Journal of Southeast University (English Edition)

Vol.32,No. 1, pp. 132 - 134

Mar.2016 ISSN 1003—7985

Hypersurfaces with constant mean curvature in unit sphere
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Abstract: The pinching of n-dimensional closed hypersurface
M with constant mean curvature H in unit sphere §"*' (1) is

considered. LetA = Zzh?fk(A' +nH)*, B = thﬂ((/\i +nH) -
iJs (A
(A, +nH),S = 2 (A, +nH)®, where h, = ,8,. Utilizing

Lagrange’s method, a sharper pointwise estimation of 3(A —2B)
| Vh|? is obtained, here | Vh|®
. Then, with the help of this, it is proved that M is

in terms of S and

isometric to the Clifford hypersurface if the square norm of
form of M
the pinching result of the minimal

the second fundamental satisfies certain

conditions. Hence,
hypersurface is extended to the hypersurface with constant
mean curvature case.
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et M" be a closed hypersurface immersed in a unit
L sphere $"*'(1). The symbols S and H denote the
square norm of the second fundamental form and the
mean curvature of M, respectively. Assuming H = 0,
i.e., the minimal hypersurface case, Simons'"
the first pinching result. More precisely, he showed that
if 0<S<n, then S=0 and M is totally umbilical or S=n
and M is isometric to a Clifford torus. Later, Yang and
Cheng'” studied the scalar curvature pinching theorem.

obtained

Recently, Wang and He"™ proved that if n<S<n +

a(n), then S=n and M is a Clifford torus S*( Vk/n) x
S"*(J/(n-ky/n)(k=1,2,....,n—-1), where a(n) is a
positive constant depending only on n. Furthermore,
many researchers began to consider the pinching problem
for constant mean curvature hypersurfaces'*™ . In 2013,
Xu et al.'™ obtained the second pinching result for a
closed hypersurface with sufficiently small mean curva-
ture. However, they did not give the concrete gap. In
this paper, we give a concrete expression to the pinching
constant by making use of another method inspired by
Wang and He"™ . More precisely, we prove the following
theorem which is a generalization of corollary 1.1
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in Ref. [3].
Theorem 1 Let M be an n-dimensional closed hyper-
surface with constant mean curvature H satisfying | H |

<e(n) in §"'(1). If S, <S<S, +a(n, H),

nH +n(n—2)
2(n-1) 2(n-1)
2 [ 4n’ 2

S,=n+ WH +4(n-OH (1)

2 4 2 2
a(n,H)z?— 9(n—1)+?n +?n (n+2)]H -
4”(”-2) 0 _ )
o) nH +4(n-1)H (2)

Then S=S,. Furthermore, M is isometric to a Clifford

torus S( Vk/n) xS"*(J/(n-k)/n) (k=1,2, ....n
—-1) if H=0, and M is isometric to a Clifford hypersur-
face C,,_, if H##0, where ¢(n) is a sufficiently small

constant depending only on n, and C is defined as

l,n-1

c

1 A
=5 () (]

bt («/1+)\2) J1+A?

_nH+ J/n’H +4(n-1)

2

A

Remark 1 When M is minimal, i.e., H =0, we ob-
tain from (2) that a(n, 0) =2/3. Then Theorem 1 re-
duces to Corollary 1.1 in Ref. [3].

1 Preliminaries

We use the similar notations as in Ref. [5]. Choose a
local orthonormal frame e,, e,, ..., ¢,,, in $"*' (1) such
that e,, e,, ..., e, are tangent to M. Let w,, w,, ..., w
w,,, be the corresponding dual coframe. The symmetric

n’

2-form h = 2 h;w,w; is called the second fundamental
wj

form of M. Since h[j is symmetric, we can choose a local

orthonormal frame e,, e,, ..., e, such that h; = A,6,. Then

we have

nH= 3 A, S= Y A\
Set
fit = ; hhh, = 2 A
fir = i;lh,,hjkhk,h,i: 2 Az
A= ; WA, B= Y KA,

ijk

A=Y s B= 3 hypa S= 3
1] !

i k

M, =A; +nH

Direct calculation gives
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S=S+n’(n+2)H (3)

1" Let M be an n-dimensional closed hyper-

then

Lemma 1
surface with constant mean curvature H in S"*'(1),

%AS:S(n—S) -W’H +nHf,+ | VR]®  (4)

;—A( | VA =2n+3-8) | VA |* -

jM<A—2B>= fM[S.ﬁ ~f =8 +nHlf, =~ | VS |?] (6)

| Vh | 2;%[@3 —f =8 =S(S-n) —-n"H +2nHf,] +

3[S(S -n) +n’H - nHf,]’
2(n+4)(S -nH)

(7)

Lemma 2 Let M be an n-dimensional closed hyper-

3 3 surface with constant mean curvature H in S"”(l), then
5 (A-2B) -—+(A-2B) - 3(A-2B)<25| Vh|’ (8)
insz YR+ | V3R (5) Proof First, we use Lagrange’s method to calculate
2 the maximum of the following function:
3% by —dpp) + D 200 g ) = (et )]
lp — i#j iFjEkAL (9)

under the constraints
S =8 Y po=nn+DH, | Vh|*=
Let
=i +m (Y p =8)+m[ Y p,—n(n+DH] +
my(| Vh|® -
Since ¢ is continuous on closed hypersurface M, ¢ can
reach its maximum ¢(q) at g = (@, iys ---s i, b)) . Di-
rect calculation gives that

> 20w ) — () ] <

i#jFEkAL
N 2m (g vp) <28 0Y b, (10)
i#jFAkAL iFEjFEkAT
Using the similar approach as in Ref. [3], we have the
following estimate:
; By —4pm,) <288, j=1,2,..,n (11)
i#]
Adding (10) and (11), we obtain
3 2 7112,,(,‘7«]2 _4,&1‘/-7»_;') + 2 7112],([2(/1? +ﬂf +/1§) -
i#j i#jFEkAL
(; +p; +p,) '] <688, +28 ;=
iAjEkA
28 Y 3h;,; +28 Y, h,<2aS (12)
i#j i#EjAEkAL
Then
2aS
W@ <o =2 (13)

Since (q) is the maximum of ¢, we have

3 My —4uu) + Y, H[2u] 4 ) -
i#j _ i#jEkAL
(i +py +p)'1<28 | VR |” (14)

Hence, it is straightforward to compute that

3(A-2B) =3 Z h () —2um,) =

-3 2 /J,, hm +3 Z h”,(,U«, —duu,) +

i

S| vhn|®

z h?fk[z(/"“rz' +/J“? +:ui) = (u, +u; +Mk)2] =

it Ak

3 z hij(,u]z' _4:‘Lj/-Li) +

i#]

D M2+ ) = ()’ <

i#jEkA

28| vhl?

2 Proof of Theorem 1

Proof By using (4),
we have

(5) and direct computations,

fMS(n _s) = fM(nsz —nHf, - | Vi |? (15)
fM%\ VS|® = [1S(S=m) +0'H'S —nHS, -
S| val™ (16)
[ 1venl® =fM[(S—2n—3 +%n2H2) [ VA +
%(A ~2B) +%(A _2B) +%\ Vs 2]
(17)

It is proved directly that S=S, is equivalent to

Y U n(n-2) |H| <0
’ 2 v/n(n-1)

m‘
Then
S(S-n) +n*H - nHf, =
~(S=nH) [n+n = (S=nH) -nH ¥, (A -H)' ]| =

(S—nff)[—n b +§ —ppf =D 2 | /S I-f]

2. /n(n-1)
—(S-nm[ +/S—nif - ”2(”/% E
st n2(n/n(2’)17_1;1]>0
Note that L = LSS =m) +n i _an‘}] =0, then

2(n+2)(S -nH")
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(7) gives
\ Vzh\ZB%[Sﬂ —fi =S =S(S-n) —n’H +2nHf,]
(19)
We derive from (6), (15) and (19) that
fM | V| =
fM[%(Sﬁ —f -8 +nHf, - | Vh|Y]Z
fM[%(A ~2B) +%\ VS |? - )] o

By the above inequality and (17), we deduce

3,3 00 2,304 oz
f[(s —n -+ H)\Vh\ + (A =2B) +
7 2
Slvslt] = (21)
So we obtain, from (3), (8), (16) and (21), that

3 2 3 5 5
—?)‘Vh\ +(2n +n(n+2)).

JL(=5

H | Vh|® +%S(S(S -n) +n’H —nH]g)] =0
(22)

Now, we choose g (n) sufficiently small such that
| H| <e&(n) and a(n, H) >0. According to S, <S<S,
+a(n, H), we deduce from (15) and (16) that

jS[S(S —n) +’H —nHf,] <
(S, +aln, H))f [S(S —n) +n’H —nHf,] <
(S, +a(n,H))f | vh|? (23)

Then from (22) and (23), we obtain

BAUXEREEE

EXW

\f{ —S 2n—% %[So+a(n,H)] +

[%nz + i (n +2)]H2} | Vh|® =

—f}T(S—SO)\Vh\ZsO (24)
M
We finally conclude that
fi(s-so)\VhV:o (25)
4

Therefore, S=S,0or | Vh| =0. If | VA | =0, then
all of the above inequalities become equalities. From
(18), we also have S =S,. Then S=S§, and M is isomet-
ric to a Clifford hypersurface. So, we complete the proof
of Theorem 1.
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