Journal of Southeast University (English Edition)

Vol. 40, No. 3, pp. 313 — 318

Sept. 2024 ISSN 1003—7985

Characterizations of m-weak group inverses

Zhou Yukun

Chen Jianlong

(School of Mathematics, Southeast University, Nanjing 210096, China)

Abstract: To characterize m-weak group inverses, several
algebraic methods are used, such as the use of idempotents,
one-side principal ideals, and units. Consider an element a
within a unitary ring that possesses Drazin invertibility and an
involution. This paper begins by outlining the conditions
necessary for the existence of the m-weak group inverse of a.
Moreover, it explores the criteria under which a can be
considered pseudo core invertible and weak group invertible.
In the context of a weak proper * -ring, it is proved that a is
weak group invertible if, and only if, a” can serve as the weak
group inverse of au, where u represents a specially invertible
element closely associated with a”. The paper also introduces
a counterexample to illustrate that ” cannot universally serve
as the pseudo core inverse of another element. This distinction
underscores the nuanced differences between pseudo core
inverses and weak group inverses. Ultimately, the discussion
expands to include the commuting properties of weak group
inverses, extending these considerations to m-weak group
inverses. Several new conditions on commuting properties of
generalized inverses are given. These results show that pseudo
core inverses, weak group inverses, and m-weak group
inverses are not only closely linked but also have significant
differences that set them apart.
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hroughout this article, R denotes a unitary ring with
an involution. The journey into this algebraic terrain
began in 1958 when Drazin'" introduced the notion of the
pseudo inverse for elements in a ring. This foundational
concept, now known as the Drazin inverse, has since
emerged as a pivotal tool across various research fields.
Definition 1'"' Let a € R. An element x € R is called
the Drazin inverse of a if there exists a positive integer k
e N* such that xa"*'
x is unique and denoted by a”. The smallest positive k for

k 2 .
=a", ax  =x,xa =ax. This element
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which these equations are satisfied is referred to as the
Drazin index of a and denoted by I(a). In particular, x is
called the group inverse of @ when k=1.

Following the introduction of the Drazin inverse, the
mathematical community has unveiled various new types
of generalized inverses. These include pseudo core inver-
ses, weak group inverses, and m-weak group inverses.

Definition 2"

fies as the pseudo core inverse of a if there exists ke N*
k+1

Let a € R. An element x € R quali-
such that xa“*' =a", ax’ = x, (ax)" = ax. Such x is unique
and denoted by a'”’. The minimum positive integer k that
satisfies these conditions is called the pseudo core index
of a. In particular, x is called the core inverse of a when
k=1.

Definition 3'"* Let a € R and me N. An element x e
R is designated as the m-weak group inverse of a if there
exists ke N* such that xa"*'
(a")" a". If the m-weak group inverse of a is unique, it is
denoted by a"*. The smallest positive integer k meeting
these criteria is termed the m-weak group inverse index of

m+1

=d,ax’ =x,(d) a"'x =

a. In particular, the definition of the 1-weak group in-
verse is aligned precisely with that of the weak group in-
verse, with a” signifying the unique weak group inverse
of a.

In addition, the authors'® proved that a is pseudo core
invertible if, and only if, a is 0-weak group invertible.
Moreover, it should be noted that if a is m-weak group
invertible, then it is inherently Drazin invertible, with the
m-weak group index coinciding with the Drazin index.
This fact permits the use of /(a) to denote the m-weak
group index of a. The notations R”, R"™', R", R" are
used to denote the sets of all Drazin invertible elements,
pseudo core invertible elements, weak group invertible el-
ements, and m-weak group invertible elements in R, re-
spectively.

Li et al. "' characterized the existence of m-weak group
inverses through the means of one-side principal ideals,
1. " investigated the commuting proper-
ties of weak group inverses. In this article, we aim to ex-
tend these discussions by offering further characterizations
of the existence of m-weak group inverses. Additionally,

while Zhou et a

we explore how the commuting properties of weak group
inverses can be expanded to m-weak group inverses.

1 Existence of m-Weak Group Inverses

In this section, we introduce several new conditions that
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serve to characterize the m-weak group inverse for a Dra-
zin invertible element within a ring that features an invo-
lution. Some auxiliary lemmas are presented as follows:

Let a € R. If there exist x € R and k €

k+1

Lemma 1"
N such that xa

m_m

1) ax=a"x

=d*, ax’ =x, then

for arbitrary positive integer m;

2) xax = x;

3) a is Drazin invertible, a” =x""'a" and I(a) <k.
In Ref. [11],
T(a) ={xeR:xa""' =a*, ax’ = x for some positive in-

the authors denote:

teger k}.
Besides, denote E,(a) = {ax:xe T,(a)}. It is obvious
that each element in E,(a) is idempotent.
Lemma 2!""  Let a e R”, ki ky, ....k,,s,,8,...,58 €

N and x,, x,, ...,x, € T,(a). If s, 70, then

n
k; s, k_s

a’'x; = ax,
i=1

where k = Zki, and s =
i=1

S,
i=1
Lemma3 LetaeR”and S={nl,|neZ)}, whereI,
is the identity of R. If k. k,, ..., k, €S, x,,x,...,x, €T,
(a) and X k, = I, then Y kx, € T(a).
i=1 i=1
Proof Suppose that the Drazin index of a is k. By

computation, we have ( z k.x, )a"*' = ( 2 k, )a" =
i=1

i=1
n
2
3 ke
i=1

It follows from Lemma 2 that (i k.x, )2

i=1
n
> ko,
i=1

Without confusion, we simply use 1 to stand for the
identity of R. Let a € R” and denote U,(a) = {1 —ax +

ay:x,ye T,(a)}. By Lemma 3, we have x —y +a” €

Thus, a( z k.x, )2 =
i=1

T,(a) for any x,y e T,(a). Therefore, 1 —ax+ay=1 -
Thus,

D
1 -—ax +aa

a(x -y +ad”) +ad”. U,(a):{l—ax+aan:xe
T,(a)}. Besides,

+aad”) !

is invertible with (1 - ax
=1+ax -aa” € U(a). For any x,ye T,(a),

it follows (1 —ax +aa”) (1 —ay +aa”) =1 —a(x +y -

a’) + aa” € U,(a). Thus, U,(a) is a multiplicative
group.
Lemma 4™ Let aeR and m e N. An element x € R

is the m-weak group inverse of a if, and only if, there

k+1 m+1l

exists ke N"* such that xa"*' =da*, ax’ =x, [(a") "
] — (a ) m+]

The following theorem can be regarded as an expansion
of Theorem 3.1 in Ref. [9],
tween Conditions 1) and 10) was also shown in Ref.
[9].

Theorem 1 Let a e R”,
are equivalent:

1) a eR";

and the equivalence be-

then the following conditions

2) There exists e € E,(a) such that [(a") " a"e] " =
(a™) " a"e;

3) There exists e € E,(a) such that (a”) “a"e =(a") "
a";

4) There exists ¢ = ¢ € R such that ¢ € aa”R and
(a") " d"e=(a") " a":

5) For any ue U,(a), aueR";

6) There exists u € U,(a) such that au is m-weak group
invertible;

7) There exists ¢ € aa”R(1 — aa”) such that (a”) “a"*" -
fo (am+1a0) i

8) For arbitrary e € E,(a), (a”) *(a"
a’R(1 - aa®);

9) There exists e € E,(a) such that (a”) " (a" —a"e)
e (a”) "a’R(1 —ad®);

10) (a”) “a” e (d”) *a"R.

Proof It follows from Lemma 2.8 in Ref. [8] and
Lemma 4 that Conditions 1) to 4) are equivalent.

For 1) =5) suppose that a is m-weak group invertible
with I(a)
There exists x € T,(a) such that u =1 - ax + aa”, so we

is Hermitian;

m

—a"e)e(d”)”

< k and y is a m-weak group inverse of a.
have au = a — a’x + a’a”. Obviously, a — a’x is nilpo-
tent, a’a” is group invertible, and (a - a’x)a’a” =0. It
follows that au is Drazin invertible with I(a) <k + 1 by
direct calculation. Since aa” (au)**' = (au)**' and
(aw) ' (a®)*" = ad®, it follows that au(au)°R = aa”R.
Thus, U,(a) =U,(au) and E,(a) = E,(au). When m=
2, we have

(aa”) " (aw)" = (aa”)” [ Z (a’a®)'(a -a’x)"" | =

(aa”)” [Za'“aD(a —a’x)a""" +

(a _azx)am—] L a" g ] -
1

(ad®) " a" [z "(@®)" M (a = a*x)a" " +
1

l_xmlml ]

(aa”) " a" [Z(aa - x"d" Ty +

i=1

aad® —ax +1 —x""a"" +aaD] =
(aa”) " a" [Z(GCZD -x""d"Y +aa” —ax +1
i=0
Take
m=2
f=2(aaD mrlmll)+aa
i=0
m-2
=Z(aaD X" a" Y +aa” —ax +1

i=0

From Lemma 2, we have x'"'a' € T,(a) and x'a’ =

a(x'*'a’) e E(a) for any ie N*. Therefore, we get fe
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E,(a) and ve U,(a) by Lemma 3. Take g =ayv. From
Lemma 2, we have g° = g. Since gaa” = aa” and aa”g =
g, we have ge E,(a) =E,(au). Then

(aa”) " (au)"g =(aa”) " (a"v)g =
(aa”) " a" [’jz_;(aaD X"y +aa® —ax +1]ayv =
(aa®) “a"ayv =(aa”) "a"v =(aa") " (au)"

Based on the equivalence between Conditions 1) and
3), au is m-weak group invertible. This is easy to dem-
onstrate when m =0 or 1.

The transition 5) =6) is trivial.

We claim 6)=1). It is readily apparent that U,(a) =
U,(au) and E,(a) = E,(au). Since U,(a) is a multiplica-
tive group, it follows that u~' € U,(au). Through the
proof from Conditions 1) to 5), we establish that a =
auu ™" is m-weak group invertible.

For 1) =7), we assume that a is m-weak group inverti-
ble and x is a m-weak group inverse of a. Given that ¢ =
x—a®, we obtain the following:

(am) *amHt _(an1+1aD) *am —
myN * _m+1 D m+1l DN % m _
(a")"a"" (x-a") -(a""a’) a" =
(arn) *am+1x _ [(QM) *am+laD + (am+laD) *arn] —
[(am) *am+1x] *_[(am) *amHaD +(am+1aD)*am] * —
[(am) *am+]t_ (anH-laD) *am] *
In addition, it is easy to obtain that ¢ € aa®R(1 -
aa®).
For 7) =1), take x =a” +¢. It follows x € T,(a) by
direct calculation. Moreover,

(arn) * a m+lx — (am) * am+laD + (am) # am+1t —
(am) *am+laD + (am+lal)) *am +
(am) *am+lt _ (am+1aD) *am —
myN * _m+1 D m+1 DN % _mq *
[(a") "a""a” +(a""a”) a"]" +
[(am) *am+lt_ (am+la[)) *am] * —
[(aln) * am+1x] *
Therefore, a is m-weak group invertible by Lemma 4.
For 1)=8), we assume that a is m-weak group inverti-
ble and x is a m-weak group inverse of a. Then, we de-
rive the following:

(a”) " (a" -a"e) =(a”) "a"(ax-e) =
(a”) "a"(a"a’x - a"ae) =
(a”) " a"a"(a’x - ae)

Since (a@’x — ae) aa” =0 as obtained from Lemma 2,
we have (a’x — ae) € R(1 —aa”). Therefore, (a°) " (a”"
—a"e) e (a”) "a"R(1 - ad”).

The implication 8) =9) is clear.

We now prove 9) =1). There exists t € aa”R(1 — aa”)
such that (a”) “(a" —a"e) =(a”) "a”t. We take f=e +
(a®)"*'t. Since f* =f, faa” = aa” and aa’f =f, we es-
tablish that fe E,(a). Following calculations, we obtain
the following:

(a”) " a"f =(a”) "a"e +(a”) " a"t =
(a”) "d"e+(a”) " (a" -a"e) =(a”) " a"

Based on the equivalence between Conditions 1) and
3), a is m-weak group invertible.

Next, we prove 1) =10). Based on the equivalence
between Conditions 1) and 3), there exists e € E,(a)
such that (a”) “a” = (a”) "a"e. Since aa”R =R, it fol-
lows that (a”) " a" = (a”) " a"e = (a”) " a"(aa®) e
(a”) *a"R.

The implication 10) =9) is obvious.

Remark 1 Condition 2) in Theorem 1 can be re-
placed by the condition that there exists e € E,(a) satisfy-
ing either of the following conditions: (a") " a" =e”
(a™)"a"e+(1-e)"(a")"a"(1 -e) or (a") "a" =e"
(a™) "a" +(a™) "a"(1 -e).

Take m =0, 1 in Theorem 1. Two corollaries can be
given immediately.

Corollary 1 Let a e R”, then the following condi-
tions are equivalent:

1) aeR"™;

2) There exists e € E,(a) such that ¢ =e;

3) There exists e € E,(a) such that (a”) "e=(a")";

4) For any ue U,(a), aueR"™;

5) There exists u € U,(a) such that au is pseudo core
invertible;

6) There exists t € aa”R(1 - aa”) such that ar -
(aa”) * is Hermitian;

7) For any e E,(a), (a”) (1 -e) e(a”) a”R(1 -
aa”);

8) There exists e € E,(a) such that (a”) " (1 —e) €
(a”) " a®R(1 - ad®);

9) (a”) " e(d”) " a"R.

Corollary 2 Let a e R”, then the following condi-
tions are equivalent:

1) aeRY;

2) There exists ¢ € E,(a) such that (a“ae) " =a” ae;

3) There exists e € E,(a) such that (a”) "ae=(a")" -
a;

4) There exists ¢ = ¢© € R such that ¢ € aa”R and
(a”)"ae=(d") " a;

5) For any ue U,(a), aueR";

6) There exists u € U,(a) such that au is weak group
invertible;

7) There exists ¢ € aa”R(1 — aa”) such that a* a’t -
(a’a”) " a is Hermitian;

8) For any e E,(a), (a”) " (a-ae) e (a”) " a’R(1
-aa”);

9) There exists e € E,(a) such that (a”) " (a - ae) €
(a”) *a"R(1 - ad”);

10) (d°) "ae(a”) " a"R.

Recall that R is a weak proper * -ring'® if, and only
if, each element in R has at most a single weak group in-
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verse.

Corollary 3 If R is a weak proper =* -ring, then a is
weak group invertible if, and only if, there exists u €
U,(a) such that au is weak group invertible and (au) V=
a’.

Proof Suppose that a is weak group invertible with
I(a) =k. Take u=1 - aa" + ad”.
weak group invertible. Now, we can verify that (au)"” =

D
a .

By Theorem 1, au is

k-1
aD(au)k” — aD [ 2 (azau)knf[(a _azaw); +
i=0
azab(a _azaw)k + (a _azaw)k+1 ] —

k-1
an [ z (azan)k+|—i(a _ azaw)i +
i=0

2 D 2 W k-1 2 W k
aa(a—-aa)a +(a-aa a]:

k-1
Z (azaD)k—i(a _azaw)i +ak _aZaWak—l +
i=0

k-1
Clk _aawak — Z(azan)k—i(a _azaw)i +
i=0

1 2 k+l1

(a —d’a")d"™" +d" —a(d")?d™ =

2 (azan) k—i(a

i=0

-a’a")' +(a -da")" +

k
ak—awakH — z (azaD)k_i(a _azaw)i — (au)k
i=0
au(a®)? =a(1l —aa” + aa®)(a”)* =a”
(au) “(auw)’a” =u"a"a’a” =u"a" d*a"u 'u=
uaaa”(1+aa” —aa®yu=
wadadu=(u"a*da"u)" =[(au) " (au)’a"]"*
Therefore, there exists u € U,(a) such that au is weak
group invertible and (au) " = a”. The converse is obvious
by Theorem 1.
The following example shows that ¢” may not be the
pseudo core inverse of another element when a is Drazin

invertible.

Example1 Let R=M,(R), A = [(1) (1)] Take the
transpose as the involution. It is obvious that A” =A and
A" = [(1) 8] If there exists a matrix B satisfying B

=A”, then B’ R =A”R = AA"™R. By Theorem 2.3 in
Ref. [3], we have A” = B = B’AA'"".
¢ RAA'”'. Therefore, A” cannot be the pseudo core in-
verse of any matrix.

However, A”

2 Commuting Properties of the m-Weak Group
Inverses

. 12
Drazin'"”

explored the commuting properties of dif-
ferent kinds of generalized inverses, while Zhou et al. (ol
investigated the characteristics of weak group inverses.

We now examine the commuting properties of m-weak

group inverses. In a weak proper * -ring, each element
can possess at most a single m-weak group inverse. It is
important to note that a € R is left * -cancellable if a* ay
=0 implies ay =0 for arbitrary y € R.

Proposition 1 Let R be a weak proper * -ring, y € R
and a,, a, e R"". If a,a; is left * -cancellable and there
exist x,,x, € T,(a,) and x,, x, € T,(a,) such that x,y =
yx, and x, a}'y = yx, @, then a,"y =ya,".

Proof From Lemmas 2 and 4, it follows that

m+1 m m+2 W, \ #*

(a)"al"'a"y=(al" a/") "aly = (x,a!"al") "al'y =

(a;n+2arv,,,) * yx: a;’l — (alln +2aI/V,,,) * y( a;n+la;meZz+l) * a;n —

(arltz+2al\’vm) «}(x;rm-]) * (a;n) # a;“'a;v”’ -

( m+2 Wm)* e F o mtl W,,,_( m)* m+1 W, w,
a, a, yx,a, a,"=\(a;) a, a,’ya,a,

Therefore,

D _m+1 W, D _m+

D~ * iy — Dy * r_w, .. w,
(a,a)) "aya;al” a"y=(a,a) aa a" a,ya,a,

Since a,a; is left * -cancellable, we show that
D _m+1 W, D _m+1

iy — w, 5 W, Th t . m+l W,
a,a’a;” a,’y=a,a’a; a,ya,a,". at is, a; a,"y =

m+1 W, w,

a;”’ a,"ya,a,". Then
W, _ . m+l _m+l W,”v_ m+1 _m+1 W, w, _
a;’y=x, a, a’'y=x, a, a’yada, =

m+l m+l W, 2 W, _ om+l _m+l W, A2 W
1 al al -yx}aZaZ _'xl a] al xl-}GZaZ -

20 W, _ 22 W, _ W,
X ya,a,” =yx;a,a,” =yd,

X

Taking a = a, = a, in Proposition 1, we can immediate-
ly obtain the next result.

Corollary 4 Let R be a weak proper * -ring, y € R
and a € R". If there exists x,, x, € T,(a) satisfying x,y =
yx, and x, a"y =yx, a", then a"y =ya"".

Proof
(a™) " a""'a"y=(a") " a"" " a"yaa"". Take x=a

From the proof of Proposition 1, we have

m+1

a’y
—a""'a™yaa"". 1t is easy to obtain that (aa”) “x =0 and
xe aa’R(1 — aa”). Since R is a weak proper * -ring,
we have x =0. The rest of the proof is similar to that of
Proposition 1.

Corollary 5 Let a € R and y € R. If there exists
x,,x, € T,(a) such that x;y = yx, and x,’y = yx, , then
a”y=ya"” and (a") "y=y(a")".

Corollary 6 Let acR'” and ye R. If a”y = ya” and
(a”) y=y(d"”) ", then a"
y(a™)".

Corollary 7 Let a, b € R™. If 4a°b” = b"a” and
(a®)* b = b” (a”) ", then a"™ b = b 4" and
(a™) b =p® (™) "

'y =ya" and ()" y =

1 0
Example 2 Let R =M,(R), A = [1 0]. Consider

the transpose as the involution. It is obvious that A” = A
172 1/2
and A" =
172 1/2
B” =B = B. Therefore, A’ B" =B'"”A".
ing computations, B”’A” # A”B”, so the converses of

]. Considering that B =A'”', then

Follow-

Corollaries 6 and 7 may not be true.
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The generalized invertibility of products of elements
has attracted the attention of many scholars and readers
can refer to Refs. [13 —15]. Next, the commuting prop-
erties are applied to give the pseudo core inverse of a
product.

Corollary 8 Let a,beR'™.
=b"(a”) ", then ab e R, and (ab)"™ =
P P

Proof From Ref. [1], the condition ab = ba implies
a’b” = b"a”. This together with (a”) " b” = b"(a”) "
implies that a'” 5" = b a'”! and a”b"™ = b" a” by
Corollaries 6 and 7. Thus, a'”'5'"”" € T,(ab). We only
need to prove (abb'”' a'”)* =abb a'. Since a”b =
ba”, we have a”bb'” = bb"™ a”, which implies (a”) " -
b =bb'™ (a”) " and a'”' bb'™”' = bb'™ ' by Corol-
lary 6. Similarly, 5" aa'” =aa"”'b'”". Thus, (abb"” -

a”)* =(aa”bb"™) " =bb" aa" = baa' b = abb"’
(D}

If ab = ba and (a”) " b”
a® p? =

a

Under the assumption of Corollary 7, the following ex-
ample shows that ab may not be pseudo core invertible.

0 0 O
Example3 LetR=M,(Z), A={0 0 O |andB=
1 1 0
[0 0 17
0 O 1| Consider the transpose as the involution. It
0 0 O

is obvious that A” = B® = 0. Therefore, A°B” = B’A”

and (A”)" B” = B” (A”)". However, AB =
[0 0 0]

0 0 O |¢R". Therefore, AB is not pseudo core in-
10 0 2]

vertible.

3 Conclusions

1) In a ring featuring an involution, we present further
characterizations of the existence of m-weak group inverse
of an element. These are based on new conditions corre-
sponding to idempotents, one-sided principal ideals, and
units.

2) The commuting properties of m-weak group inverses
are shown and applied to obtain the pseudo invertibility of
a product of elements. Through several illustrative exam-
ples, we highlight the relationships and differences be-
tween Drazin inverses, pseudo core inverses and weak
group inverses, which are profoundly linked.

3) Our results can be used to improve previous work on
m-weak group inverses and offer fresh perspectives on the
study of other generalized inverses. Given the burgeoning
interest in m-weak group inverses, future research might
profitably investigate their applications across various
fields.

References

[1] Drazin M P. Pseudo-inverses in associative rings and sem-
igroups [J]. The American Mathematical Monthly, 1958,
65(7): 506 —514. DOI: 10.2307/2308576.

[2] Baksalary O M, Trenkler G. Core inverse of matrices
[J]. Linear and Multilinear Algebra, 2010, 58(6): 681 —
697. DOI: 10. 1080/03081080902778222.

[3] Gao Y F, Chen J L. Pseudo core inverses in rings with
involution [J]. Communications in Algebra, 2018, 46
(1): 38-50. DOI: 10.1080/00927872.2016. 1260729.

[4] Prasad K M, Mohana K. Core-EP inverse [J]. Linear
and Multilinear Algebra, 2014, 62: 792 —802. DOI: 10.
1080/03081087.2013.791690.

[5] Raki¢ D S, Din&ié N C, Djordjevi¢ D S. Group, Moore-
Penrose, core and dual core inverse in rings with involu-
tion [J]. Linear Algebra and its Applications, 2014,
463: 115 -133. DOI: 10.1016/j. laa. 2014.09. 003.

[6] Wang H X, Chen J L. Weak group inverse [J]. Open
Mathematics, 2018, 16: 1218 — 1232. DOI: 10. 1515/
math-2018-0100.

[7] Zhou M M, Chen J L, Zhou Y K. Weak group inverses
in proper * -rings [J]. Journal of Algebra and Its Appli-
cations, 2020, 19 (12): 2050238. DOI: 10. 1142/
S0219498820502382.

[8] Zhou Y K, ChenJ L, Zhou M M. m-weak group inverses
in a ring with involution [J]. RACSAM, 2020, 115(1):
2. DOLI: 10.1007/s13398-020-00932-1.

[9] Li WD, ChenlJ L, Zhou Y K. Characterizations and rep-
resentations of weak core inverses and m-weak group in-
verses [J]. Turkish Journal of Mathematics, 2023, 47:
1453 —1468. DOI: 10. 55730/1300-0098. 3440.

[10] Zhou M M, ChenJ L, Zhou Y K, et al. Weak group in-
verses and partial isometries in proper * -rings [J]. Line-
ar and Multilinear Algebra, 2022, 70(19): 4528 —4543.
DOI: 10.1080/03081087.2021. 1884639.

[11] Zhou Y K, Chen J L. Weak core inverses and pseudo
core inverses in a ring with involution [J]. Linear and
Multilinear Algebra, 2022, 70(21): 6876 —6890. DOI:
10. 1080/03081087.2021. 1971151.

[12] Drazin M P. Commuting properties of generalized inver-
ses [J]. Linear and Multilinear Algebra, 2013, 61(12):
1675 —1681. DOI: 10.1080/03081087.2012. 753593.

[13] Zhu H H, Chen J L. Representations of the Drazin inverse
involving idempotents in a ring [J]. Journal of Southeast
University ( English Edition), 2015, 31(3): 427 —430.
DOI: 10.3969/j. issn. 1003-7985.2015. 03. 023.

[14] Zou H L, Chen J L. Further results on pseudo Drazin in-
verse in Banach algebras[J]. Journal of Southeast Univer-
sity (Natural Science Edition), 2017, 47(3): 626 —630.
DOI: 10.3969/j. issn. 1001-0505.2017. 03.034. (in Chi-
nese)

[15] Zou HL, Zeng Y D, ChenJ L. Generalized Drazin inve-
rtibility of the product of elements in Banach algebras
[J]. Journal of Southeast University ( Natural Science
Edition), 2023, 53(1): 182 — 186. DOI: 10. 3969/j.
jssn. 1001-0505.2023. 01.022. (in Chinese)



318 Zhou Yukun and Chen Jianlong

m-55 B 1 RY %l
CES I ¥ Y

(AHRFHRFFR, H*210096)

WE.AT2E m-358E RARFLANS Lih TRAHNE TiETHEFREF & K a AP0 L
PR 9 Drazin TT# 0. B8, BT LK a 9 m-BAEAL N AEMNZ S T3] a AWBETEAABETEL
WAt ok, 1255 proper * -3 P GEMALE a HBRETH M Y HALY q 9 Drazin i au 09 BEEE U
A —AY5 a # Drazin ¥ F 40 X 945k T4 0. RJe 4 — /AR HBIHLH a 89 Drazin i — 5 R 2 E 4T %
Wt E bR T AR S BRI MR A ke, Kk TEAE R L) B m-BE AR RS,
SRTHGXT, L RBO LN SREAV, hHEE BHES m-BHRERZAEW XA ELFE
X 7).

KR cm-35 B4 ; 33 AF 1% ; Drazin i ; kM4

HES2S:0153.3



