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Abstract: We introduce the notion of a weak Hopf bornologi-
cal algebra, which simultaneously generalizes the classical
frameworks of weak Hopf algebras and Hopf bornological
algebras. This extension aims to unify algebraic structures
with topological boundedness structures, thereby providing
a natural setting for the treatment of Hopf-type objects aris-
ing in locally convex spaces and groupoid algebras. First,
we present the definition and basic properties of weakly
bounded Hopf algebras and prove some basic results analo-
gous to those in weak Hopf algebras, such as the uniqueness
of the antipode and its anti-homomorphic properties with re-
spect to the multiplication and comultiplication. Finally, we
mainly study the weak Hopf bornological algebra structure
on finite Lie groupoids. Several basic examples are explic-
itly constructed, and their comultiplications, antipodes,
and counits are computed in detail. These results indicate
that the weak boundedness condition can be naturally de-
rived from the composition law of finite Lie groupoids.
Overall, this theoretical framework offers a new perspective
for studying Hopf-type algebras and provides a novel ap-
proach for investigating symmetry and duality in bounded
and analytic contexts.
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1 Preliminaries

Definition 1 A bornological vector space''” is a vec-
tor space V over a field k, together with B(V ), a collec-
tion of subsets of V' (called bornology), satisfying the
following conditions:

(MHv= U 2z;

ZeB(WV)
(2) B, C B,and B, € B(V)implies that B, € B(V);
(3) B,, B, € B(V) implies that B, U B, € B(V);
(4) B,,B, € B(V)implies that B, + B, € B(V );
(5) For any complex number [, Z € B(V) implies that
IZeB(V)and JI1Ze B(V).
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These conditions can be viewed as an abstract reformu-
lation of the properties of bounded subsets in a locally
convex vector space.

Lemma 1 Let X be a topological space and f and g
be continuous functions on X with compact support.
Then, the closure of set U = {(x, y)If(x)# 0,g(y) =0}
equals supp(f)xsupp(g).

Proof Take (x,y) e supp(f) x supp(g) and choose
any opens V X Wof X X X, where V, W are open sets of X.
We note that (VX W)NU=(VN{aeXlf(a)=0})x
(WN{beXig(h)=0}).

Since (x,y) e supp(f) x supp(g), (VX W)NU is
nonempty. Thus, U contains supp(f) X supp(g), and
U is contained in supp () X supp(g).

This completes the proof.

Definition 2'°° A weak bialgebra (WBA) (A;m,u;
€,A) is defined by the following properties:

(i) A is a finite-dimensional associative algebra over a
field k£ with multiplication m: A ® A — A and unit u:
k — A, which are k-linear maps;

(ii) A is a coalgebra over k with comultiplication A:
A— A ®A and counit €:A — k, which are k-linear
maps;

(iii) The algebra and coalgebra structures obey the com-
patibility conditions for a, b, c € A:

A(ab) = A(a)A(b) (1)
e(ab))e(b,c) = e(abe) = €(ab,))e(bc) (2)

Ly @11, &1, =1, &1, &1, =

Ly @1yl @1, (3)
where ab = m(a, b), 1: =u(1). We used Sweedler’s no-
tation for iterated coproducts, omitting summation indi-
ces and a summation symbol.

Definition 3'°® A weak Hopf algebra (WBH)
(A; myu; €,A; S) is a WBA used together with the
following property.

There exists a k-linear map S:A — A, called the anti-
pode, that satisfies the following fora € A:

ag,S(ag)=e(l;al,, (4)
SCagylag, = 1€lal ) (5)
S(a) = S(ay)a,S(a;) (6)

In what follows, we discuss several fundamental prop-
erties of WBHs"'.
propositions used in this article.

Foralla € A, we have

We recall some of the notations and
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N*a): =e(la)ly = agSlag)
|_| R(a)2 = 1(]>€(a1(2)) = S(a(]))a(z) (7)

M () = e(aly )1y, = S (N " (a))

~R
M (a): =1,e,a)=5"(N"a)) (8)
Using Eq. (3), we have the following identities :

M%(a,) ® ag,, =1, ® al,
ﬁR(“m)@ ag) =1y @ 1,a (9)
ag ®Mag)=1,a ® 1,
a, ® ﬁL(a(z))= al, ® 1, (10)
N¥es=N*nNt=s°0"
Ntes=Ntent=s5en* (11)

Proposition 1 If Eq. (3) holds, then Eq.(2) is
equivalent to Eq. (12) fora, b € A, as follows:
e(ab) = e(al,))e(1,,b) = e(al )e(1,b) (12)

Proof One direction is obvious. For the other direc-
tion, we have

~L
e(abc) = €(abl)e(l,0) = E(ab(l))ﬁ(rl (bm)c
and
e(ab))e(b,1,)e(l,c) = €lab )e(b, )
Similarly,
e(abc) = €(abl ,))e(1,c = e(ab,,)e (M (b, )c) =
€(ab,))e(byl,))€e(lc) = €(ab,)e(bc)

Proposition 2 If Eq. (3) holds, Eq. (6) is equiva-

lent to the following equation:
S(a) = I(I)S(al(z)) = S(l(l)a)l(z)

Proof From Egs. (9) and (10), we note that

SCag))apSag)=M"%(a,)S(ay) = 1,S(al;,)
and

S(ag)agyS(ag) =S a)l,,

This finishes the proof.

Proposition 3 Let €:A — k be a linear map and in
two cases, suppose that we have [1"(a) = (1 ,,a)1,
and % (a)) = 1(])6(611(2)), such that

ag ®MN"ay)=1,a ® 1,

and

M%ay) @ ag =1, @ aly,

In the first case, if €(1,,) =1, then a,e(a,,) = a.
And in the second case, if (1)1, =1, then
elag)ay = a.

Therefore, we have an alternative definition of WBH
as follows.

Lemma 2 A is a weak Hopf algebra if and only if the
following conditions hold.

(i) A is a finite-dimensional associative algebra over a
field & with multiplication m: A ® A — A and unit u:

k — A, which are k-linear maps.
(ii) A is a coalgebra over k with comultiplication A:
A — A ®A, counite: A — k, which are k-linear maps.
(iii) The algebra and coalgebra structures obey the com-
patibility conditions:
A(ab) = A(a)A(b) a,beA
e(ab) = e(al))e(1,b) = e(al, el c)
Ly @1l @y, =1, 1y, Ol =
Ly @1yl @y,
(iv) There exists a k-linear map S: A — A satisfying
amS(a(z)) = 6(1(])a)1<2)
SCag)ag, = 1;elal,)

S(a)=1,8(al )=S0, a)l, aecA

(2)

2 Definitions and Examples

Definition 4 Let V be a k-space and f: V — V be a
linear k-map. Then, f is called a weak bijection if there
exists a linear k-map g: V — V such that the following
identities hold:

fegef=f g°f°g=g
In this case, we call g a weak inverse of f.

Example 1 (1) Any bijection is a weak bijec-

tion! 914,

(2) If A is a WBH, then the linear maps T,, T:
A ®A — A QA are defined by "'

T,(a ®b)=A(a)(1 ®b)
T,(a ®b)=(a @1)A(b) (13)
It is easy to check whether T, and T, are weak bijections
using
R (a®b)=((1®S)A(a)(1 ®b)
and
R,(a ®b)=(a@1D((S®1DA(D))

(3) If A is a WBH with a bijective antipode S, the lin-
earmaps 75, T;:A ®A — A ®A, defined by

T,(a ®b)=A(a)(b®1)
T,(a ®b)=(1 Qa)A(b)

are weak bijections.
LetR;,R;: A ®A — A ®A be defined by

Ry(a ®b) = ((¢ @A (5))(1 ®a)
R,(a®b)=(b®1)((S ®c)A*"(a))
It is easy to obtain the following results:
T,R\T,=T,, R T;R,=R,
TR, T,=T7,, R, T,R,=R,
T,R,(a ®b) = A(1)(a ®b)
T,R,(a ®b)=(a @b)A(1)

The following proposition and definition are straight-
forward.

(14)
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Proposition 4 Let A be a WBH. Then, we obtain

(1) mR, T, = m and mR,T, = m;

(2) mR,T, = mand mR,T, = m.

Next, we will use the notation.

For bornological spaces M, N, Q and P =m ®n;
M RN — M ®N, we set

Pip=PRuMONK®Q—>MENRQ

P, =t R@P:Q QM QN — Q0 M ®N

(2.3)
and

Poy=m® ®n:M&®QON—>MKIQ QN

Definition 5 Let A be an algebra over C (the field of
complex numbers) with or without an identity, and A be
a comultiplication on A. We call A a weak Hopf borno-
logical algebra (WBHA) if the linear maps T,, T,:
A®A— A ®A, defined by

T,(a ®b)=A(a)(1 ®b),T,(a ®b)=(a ®1)A(b)
are weak bijections such that

(i) (T,R,, T,R,) e M(A ®A);

(ii) mR,T, = m and mR,T, = m;

(iii) foralla € A, A(a) is stable under T, R, and T, R,;

(iv) R,T, and R,T, are A-bimodules, where A ® A has
a natural module structure induced by multiplication;

(V(A®)T,R,(a ®b) =(t ®T,R,)(Aa) ® b) =
(T,R, ®¢)(¢ ®T,R,)(A(a) ® b);

(vi) (¢ ® A)T,R,(a ®b) = (T,R, ®¢)(a ®A(D)) =
(¢ ®T,R,)(T,R, ®¢)(a ®A(b));

(vii) (@R, T,)(A®¢) = (A®¢)R,T, and (R,T,®¢)
(¢t ®A)=(c AR, T,;

(viii) 1 ®)(A @ DR,T,=(R,T, ®1)(1 ®a)(A &
1);

(ix) (R,T,® 1 (T,R,), 5, = (TyR,) 5 (R,T, & 1).

Furthermore, we call A regular (or weak regular multi-
plier Hopf algebra) if the following conditions hold:

(1) oA is a comultiplication, where o is the flipping
map: A ®A — A ®A;

(2) (A,0A) is a weak Hopf bornological algebra,
where the two weak bijection maps 7 and 7, are defined
by T, (a®b)=A(a)(b@Dand T,(a®b) =(1Qa)A(b)
with weak inverse maps R, and R,, respectively, such
that T\R, = TRy and T,R, = T,R,;

(3) The antipode S satisfies

o(S®S)°o TR, =T,R, ° ¢ (S ®S)

Definition 6 If A is a *-algebra, we call A a weak
Hopf bornological *-algebra if comultiplication A is a
*-homomorphism, turning A into a WBHA.

Example 2 Let G be any Lie groupoid. Let G, de-
note a set of objects of G and G,, denote a set of mor-
phisms. The identity morphism on x € G, will also be de-
noted by x. The source and target maps will be denoted

by s and 7, respectively, i. e, for a:x — y in G, we
have s(a) = x and t (o) = y. The groupoid algebra is the
direct product kG = @ ku,, with multiplication defined

acG,
by the rule w,uy = u,, if s(a)=1(B), and u,u, =0 if
s(a) = t(B).

Define comultiplication A: kG — M (kG ® kG ) by the
formula A(u,)=u, ®u,, Yo e G,. It is obvious that
A is a comultiplication of kG. The identity ¢ of kG is de-

fined by ¢= @ u,. Therefore, we have A(¢)=
xeG,

D u, ®ux.

xeG,

The map T, is defined by
T.<ua®uﬁ>={ua®uaﬁ s =1(y)
0 others
which is a weak bijection, and its weak inverse R, is
given by
t(a)=1(B)
t(a) #1(B)

Furthermore, it is straightforward to check that T\ R, =
A(¢) and mR,T, = m. Similarly, the map T, is defined
by

Uyp ®u5 s(a)=1t(B)
s(a) = t(B)

which is a weak bijection, and its weak inverse R, is
given by

T,(u, ®uﬁ)=

Uy ®uﬁ s(a) =s(B)
0 s(a) = s(B)

It is straightforward to check that T,R, = A(¢) and
mR,T, = m.

Example 3 Let G be any finite Lie groupoid. A nota-
tion similar to that in Example 2 is used. Let A be the al-
gebra of complex finitely supported functions on G,,. In
this case, A consists of all complex functions on G,,. A
has a base {v,},. , and its multiplication is given by

R, (u, ®uﬁ) =

v, Vg =96, v, Theidentity ¢ of A is given by ¢ = z v,

aeG,
If we define A:A — A ®A using the form sum
Alv,) = Vg ®vﬁ,‘a, then A is a comultiplication
t(a)=1(B)
onAand A(¢) =

a,BeG,; tla)=1(B)

The map T, is a weak bijection, and its weak inverse
R, is given by (R, f)(a,B)=f(aB",B)
feA®A and a,B e G,. Similarly, the map T, is a
weak bijection, and its weak inverse R, is given by
(R,f)(a,B) =f(a, ' B).

It is straightforward to check that T\ R, = A(¢), T,R, =
A(¢), mR,T, = mand mR,T, = m.

Example 4 Suppose G = M is a Lie groupoid with a

when
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source s and target map £. We write CZ(G) for the bor-
nological algebra of smooth functions on G with point-
wise multiplication. We define a bounded linear map A
on C(G) as follows:

A:C7(G) —> M(CZ(G%G))
by
s(x)=1(y)

f(xy)
A ,V) =
(f)(x ») {0 others

for any x,y € G and fe C7(G). Then, we have bounded
linear maps T:C*(G)®C*(G)—M(C*(GxXG)),
with i = 1, 2 for A given by

T, (f®g)(x,y)=T,(fQg)(x,y) =

{f(xy)g(y) s(x)=1(y)

0 others
T,(f®g)(x,y)=T,(f®g)(x,y) =
{f(X)g(xy) s(x)=1(y)

0 others

forany x,y € Gandf,g € CZ(G).

For any f,g € CZ(G), obviously, Ais a homomor-
e., A(fg)=A(f)A(g).
whether T, (f®g) is a smooth function on G X G with
compact support.

Because the source and target maps s, ¢ are smooth sub-
mersions, we note that the inverse map i: G — G is a dif-
feomorphism by the global constant rank theorem.

phism, i. We now check

Now, we state that the support of T,(f ®g) is com-
pact. For this, we write U as {(p,q) € G X GIA(f)-
(1 ®g)(p,q)#0}. Note that the support of T,(f ®g)
is the closure of U.

For any (p,q)e U, if T,(f®g)(p,q)#0, then
A(f)(p,g)g(qg) = 0. Thus, g € supp(g). Meanwhile,
A(f)(p,g) =0 tells us that pg is defined,
f(pg)=0, i. e., pgesupp(f). Since p=(pglq ",
we know that p € m (supp(f) x i '(supp(g))), namely

and

K, where m: G X G, the multiplication of G, is a smooth
function. As mentioned before, i is a diffeomorphism,
so i ' (supp(g)) is compact. By the continuity of m, we
know that U is contained in K X supp(g), a compact set
of G X G, and G X G is a Hausdorff dimension; there-
fore, K X supp(g) is closed. Thus, U is a closed subset
of a compact set K. This tells us that the support of
T,(f ®g) is compact.

Similarly, T2(f ®g) is a smooth function on G X G
with compact support. Therefore, using Example 2, we
have

T,(C2(G) ®CZ(G))C C2(G)Wwh QCZ(G)
i=1,2

Next, we check whether A is coassociative. For this,
we only check whether

(T, ®id)(id ®T,) = (id T, (T, ®id)
based on the definition of comultiplication.
For any x,y,z € Gandf, g, h e CZ(G), we compute
(T, ®id) (id T ) (f ®g &h) [(x,y,2) =
(7, ®id) (f T, (g ®h)I(x.y,2)=

[T,(fOT (g ®h) T} (g ®h) J(x,y.2) =
FOTH (g @h)(xy)TH g ®h)(z) =
FCOT, (g ®h) (xy,2)=f(x)g(xy2)h(z)=
[((id T )N(T, ®id))(f ®g ®h) [ (x,y,2)

We define a bounded linear map

€ CIG) > C, fr D fle)

ee G,

where G, € M is the set of unit elements of a grou-
poid G.
Forany x € Gand f, g € CZ(G), we have

(e Q)T (fRg)1(x)= (T (fFRgNTX(fRg)(x) =
2 T (f®g) ()T (fRg)(x) =

eeG,

ST, (f®g)(ex) =

eeG,

> flex)g(x) s(e)=1t(x)

€ G,

0 others
where T,(f®g) = lel (f®g) T (fRg) in the
second equation above.

We define the idempotent element
M(C?(G x G)) as a function on G X G by

1 s(x)=t(y)
0  others

=(fg)(x)

A(l)=Ee

E(x,y)=

for any x,y € G. It is trivial to see that E is an idempo-
tent in M(CZ(G x G)). An antipode is given by S:
Cr(G)— C*(G)by S(f)(x)=f(x")foranyx e G.

3 Conclusions

Our work generalizes the classical notion of weak
Hopf algebras and Hopf bornological algebras. The find-
ings of the study can be applied to the cases of the classi-
cal notion of a Lie groupoid G = M expressed as a borno-
logical algebraic Lie groupoid CZ (G) and a Lie grou-
poid algebra CG. Our results can be used to consider
more interesting objects when focusing on the topologies
of some assumed bornologies, such as C* algebras and
locally convex spaces.

References

[1] HOGBE-NLEND H. Bornologies and functional analysis
[M]. Amsterdam: North-Holland, 1977.

[2] MEYERR. Smooth group representations on bornological
vector spaces [J]. Bulletin Des Sciences Mathématiques,



410

FU Ruolei and WANG Shuanhong

(3]

(4]

(5]
(6]

(7]

(8]
(9]

2004, 128(2): 127-166.

MEYER R. Combable groups have group cohomology
of polynomial growth[J]. The Quarterly Journal of Math-
ematics, 2006, 57(2): 241-261.

MEYER R, MUKHERIJEE D. Dagger completions and
bornological torsion-freeness [J]. The Quarterly Journal
of Mathematics, 2019, 70(3): 1135-1156.

VOIGT C. Bornological quantum groups [J]. Pacific
Journal of Mathematics, 2008, 235(1): 93-135.

BOHM G, NILL F, SZLACHANYI K. Weak Hopf al-
gebras | . Integral theory and C-structure[J]. Journal of
Algebra, 1999, 221(2): 385-438.

KUSTERMANS J, VAN DAELE A. C*-algebraic quan-
tum groups arising from algebraic quantum groups [J].
International Journal of Mathematics, 1997, 8(8): 1067-
1139.

SWEEDLER M E. Hopf algebras [M ]//Mathematical
Lecture Note Series. New York: Benjamin, 1969.
KUSTERMANS J, VAES S. A simple definition for lo-

[10]

(11]

[12]

[13]

[14]

cally compact quantum groups [J]. Comptes Rendus de
L’ Académie Des Sciences-Series | -Mathematics, 1999,
328(10): 871-876.

KUSTERMANS J, VAES S. The operator algebra ap-
proach to quantum groups [J]. Proceedings of the Na-
tional Academy of Sciences of the United States of
America, 2000, 97(2): 547-552.

DAELE A V. Multiplier Hopf algebras[J]. Transactions
of the American Mathematical Society, 1994, 342(2) .
917.

YOU M M, LU D W, WANG S H. Crossed products
for Hopf Group-algebras [J]. Journal of Southeast Uni-
versity (English Edition) , 2021, 37(3): 339-342.
ZHANG S L, WANG S H. Fundamentals of quasigroup
Hopf Group-coalgebras[J]. Journal of Southeast Univer-
sity (English Edition), 2021, 37(1): 114-118.

YAN D D, WANG S H. Diagonal crossed product of
multiplier Hopf algebras [J]. Journal of Southeast Uni-
versity (English Edition), 2020, 36(2): 241-244.

558 58 Hopf R
fEE, TR

(RaXFHFFR, H®210096)

FZE: ALFIANT 3R A Hopf KA ME A, 3% Z B BF )™ T 33 Hopf /X2 55 A % A! Hopf /X 2 89 2 S 4E
Ro IS FERRKEMSEI ARG AR, AL G R B IE R 8 5B IER AT
o) Hopf B 46 #), KL B 5% B T 554 A Hopf R4 2 L5 A AR, ER T & F 5 — % 55 Hopf K3 %
WM EZER  m R AT E— ALk AREORESE, RE,FRT AMRSTHIE L3 AH A
Hopf R M , MET HTFEARAF, FHETENILE SR LEE, ZREAV, BARSHTHA
FREBEIRe) R FH, ZIIAER A Hopf BRI A AF RABAET A , L ARRAE L BATHEY T
89 3¢ AR BB R I RE T ik iR

K1 : (53) A A Hopf 444 ; 35 Hopf X34 ; B AE ; B3k % = 4]

hESES: 0153



