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Dynamic analysis for rigid‑flexible multibody systems with 
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Abstract： A nonintrusive dynamic response prediction 
method is proposed to deal with the rigid‐flexible multibody 
systems involving hybrid uncertainties of random and inter‐
val fields.  The high‐dimensional discrete representations of 
random and interval fields are embedded into the multibody 
system dynamics modeling based on the absolute nodal coor‐
dinate formulation using the Karhunen‐Loève expansion and 
truncation technique， enabling an effective description of 
spatially correlated uncertain parameters.  To overcome the 
challenges induced by high‐dimensional uncertain variables 
and long‐time domain analysis， the local mean decomposi‐
tion and high‐dimensional model representation are applied 
to construct a nonintrusive surrogate model for the system 
dynamic response.  The proposed approach improves predic‐
tion accuracy while considerably reducing computational 
cost and enhancing the efficiency of evaluating response sta‐
tistics and boundary characteristics.  The effectiveness and 
applicability of the proposed method are validated through 
two numerical examples of typical multibody systems in‐
volving one‐ and two‐dimensional random‐interval fields in 
handling spatial uncertainties and predicting system re‐
sponse ranges.
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Accurate prediction of the dynamics of rigid‐flexible 
multibody systems is crucial for the design and reli‐

ability of such systems.  However， the parametric models 
upon which such predictions rely inevitably contain un‐
certainties， originating from sources such as geometric 
tolerances， material properties， initial/boundary condi‐
tions， and external excitations［1‐2］.  These uncertainties 
can lead to inaccurate predictions or even catastrophic 
failures［3‐4］.  Consequently， uncertainty analysis has be‐

come a critical issue in assessing how these uncertain pa‐
rameters influence the dynamic performance of the sys‐
tem［5］.  In multibody systems， uncertain parameters are 
typically classified as random variables［6］ or interval vari‐
ables［7］.  For systems defined by precise probability distri‐
bution functions， probabilistic methods， such as Monte 
Carlo simulations， are the standard approach.  However， 
in many practical scenarios， sufficient data to construct 
accurate probability distributions are challenging to ob‐
tain.  When parameters are uncertain but bounded， treat‐
ing them as interval variables is highly appropriate.  For 
such systems with interval parameters， interval methods 
are employed to quantify the impact of uncertainty and 
determine the upper and lower bounds of the dynamic re‐
sponse.

However， existing studies often simplify uncertain pa‐
rameters as independent random or interval variables.  In 
practical engineering， the uncertainty of material proper‐
ties such as elastic modulus and density often exhibits 
continuous spatial distribution characteristics， which can 
be mathematically defined as random fields［8］.  Owing to 
the inconvenience of continuous index sets in numerical 
computation， random fields must be discretized into a fi‐
nite number of random variables.  According to Ghanem 
et al.［9］， the mainstream method for achieving such dis‐
cretization is the series expansion method， whose core 
idea is to expand any realization of a random field into a 
series composed of deterministic basis functions.  Among 
various expansion methods， the Karhunen‐Loève （K‐L） 
expansion is considered to be a high‐precision discretiza‐
tion method owing to its optimal convergence properties 
in the mean square sense［10］.  Random fields have been 
widely applied in structural dynamics， civil engineering， 
and environmental loading to model spatially varying un‐
certainties， such as material loads in concrete structures 
during construction［11］， the durability deterioration of re‐
inforced concrete bridges［12］， and the simulation of non‐
stationary turbulent stochastic fields for exceptional 
winds［13］.  Notably， the theory of random fields has 
gradually been introduced into the field of multibody dy‐
namics to analyze the impact of spatial randomness in 
material properties of flexible components on the overall 
dynamic response［14‐16］.  For example， Wu et al. ［14］ first 
combined random fields with flexible multibody model‐
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ing， establishing an uncertainty analysis model consider‐
ing the spatial random distribution of the material proper‐
ties of flexible beams.  Meng et al.  ［16］ further proposed a 
dynamic computation method for flexible multibody sys‐
tems considering imprecise random fields.  This series of 
advancements provides an important theoretical founda‐
tion and modeling tools for more accurately describing 
the uncertainty propagation in complex multibody sys‐
tems.

In practical engineering， when sample data are scarce 
and constructing complete random probability distribu‐
tions is challenging， interval fields provide an effective 
mathematical tool for characterizing system inputs that 
are spatially dependent with unknown probability distri‐
butions［17］.  Ni et al.  ［18］ delved into the mathematical im‐
plications of interval fields， the interval K‐L expansion 
method， and numerical techniques for solving eigenval‐
ues and eigenfunctions， which form a complete modeling 
framework for interval fields and provide a standardized 
analytical approach for addressing spatial variability un‐
der epistemic uncertainty.  However， most existing stud‐
ies treat random fields and interval fields in isola‐
tion［19‐20］， which struggles to effectively address the hy‐
brid uncertainty issues commonly encountered in practi‐
cal engineering.  Some scholars simultaneously consid‐
ered random and interval fields in structural static uncer‐
tainty analysis［21‐22］.  However， similar studies in the dy‐
namic field are urgently needed.  Therefore， this paper 
focuses on introducing a unified analytical framework 
that incorporates random and interval fields， providing 
theoretical support and a methodological foundation for 
improving the accuracy of dynamic predictions for 
rigid‐flexible multibody systems.

To achieve a unified analysis of random and interval 
fields， hybrid uncertainty quantification is required to be 
performed after uncertainty modeling.  For the hybrid un‐
certainty problem in multibody systems， the polynomial‐ 
chaos‐Chebyshev‐interval （PCCI） method proposed by 
Wu et al. ［23］ combines the polynomial chaos expansion 
（PCE） with the Chebyshev theory， providing an effec‐
tive numerical strategy for hybrid uncertainty propaga‐
tion.  Subsequently， Feng et al.［24］ developed the polyno‐
mial chaos‐Legendre metamodel （PCLM） method， 
which combines PCE theory with the Legendre polyno‐
mial surrogate model.  For specific issues in flexible mul‐
tibody systems， several modifications were made to the 
basic framework［25‐28］.  For example， to enhance compu‐
tational efficiency， Guo et al. ［25］ proposed a sparse 
PCLM method based on compressed sensing.  In re‐
sponse to scenarios where probabilistic information is in‐
complete in engineering practice， they further developed 
a data‐driven PCLM method that integrates statistical mo‐
ment orthogonal polynomial construction［26］.  In addi‐

tion， to overcome the challenge of fitting accuracy decay 
with time in PCLM when dealing with periodic time‐ 
domain problems， Meng et al.  ［27］ introduced the local 
mean decomposition （LMD） technique and proposed the 
PCLM‐LMD method.  To address the “ curse of dimen‐
sionality” caused by high‐dimensional inputs， the team 
also integrated high‐dimensional model representation 
（HDMR） and proposed the PCLM‐HDMR method， ef‐
fectively achieving dimensionality reduction［28］.

Addressing the high‐dimensional variable problem re‐
sulting from the discretization of random and interval 
fields， as well as the accuracy degradation in long‐time 
domain analysis， this paper proposes an efficient dimen‐
sionality reduction method based on the standard 
PCLM‐LMD approach.  The method reduces the dimen‐
sionality of the instantaneous amplitude （IA）， instanta‐
neous phase （IP）， and trend terms obtained from the 
HDMR decomposition of the response， thereby improv‐
ing the dynamic prediction accuracy and computational 
efficiency of rigid‐flexible multibody systems under spa‐
tial hybrid uncertainties.
1　Spatially Dependent Uncertainty

1. 1　Random field—A stochastic model for spatially 
dependent uncertainty

A random field is called a Gaussian random field 
HN( x，ω) if， for any xp ∈ D， the random variable 
HN( xp，ω) follows a normal distribution：

HN( xp，ω) ∼ N ( )μ
HN( )xp，ω

，σ
HN( )xp，ω

        ∀xp ∈ D （1）
where μ

HN( )xp，ω
 and σ

HN( )xp，ω
 represent the mean and stan‐

dard deviation of the random variable at location xp， re‐
spectively； subscript N indicates a normal distribution； 
and D ∈ Rd is a bounded domain.  Rather than focusing 
solely on the random variable at a single location xp， the 
collection of variables over the entire domain is consid‐
ered.  Thus， the correlation function of the random field 
is defined as
ρ ( x1，x2 )≡

E [ ]H ( )x1，ω H ( )x2，ω -E [ ]H ( )x1，ω E [ ]H ( )x2，ω
σ ( )x1 σ ( )x2

（2）
where E [ ⋅ ] represents the operation of computing the 
mean， and σ2( x ) = E [ ( H ( x，ω) - μ ( x ) ) 2 ].  For uncer‐
tainty modeling in beams and plates， one‐dimensional 
（1D） and two‐dimensional （2D） formulations of the ran‐
dom field are employed， with the corresponding correla‐
tion functions given respectively as follows［21］：

ρ ( x1，x2 ) = exp ( - x1 - x2
Lx ) （3）
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ρ ( x1，x2 ) = exp ( - x1 - x2
Lx

- - y1 - y2
Ly ) （4）

where Lx and Ly denote the correlation lengths in the x‐ 
and y‑directions， respectively.
1. 2　Interval field—A nonstochastic model for spa‑

tially dependent uncertainty

The mathematical model of an interval field is de‐
scribed by the following definition［18］.  Let {G ( x )，x ∈ D } 
be an uncertain parameter varying in space.  If for a given 
xp ∈ D， the uncertainty is expressed as an interval param‐
eter G I( xp ) = [GL( xp )， GU( xp ) ]， then the spatial uncer‐
tain parameter is an interval field， denoted as 
{G ( x ) ∈ G I( x )， x ∈ D }.  The midpoint function and ra‐
dius function of the interval field are defined as

Gm( x ) = GU( )x + GL( )x
2 ，  G r( x ) = GU( )x - GL( )x

2
（5）

The midpoint function Gm( xp ) represents the nominal 
value of the interval variable G ( xp )， i. e. ， the center of 
the interval， whereas the radius function G r( xp ) reflects 
the magnitude of G ( xp )， which indicates the range of 
variation around the nominal value.

To quantify the uncertainty correlation between x1 and 
x2， the correlation function ρGI( x1，x2 ) is defined as fol‐
lows：

ρGI( x1，x2 ) = ρ (G I( x1 )，G I( x2 ) ) = Cov [ ]G I( )x1 ，G I( )x2
G r( )x1 G r( )x2

（6）
The interval K‐L expansion represents an interval field 

as an infinite series of uncorrelated standard interval vari‐
ables［18］：

G I( x ) = Gm( x ) + ∑
i = 1

L

G r( x ) λi ηi(ω) ψi( )x

ηi(ω) ∈ [ - 1， 1] （7）
where ηi ∈ [ - 1， 1]， i = 1，2， ⋯ are the standard inter‐
val variables； L is the truncation order of the interval 
field； λi and ψi( x ) are the eigenvalues and eigenfunc‐
tions of the correlation function ρGI( x1，x2 )， respec‐
tively.  The eigenvalues and eigenfunctions can be ob‐
tained by solving the Fredholm integral equation of the 
second kind， and an approximation degree κ is defined to 
assess the accuracy of the truncated K‐L expansion：

κ = 1
|| D ∑

i = 1

L

λi = ∑
i = 1

L

λi ∑
i = 1

∞
λi （8）

where | D | denotes the length （for a 1D interval field）， 
area （for a 2D interval field）， or volume （for a 
three‐dimensional interval field） of the spatial domain D.

Fig. 1 visualizes sample realizations of 1D and 2D ran‐
dom and interval fields after K‐L expansion.  The 1D spa‐
tial domains are denoted as Dx = [ - 0. 5， 0. 5]， and the 
2D spatial domains as Dxy = [ - 0. 5，0. 5] × [ - 0. 5，

]0. 5 .  To ensure consistency and comparability in the vi‐

Fig. 1　Schematic and comparison of random and interval fields.  （a） 1D random field； （b） 1D interval field； （c） 2D random 
field； （d） 2D interval field
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sualization， the mean function of both random fields is 
set to μ ( x ) = 5， μ ( x， y ) = 5 and the standard deviation 
function σ ( x ) = 0. 1μ ( x )， σ ( x， y ) = 0. 1μ ( x， y ).  Then， 
the midpoint function of the interval fields is set to 
m ( x ) = 5， m ( x， y ) = 5， and the radius function to 
r ( x ) = 0. 1m ( x )， r ( x， y ) = 0. 1m ( x， y ).  The correla‐
tion length is uniformly set to Ls = 2 in all cases.

In Fig.  1， the interval field model explicitly defines 
upper and lower bounds to describe the fluctuation range 
of the uncertain parameter.  By contrast， the random 
field model does not inherently impose such bounds.  
Moreover， the interval field model does not specify any 
particular probability distribution within the bounds， 
whereas the random field model requires a full character‐
ization of the marginal probability distribution at each 
spatial location.  Consequently， the random field model 
provides a highly refined representation of spatial uncer‐
tainty， albeit at the cost of greater demands on sample 
data.  The interval field model， being coarser in its uncer‐
tainty representation， requires only upper and lower 
bounds of the uncertain variable.
2　Methodology for an Uncertain Rigid‑Flexible 

Multibody System

2. 1　Rigid‑flexible multibody system with random‑ 
interval fields

According to absolute nodal coordinate formulation 
（ANCF）［29‐31］， the dynamic differential algebraic equa‐
tions （DAEs） for a rigid‐flexible multibody system with 
uncertainties are written as follows：

ì

í

î

ï
ïï
ï

ï
ïï
ï

M ( )ξR， ηI q̈ + F ( )q， ξR， ηI + ΦT
q ( )q， t λ =

        Q ( )q， q̇， ξR， ηI

Φ ( )q， t = 0

（9）

where q is the vector of generalized coordinates； Φ (q，t ) 
and Φq(q，t ) denote the vector of constraints and the Ja‐
cobi matrix with respect to q， respectively； λ represents 
the vector of Lagrange multipliers； M， F， and Q stand 
for the mass matrix， the vector of generalized elastic 
forces， and the vector of other generalized forces， re‐
spectively.

The Young’s modulus E and mass density ρ are con‐
sidered as Gaussian random fields， whereas the plate 
thickness d and external loads f are treated as interval 
fields.  Using the K‐L discretization， the E， ρ， d， and f 
can be approximated by

EH( x， ξR ) = μE + σE∑
i = 1

KE

λE，i ξE，iϕE，i( )x

 ρH( x， ξR ) = μρ + σρ∑
i = 1

Kρ

λρ，i ξρ，iϕρ，i( )x

dGI( x， ηI ) = dm + d r∑
i = 1

Kd

λd，i ηd，i ψd，i( )x

 fGI( x， ηI ) = f m + f r∑
i = 1

Kf

λ f，i ηf，i ψ f，i( )x （10）

where the subscripts H and G I are introduced as nota‐
tional labels to identify quantities associated with a ran‐
dom field and an interval field， respectively， thereby dis‐
tinguishing them from their deterministic counterparts.  
μE and μρ are the mean values of EH( x， ξR ) and 
ρH( x， ξR )， respectively； σE and σρ are their standard de‐
viations； dm and f m are the midpoint functions of 
dGI( x， ηI ) and fGI( x， ηI )， respectively； d r and f r are the 
radius functions； ξE，i and ξρ，i represent the independent 
standard normal random variables； ηd，i and ηf，i are the in‐
dependent standard interval variables； KE， Kρ， Kd， and Kf are the truncation order of the associated K‐L expansion； 
and λE，i， λρ，i， λd，i， λ f，i， ϕE，i，ϕρ，i， ψd，i，and ψf，i denote 
the eigenvalues and eigenfunctions of the correlation 
function.

From Eq.  （10）， the constant mass matrix， the vector 
of generalized elastic forces， and the vector of other gen‐
eralized forces in Eq.  （9） are obtained as follows：

M j = ∫
V e
ρj

H( )x， ξR S T
GI( )x， ηI SGI( )x， ηI dV e

F j = ∫
V
ε：E j

H( )x， ξR ：
∂ε
∂ej  dV e

Q j = ∫
V e

S T
GI( )x， ηI f j

GI( )x， ηI dV e （11）
where ρj

H and V e are the density and volume of the ele‐
ment， respectively； ej is the vector of nodal coordinates 
of the j‑th element； E j

H is the fourth‐order elastic tensor 
matrix； ε is the Green’s strain tensor； f j represents the 
external force vector.

Using the random field of Young’s modulus for the 
fully parameterized beam as an illustrative example， the 
discretization of random and interval fields is demon‐
strated and embedded into the finite element formula‐
tion， treated during a preprocessing stage.  Based on Eq.  
（10）， the Lamé parameters of the material are expressed 
as
λ( x， ξ ) = EH( )x， ξ ν

( )1 + ν ( )1 - 2ν ，    μ ( x， ξ ) = EH( )x， ξ
2 ( )1 + ν （12）

where ν denotes Poisson’s ratio.
From Eqs.  （10） and （12）， each component Eijkl of 

EH( x， ξ ) is expressed as
Eijkl( x， ξ ) = Ēijkl + ∑

i = 1

KE

E͂ i
ijkl( x ) ξE，i （13）
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where
Ēijkl = 2νδij δkl + ( )1 - 2ν ( )δik δjl + δil δjk

2 ( )1 + ν ( )1 - 2ν μE

E͂ i
ijkl( x ) =

2νδij δkl + ( )1 - 2ν ( )δik δjl + δil δjk

2 ( )1 + ν ( )1 - 2ν σE λE，i ϕE，i( x )
（14）

During the computation of the element elastic force 
and its Jacobian matrix， random variables ξE，i in E͂ i

ijkl( x ) 
can be factored out of the integral.  As a result， the inte‐
grand reduces to a spatial function that yields a constant 
matrix after integration over the element volume.  There‐
fore， the 1 + KE constant matrices corresponding to the 
components Eijkl( x， ξ ) can be precomputed and stored 
during the preprocessing stage to improve computational 
efficiency.

For fixed ξR and ηI， Eq.（9） is reduced to DAEs for a 
deterministic system.  At each time step， the determinis‐
tic DAEs can be solved by the generalized‐α integration 
algorithm.
2. 2　Computational strategy

Considering the generalized coordinate q ( ξR， ηI ) in 
Eq.  （9）， where ξR ∼ N (0， 1) m and ηI = [ - 1， 1] n

， the 
output of f ( ξR， ηI ) exhibits characteristics of both ran‐
dom and interval variables.  Such a function can be ex‐
panded using the Hermite series of order p and the Legen‐
dre series of order q sequentially， in an approach referred 
to as the PCLM：

f ( ξR， ηI ) ≈ f ̂ ( ξR， ηI ) = ∑
i = 0

K - 1( )∑
j = 0

L - 1
βi，j ψj( )ηI ϕi( ξR )

（15）
where K = (m + p )！

m！p！
 and L = (n + q )！

n！q！
.  The ϕi( ξR ) 

( )i = 0， 1， ⋯， K - 1  and ψj(ηI ) ( j = 0， 1， ⋯， L - 1) de‐
note the i‑th term of the Hermite series and the j‑th term 
of the Legendre series， respectively， and the coefficient 
matrix β = ( )βi，j K × L

 is obtained through the least squares 
method：

β = (Ψ T(ηS )Ψ (ηS ) )-1
Ψ T(ηS ) F T( ξS，ηS )Φ ( ξS )·

(Φ ( ξS )ΦT( ξS ) )-1
（16）

where Φ ( ξS ) and Ψ (ηS ) denote the measurement matri‐
ces corresponding to random samples ξS = { ξ S1， ξ S2，⋯，ξ S

M } 
and interval samples ηS = {ηS1， ηS2，⋯，ξ S

N }， respec‐
tively.  The sample points of random variables are gener‐
ated via the tensor product of the roots of univariate Her‐
mite polynomials of order p+1 in the m‑dimensional 
space， that is，

ξ̂ = ξ̂1 ⊗ ⋯ ⊗ ξ̂ i ⊗ ⋯ ⊗ ξ̂m

ξ̂ i = [ ξ̂ ( )1
i  ξ̂ ( )2

i   …   ξ̂ ( )p + 1
i ] T

（17）
The sample points of interval variables are generated 

via the tensor product of the roots of univariate Legendre 
polynomials of order q+1 in the n‑dimensional space， 
that is，

η̂ = η̂1 ⊗ ⋯ ⊗ η̂ j ⊗ ⋯ ⊗ η̂n

η̂ j = [ η̂( )1
j  η̂( )2

j   …   η̂( )q + 1
j ]T

（18）
The resulting sample pool comprises ( p + 1)m (q + 1)n 

candidate points， from which M = 2K， N = 2L are typi‐
cally selected for analysis.  Upon the β， the complete 
form of f ̂ ( ξR， ηI ) can be expressed and used to predict 
the dynamic response.

Using the PCLM‐LMD method［27］ ， the surrogate 
model of response f ( ξR， ηI ) is expressed as
f ̂ ( ξR， ηI ) = ∑

ic = 1

s

âic( ξR， ηI ) cos ( )φ̂ic( )ξR， ηI + r̂ ( ξR， ηI )
（19）

where âic( ξR，ηI )， φ̂ic( ξR，ηI )， and r̂ ( ξR，ηI ) are corre‐
sponding surrogate models of IA， IP， and residual sig‐
nal， respectively.

To solve the curse of dimensionality， the HDMR［28］ is 
introduced to deal with surrogate models of IA， IP， and 
residual signal.  That is，
âic( ξR，ηI ) = ( )m + n - 1 ( )m + n - 2

2 aic 0 -
(m + n - 2) (∑i = 1

m

âPCE
ic ( )ξi + ∑

j = 1

n

âLM
ic ( )ηj ) +

∑
ii

m - 1 ∑
i2 > ii

m

âPCE
ic ( )ξi1，ξi2 + ∑

j1

n - 1 ∑
j2 > j1

n

âLM
ic ( )ηj1，ηj2 +

∑
i = 1

m ∑
j = 1

n

âPCLM
ic ( )ξi， ηj （20）

φ̂ic( ξR，ηI ) = ( )m + n - 1 ( )m + n - 2
2 φic 0 -

(m + n - 2) (∑i = 1

m

φ̂PCE
ic ( )ξi + ∑

j = 1

n

φ̂LM
ic ( )ηj ) +

∑
ii

m - 1∑
i2 > ii

m

φ̂PCE
ic ( )ξi1，ξi2 + ∑

j1

n - 1 ∑
j2 > j1

n

φ̂LM
ic ( )ηj1，ηj2 +

∑
i = 1

m ∑
j = 1

n

φ̂PCLM
ic ( )ξi， ηj （21）

r̂ ( ξR，ηI ) = ( )m + n - 1 ( )m + n - 2
2 r0 -

(m + n - 2) (∑i = 1

m

r̂PCE( )ξi + ∑
j = 1

n

r̂LM( )ηj ) +

∑
ii

m - 1 ∑
i2 > ii

m

r̂PCE( )ξi1，ξi2 + ∑
j1

n - 1 ∑
j2 > j1

n

r̂LM( )ηj1，ηj2 +

∑
i = 1

m ∑
j = 1

n

r̂PCLM( )ξi， ηj （22）
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Combining with Eq.（19）， the comprehensive coupled 
model for the system response is constructed.  The lower 
and upper bounds of f ̂ ( ξR， ηI ) are described by

-
f ( ξR ) = min

ηI ∈ [ ]-1， 1 n
[ f ̂ ( ξR，ηI ) ]

f̄ ( ξR ) = max
ηI ∈ [ ]-1， 1 n

[ f ̂ ( ξR，ηI ) ] （23）
Herein， the mean of bounds （MB） and the variance of 

bounds （VB） are defined as
μ

-
f = E [ -

f ( ξR ) ]，  μf̄ = E [ f̄ ( ξR ) ]
σ2

-
f = Var [ -

f ( ξR ) ]，  σ2
f̄ = Var [ f̄ ( ξR ) ] （24）

Based on the 3σ rule， which corresponds to a confidence 
interval of approximately 99. 73% for a normal distribu‐
tion， the range of the system output can be estimated 
from Eq.（24）：

[ f ] CI = 99. 73% = [ μ
-
f - 3σ

-
f， μf̄ + 3σf̄ ] （25）

3　Examples

3. 1　Rigid hub‑flexible cantilever beam

In Fig. 2， a rigid hub‐flexible cantilever beam system 
subjected to combined central driving torque τ and ther‐
mal radiation S0 is analyzed.  The flexible cantilever is 
modeled using 20 fully parameterized spatial beam ele‐
ments of ANCF.  The parameter values are listed in Table 
1.  The total simulation duration is set to 20 s， with an in‐
tegration time step of 0. 1 ms.  The time‐varying form of 
the central driving torque is given by

τ = {5sin ( )πt         t ≤ 2
0           t > 2 （26）

Fig. 3 shows the deterministic dynamic response of the 
system under combined central driving torque and ther‐

Table 1　Characteristic parameters of rigid hub⁃flexible canti⁃
lever beam system

Parameter
Length/m

Wall thickness/mm
Inner diameter/mm
Density/(kg·m-3)

Young’s modulus/GPa
Poisson ratio

Thermal expansion coefficient
Moment of inertia/(kg·m2)

Specific heat capacity/(J·kg-1·K-1)
Thermal conductivity/(W·m-1·K-1)

Radiation absorptivity
Surface emissivity

Thermal radiation intensity/(W·m-2)
Initial temperature/K

Ambient temperature/K
Stefan‐Boltzmann constant

Value
5.0
2.35

10.92
7 100

69
0

4×10-5

5.0
252

16.61
0.5

0.13
3 500
173
173

5.67×10-8

Fig. 2　 Schematic view of the rigid hub‐flexible cantilever 
beam system

Fig. 3　Deterministic dynamic response of the system under combined central driving torque and thermal radiation.  （a） Displace⁃
ment in the x⁃direction at the endpoint A； （b） Displacement in the y⁃direction at the endpoint A； （c） Rotation angle of the rigid 
body； （d） Transverse deformation at the endpoint A
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mal radiation.  The red curve represents the system re‐
sponse with both thermal radiation （S0=3 500 W/m2） and 
torque input， while the black curve represents the case 
without thermal radiation （S0 =0 W/m2）.  During the ini‐
tial 2 s， the central rigid body and the flexible beam 
driven by τ undergo rotation， leading to remarkable 
transverse deformation at the beam tip.  Then， τ drops to 
0， and the system enters free vibration， driven solely by 
inertia.  Thermal radiation induces circumferential tem‐
perature differences along the beam， causing static defor‐
mation during free vibration.  Thus， the tip displace‐
ment， rotation angle， and transverse deformation gradu‐
ally increase.

Based on the expressions in Section 2， the Young’s 
modulus of the flexible beam material is modeled as a 
random field with a correlation length L H

x = 5.  Simultane‐
ously， thermal radiation intensity is modeled as an inter‐
val field with a correlation length L GI

x = 5.  Using the K‐L 
expansion， the random and interval fields are discretized 
as

EH ( x，ξ ) = μE + σE∑
i = 1

4
ξi λE，i ϕE， i ( x )

SGI ( x，η ) = Sm + S r∑
i = 1

4
ηi λS，i ψS， i ( x ) （27）

where μE = 69 × 109 and σE = 0. 01μE denote the nomi‐

nal value and the standard deviation of Young’s modu‐
lus； Sm = 3 500 and S r = 0. 1Sm indicate the nominal 
value and the interval radius of thermal radiation.  The ei‐
genvalues and eigenfunctions are obtained as

λi，1 = 3. 694 1，  λi，2 = 0. 690 0，  λi，3 = 0. 225 4
λi，4 = 0. 106 6        i = E，S （28）

ϕE，j ( x ) = ψS， j ( x ) =

ì

í

î

ï

ï
ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

cos ( )ωj x

L + sin ( )2ωj L / (2ωj )
 j = 1，3

sin ( )ωj x

L - sin ( )2ωj L / (2ωj )
 j = 2，4

（29）
where L = 2. 5；ω1 = 0. 261 3，ω2 = 0. 734 6，ω3 = 1. 316 9，
 and ω4 = 1. 926 3.

The surrogate models âi( t )，φ̂i( t )，and r̂ i( t ) are con‐
structed by the PCLM‐HDMR method， where i =
x，y，θ，w.  Based on the surrogate models， Figs. 4 and 5 
present the predicted temporal evolution of MB and VB 
of the responses， respectively.  In the presence of ran‐
dom and interval fields， the upper and lower bounds of 
responses exhibit remarkable randomness.  The variance 
of these bounds increases gradually over time， making it 
essential to further investigate the dynamic response of 
the system.

Based on the MB and VB responses predicted by the 
complete surrogate models and the 3σ criterion， the pre‐
dicted regions for all time‐varying responses are pre‐

sented in Fig. 6.  The upper and lower bounds of the sys‐
tem responses progressively expand over time.  This 
growth in uncertainty indicates an increasing influence of 

Fig. 4　MB results of the system response.  （a）x ( t )； （b）y ( t )； （c）θ ( t )； （d）w ( t )
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uncertain parameters on the dynamic response and a pro‐
gressively stronger nonlinear input‐output relationship.  In 
general， the Monte Carlo scanning （MCS） method is 
used for comparison； however， it requires at least N = 
1. 464 1 × 108 sample points， which is impractical for 
this problem.  Therefore， Fig. 7 shows the real response 
results obtained from 5 000 randomly generated sample 
points using the sample pool of MCS.  A comparison dem‐
onstrates that the nonintrusive surrogate modeling ap‐
proach using the proposed method achieves long‐time dy‐
namic response prediction with only 481 sample points， en‐
abling high‐precision response prediction in hybrid uncer‐
tain systems while maintaining computational efficiency.

3. 2　Rotating hub‑inclined thin plate system

The inclined rotating thin plate system consists of a 
rectangular cantilever thin plate， with its left end fixed to 
a rigid rotating hub， as shown in Fig. 8.  The hub rotates 
about a fixed axis according to a prescribed angular ve‐
locity profile.  The time‐dependent angular velocity func‐
tion is given by

Ω =
ì

í

î

ïïïï

ïïïï

Ωs( )t
Ts

- 1
2π sin 2πt

Ts
        t ≤ Ts

Ωs               t > Ts
（30）

where Ωs = 10 rad s， Ts = 5 s.  Point O denotes the refer‐
ence point of the rotating plate， with its distance to the 

Fig. 5　VB results of the system response.  （a） x ( t )； （b） y ( t )； （c） θ ( t )； （d） w ( t )

Fig. 6　Predicted regions of the responses.  （a） x ( t )； （b） y ( t )； （c） θ ( t )； （d） w ( t )
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rotation axis set as r = 0. 2 m.  The frame { b1， b2， b3 } is 
obtained from the local coordinate {a1， a2， a3 } via a 
transformation defined by Euler angles， with the rotation 
angle set as (0°， 0°， 30°).  The geometric and material 
parameters of the plate are listed in Table 2， and the ro‐
tating thin plate is modeled using 8 × 4 reduced plate ele‐
ments of ANCF.

The density of the flexible thin plate is modeled as a 
2D random field， where L H

x = 1， L H
y = 0. 5.  Further‐

more， to account for the inhomogeneity in plate thick‐
ness owing to practical manufacturing processes， the 
thickness is modeled as an interval field［32］ and its corre‐

lation length is set as L GI
x = 1， L GI

y = 0. 5.  Through K‐L 
expansion， the density random field and thickness inter‐
val field are expressed as

ρH ( x，y，ξ ) = μρ + σρ∑
i = 1

4
ξi λρ， i ϕρ， i ( x， y )

dGI ( x，y，η ) = dm + d r∑
i = 1

4
ηi λd， i ψd， i ( x， y ) （31）

where μρ is the nominal value and σρ = 0. 02 μρ is the 
standard deviation of the plate density； dm and d r =
0. 02dm denote the nominal value and the radius of the in‐
terval field.  The specific values and forms of eigenvalues 
and eigenfunctions are obtained as follows：
λi，1 = 0. 272 9，λi， 2 = 0. 051 0，λi， 3 = 0. 016 7                 λi， 4 = 0. 009 5         i = ρ，d
ϕρ，1 ( x，y ) = ψd， 1 ( x，y ) = γ11 cos (ω11 x ) cos (ω21 y )
ϕρ，2 ( x，y ) = ψd， 2 ( x，y ) = γ12 cos (ω11 x ) sin (ω22 y ) +
                        γ21 sin (ω12 x ) cos (ω21 y )
ϕρ，3 ( x，y ) = ψd， 3 ( x，y ) = γ13 cos (ω11 x ) cos (ω23 y ) +
                        γ31 cos (ω13 x ) cos (ω21 y )
ϕρ，4 ( x，y ) = ψd， 4 ( x，y ) = γ22 sin (ω12 x ) sin (ω22 y )

（32）
where ω11 = 1. 306 5， ω12 = 3. 673 2， ω13 = 6. 584 6，ω21 = 
2. 613 1，ω22 = 7. 346 4， ω23 = 13. 169 2， γ11 = 1. 388 6，
γ12 = 1. 142 6，γ13 = 1. 050 1，γ21 = 1. 997 4，γ22 = 1. 213 7， 
γ23 = 1. 266 6.

The PCLM‐HDMR method is used to construct surro‐
gate models âw( t )， φ̂w( t )， r̂w( t ).  Then， a complete non‐
intrusive surrogate model ŵ ( t ) is constructed for the de‐
formation response under random‐interval fields， and sta‐

Fig. 7　Real regions of the responses.  （a） x ( t )； （b） y ( t )； （c） θ ( t )； （d） w ( t )

Table 2　Parameters of the rotating hub⁃inclined thin plate system
Parameter
Length/m
Wide/mm

Thickness/mm

Value
1.0
0.5
2.5

Parameter
Density/(kg·m-3)

Young’s modulus/GPa
Poisson ratio

Value
3 000

70
0.3

Fig. 8　Schematic view of the rotating hub‐inclined thin plate 
system
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tistical analysis is performed on the distribution character‐
istics of the maximum transverse deformation response.  
As shown in Fig.  9（a）， the combined spatially corre‐
lated random and interval field uncertainties cause the 
PDF of the maximum transverse deformation to be no 
longer represented by a single curve but by two separate 

curves defining the upper and lower output bounds.  Simi‐
larly， the cumulative distribution function （CDF） in 
Fig. 9（b） is now represented as an interval band， which 
reflects the uncertainty within a confidence range， exhib‐
iting the dual characteristics of randomness and interval 
uncertainty.

Figs. 10（a） and （b） illustrate the temporal evolution 
of MB and VB for the lateral deformation， respectively.  
The predicted region derived using the 3σ criterion is 
presented in Fig. 10（c）.  Fig. 10（d） provides reference 
responses obtained from 5 000 samples generated using 
the MCS sample pool， which serve as a benchmark for 
validating the prediction accuracy of the proposed 
method.  Comparative results indicate that the DRPCLM‐ 

LMD modeling strategy effectively captures the evolv‐
ing boundary behavior of the system response under 
high‐dimensional hybrid uncertainties.  Furthermore， 
the approach demonstrates reliable predictive capability 
for extreme value statistics， highlighting its strong 
adaptability and practical utility in handling complex 
systems subjected to multiple sources of uncertain 
fields.

4　Conclusions

A nonintrusive computational framework is proposed 
to analyze the effects of random and interval fields on the 
dynamic response of multibody systems.  By incorporat‐

ing the K‐L expansion， high‐dimensional discrete repre‐
sentations of these fields are embedded into ANCF ele‐
ments.  Computational efficiency is further improved by 
precomputing constant matrices in the dynamic equa‐
tions.  To address challenges associated with high‐ 

Fig. 9　PDF and CDF for bounds of the maximum lateral deformation.  （a） PDF； （b） CDF

Fig. 10　Response prediction of lateral deformation at Point P.  （a） MB； （b） VB； （c） Predicted region； （d） Real region
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dimensional inputs and long‐time domain simulations， 
PCLM is combined with the LMD technique， which de‐
composes the system response into IA， IP， and trend 
components.  The HDMR technique is then employed to 
effectively reduce the dimensionality of these compo‐
nents， enabling accurate prediction of the overall system 
behavior via a fully constructed surrogate model.  The va‐
lidity and efficiency of the proposed methodology are 
demonstrated through two examples involving 1D and 
2D random‐interval field models.  The results confirm 
that the proposed approach effectively captures spatially 
dependent uncertainties and considerably improves the 
accuracy and computational efficiency in predicting sta‐
tistical characteristics and boundary envelopes of rigid‐ 
flexible multibody systems under hybrid spatial uncertain‐
ties.  This work establishes the efficacy of the method on 
classical problems.  Future research will extend its appli‐
cation to strongly nonlinear regimes， including systems 
with large deformations and non‐smooth contact， to 
more rigorously benchmark its advantages for complex 
engineering analyses.
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考虑随机场与区间场的刚柔耦合多体系统动力学分析
靳艳飞 1，2， 孟经伟 1

（1.北京理工大学力学系，北京 100081；2.临近空间环境特性及效应全国重点实验室，北京 100081）
摘要： 针对刚柔耦合多体系统中包含随机场和区间场的混合不确定性问题，本文提出了一种非侵入式动态

响应预测方法。通过使用 Karhunen‐Loève 展开及截断技术，将随机场与区间场的高维离散表示嵌入基于绝

对节点坐标法的多体系统动力学建模中，实现了对空间相关不确定性参数的有效描述。在此基础上，为应

对高维不确定变量和长时域分析带来的挑战，结合局域均值分解与高维模型表征方法，构建了系统动态响

应的非侵入式代理模型。该方法在提高预测精度的同时，显著降低了计算成本，提高了响应统计量与边界

特征的求解效率。通过一维与二维随机场-区间场作用下的典型多体系统数值算例，验证了所提方法在处

理空间相关不确定性、预测系统响应范围等方面的有效性与适用性。

关键词：刚柔耦合多体系统；随机场；区间场；混合不确定性动力学分析
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