers of the shake tables with and without VSMs
are shown in Fig. 12(a). In the figure, the input force
amplitude of the shake table with VSMs is almost half of
the input force of the shake table without VSMs. Produ-
cing the same vibration displacement, the power con-
sumed by the shake table with the VSMs is significantly
lower (almost 50% ) than that of the shake table without
the VSMs under a frequency of 6.5 Hz.

— With VSMs
--- Without VSMs

Pressure difference/MPa

— With VSMs
- *\ Without VSMs

Displacement/mm
o

18.0 184 18.8 19.2 19.6 20.0
Time/s

(b)
Fig.12 Oil pressure difference of two cylinder chambers with
the same vibration displacement output with a fixed frequency

excitation of 6.5 Hz. (a) Pressure difference; (b) Displacement

3 Conclusions

1) Under harmonic vibrational excitation conditions,
shake tables with VSMs are effective for vibration en-
hancement among broadband resonance frequencies and
Specifically,
VSMs are effective and efficient for enhancing the vibra-

can lower input power to some extent.

tions of shake tables when conducting rated harmonic vi-
bration experiments.

2) The nonlinear stiffness characteristics of VSMs com-
prised of LSLCs are beneficial for achieving broadband
resonance, and LSLCs with passive nonlinear stiffness are
expected to meet the demands of diverse engineering
practices.

3) RSTs inevitably face some challenges, such as the
increase in structural complexity and difficulty of precise
vibration control. Limited by the properties of vibration

exciters, only simple harmonic vibrational excitations
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were used to verify the RST system. The vibration test on
the complex waveform and stability of the RST system
will be carried out in subsequent studies.
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