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Abstract: Let R be an associative ring with unity 1. The
existence of the Moore-Penrose inverses of block matrices over
R is investigated and the sufficient and necessary conditions for
such existence are obtained. Furthermore, the representation

0 A
of the Moore-Penrose inverse of M = [ c B] is given under

the condition of EBF =0, where E =1 - CC' and F =1 -
A’A. This result generalizes the representation of the Moore-

0 a
Penrose inverse of the companion matrix M = [ I ] due to

b
Pedro Patricio. As for applications, some examples are given
to illustrate the obtained results.
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et R be an associative ring with unity 1 and involu-
Ltion * , which is an anti-automorphism of degree 2
inR: (x*)" =x, (x+y) " =x"+y" and (xy) " =y " x"
for all x,y e R.

An element a € R is said to be regular if there is an ele-
ment a~ of R such that aa ™ a =a, or equivalently axa =a
is a ring consistent equation. In this case, a~ is called a
{1}-inverse of a. Let M,,_,(R) denote the ring of all m x
n matrices over R. We denote M, . (R), M, ,(R) and
M, ,(R) by M,(R), R" and R", respectively. A matrix
A is said to be Moore-Penrose invertible with respect to
%, if there is A" such that

AATA=A, ATAA" =A",(AA")" =AA", (A'A) " =A"A

It is well known that the Moore-Penrose inverse is
unique if it exists.

The existence and representations of the Moore-Penrose
inverse ( MP-inverse) of matrices over various settings
have been considered by several scholars'' ™. Recently,
Hartwig and Patricio™ obtained new expressions for the
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0
MP-inverse of the matrix [Z d] over a =* -regular ring.

Zhu et al. investigated the MP-inverse of M = [Z 2]

over a * -regular ring satisfying SC,. It is well-known
that R is a * -regular ring if and only if all the elements
in R are MP-invertible, and that M,(R) is a = -regular
ring if and only if R is a regular * -ring satisfying SC,"”".
That is to say, in this case, there is always the MP-in-
verse of A e M,(R) over a * -regular ring. In Ref. [7],
the conditions for the existence of the MP-inverse of the
(n+1) x(n + 1) companion matrix in the form M =

0 a
[ 7 b] over an arbitrary ring are considered and the for-

mulae of M is established. This paper is to present some
equivalent conditions concerning the existence of MP-in-
verse of block matrices over an arbitrary ring. In what
follows, we use the symbols R(A) = {Ax \ x e R"} and
R (A) ={xA | x eR"™} to denote the range of A and the
row range of A, respectively.

1 Main Results

Lemma 1"
be a regular inverse of a.

Let a € R be a regular element, and a~
The following conditions
are equivalent:

1) a is Moore-Penrose invertible;

2) u=aa" +1 —aa” is a unit. Moreover, (a’)"
=u'a.

Lemma 2 Suppose that A e M, (R) and A is regular,
then the following are equivalent:

1) A is Moore-Penrose invertible;

2) R(A) =R(AA") and R (A) =R (A" A);

3) Matrix equations A =AA" X and YA" A = A have
solutions over M, (R).

Furthermore, if A is Moore-Penrose invertible, then A"
=A"XY" (AA") ", where X, Y are the corresponding
solution sets of the matrix equations in 3).

Proof 2)&3) Itis clear. Thus we only need to prove
1)s2).

2)=1). By hypothesis, there exist X, Y such that A =
AA"X and YA"A=A. Then A=A(A"AY )X and A =
Y(X"AA")A. This implies that R(A) = R(AA" A) and
R (A) =R, (AA"A). Thus, A is Moore-Penrose inverti-
ble (see Ref. [8]).

1)=2). It is well known that A" exists if and only if
R(A) =R(AA"A) and R, (A) =R, (AA" A). So we
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obtain R(A) =R(AA") and R (A) =
By Ref. [8], we have that v =AA "

R(AA).

+I-AA" is a unit

of M (R). Also, v' =AA (YX")AA™ +1 - AA~
(YX*)AA". It is simple to check that A" = A* XY*
(AA7)

0 A
Proposition 1  Suppose that M = [ B BC A] such

that A, B are regular. Then M is Moore-Penrose invertible
if and only if A and B are both Moore-Penrose invertible.
Proof We give the decomposition of M as follows:

0 AyI CA
velp llo Tleve o
and
01710 A
M_[BC 1] B 0]‘PN (2)
By Ref. [9], it is simple to determine that M is regu-

lar. According to Egs. (1) and (2), it follows that

I 0(B°B 0 1{I CA
MM:[(CA)* 1][ 0 A*A][o 1]
and
. 077 AA”
MM :[BIC 1][ 0 BB’ ”I (BC) ]

By Lemma 2, M is Moore-Penrose invertible if and on-
ly if MM*X =M and YM ™M =M are consistent.

Let X = [(I) -(BO) *][xl

From [AA Bl(;’] 2 X [B 0] we have
AA"x, =A (3)
BB x, =B (4)

I 0
Similarly, set Y = [yl yz] [ ]

-(ca Ir
Y yz][B*B 0
BTN 0 A"A

3

From [ ]: [g 13, it

follows that

vAA=4A (5)

y:B'B=B (6)

In view of Eqgs. (3) to (6), one can see that A, B are
MP-invertible if and only if MM*X =M and YM "M =M
are consistent, as desired.

In the following, we will characterize the MP-invert-

A
ibility of M = [2‘ B] under the condition of EBF =0,

where E=I1-CC" and F=1-A"A.

[2‘ 2] such that A",

C’ exist and EBF =0. Then M exists if and only if u =1

Theorem 1 Suppose that M =

+C'BF(C'B)* and v=I+ (BA") "EBA" are invertible.
If M is Moore-Penrose invertible, then
MT — Ml M2
M, M,

where
M, = -u'C'BA'v"'
M,=u"'C'[I-BA'v"'(BA") "E]
M,=TA'v"'
M,=TA'v '(BA") "E+F(C'B) "u"'C
T=I-F(C'B)*u"'C'B

Proof Note that EBF =0 and M is regular according

to Ref. [9]. We give the decomposition of M as follows:

“Lena e allo

I 0y, ¥ 1 0
LetY:[EBA* I][y; yj][-(c*B)* 1]'

From YM"M =M, we have
0 A Y 0
[C 0 [yg “ A'A +(BA'A) *EBA'*A]
(7)
So, we obtain
y,C°C=0 (8)
y,[A"A +(BA'A) "EBA'A] =A (9)
y,C°C=C (10)
y,[A"A +(BA'A) "EBA'A] =0 (11)

It is clear that Egs. (8), (10) and (11) are always
consistent. Also, y,[A"A + (BA'A) " EBA'A] = A is
equivalent to y,A* [I + (BA") "EBA"] =AA". Setv =1
+(BA") "EBA". It is simple to check that vAA" =AA"y.
If v is invertible, then Eq.(9) is consistent,
v (AT

Conversely, suppose that Eq. (9) is consistent. From
y,A"AA'VAA" =AA" and v =v, we obtain that R(AA")
=R(AA'vAA") and R, (AA") =R.(AA"vAA"). By Ref.
[8], we find that AA"v + I — AA" is invertible. Note that
AA"v +T-AA" =v. Thus,

Similarly, we give the decomposition of M as follows:

and y, =
is a solution.

y is invertible.

I 0][0 A][I C'BF

M:[BA"‘ c ollo 1

(12)

which leads to
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T R [ |

CC" +BFB" 110 1
(13)
_ y*qrx, x T
LetX:[I (BA") ] | 2 [I C'BF
0 1 x, x,/L0 1
From MM " X =M, it follows
AA” 0 X, X, 0 A
= 14
[ 0 CC;"+BFB;"][x3 x, [C 0] (14)
Therefore,
AA"x, =0 (15)
AA'x, =A (16)
(CC*" +BFB")x,=C (17)
(CC* +BFB")x, =0 (18)

It is simple to determine that Eqs. (15), (16) and
(18) are consistent by Lemma 1. That implies that M
exists if and only if Egs. (9) and (17) are both consist-
ent. By EBF =0, we can find that Eq. (17) is equivalent
to

[I+C'BF(C'B)"]1C"x,=C'C (19)

Setu=I+C'BF(C'B) *. Thus, C'Cu =uC'C.

If u is invertible, then Eq. (19) is consistent, and x; =
(CH "u"is a solution.

Conversely, assume that Eq. (19) is consistent.

From C'CuC'CC* x, = C'C and u"* = u, we obtain
R(C'C) =R(C'CuC'C) and R,(C'C) =R .(C'CuC'C).
By Ref. [8], we find that C'Cu +I - C'C is invertible.
Note that C'Cu +I - C'C =u. Hence, it follows that u is
invertible.

By direct computation, it is simple to find that

- -(u'C'BA))" (A" -(u"'C'BA") *C*‘BF]

(u’'CH” (u'C"*C'BF
and
Y_[ _(C?BA"LV—I)* (A+vil)*
“L(c’y" -EBA'(C'BA'v')" EBAT(A'v)"

are the solutions of MM *X =M and YM "M =M. Using

Lemma2, M' =M"XY* (MM )". A direct computa-

.M
tion yields M' = [ where

1 Mz]
M, M|
M, =-u'C'BA'y"
M,=u"'C'[I-BA'vy '(BA") "E]
M,=TA'y"'
M,=TA'v '(BA") "E+F(C'B) "u™'C"
T=I-F(C'B)*u"'C'B

0 A
Corollary 1  Suppose that M = [ C B] such that A",

C’ exist and B = CC'B. Then M exists if and only if u =
I+C'B(I-A'A)(C'B) " is invertible.

If M is Moore-Penrose invertible, then M =
M, M, .
i ) o

M, =-u'C'BA", My=u"'C', M, =TA"
M,=(I-A"A)(C'B) ‘u'C’
T=I-(I-A"A)(C'B) "u"'C'B

0 A )
Corollary 2 Let M = [ c B] with A', C" exist and

B =BA'A. Then M' exists if and only if v =1 + (BA") "
(I -CC")BA' is invertible.

If M is Moore-Penrose invertible, then M =
M, M, tpAty -l T
M, M4,WhereMl:—CBAv,M2:C[I—

BA'y '(BA") "El,M,=A"v',M,=A"v '(BA") "E.

Note that I + B* (I -A'A) B is invertible if and only if
I+BB"(I-A"A) is also invertible. Then we have the
following result which generalizes the relative results of
Ref. [7].

Corollary 3 Given a e R such that a' exists and b =
{b,, b,, ..., b,}", then the following are equivalent:
0
1

n

a
1) The companion matrix M = [ b] is Moore-Pen-

rose invertible.
2) 1+(1=a'a)b*b(1 —a'a) is a unit of R.
3) 1+b°b(1 —a'a) is a unit of R.
4) 1+(1 -a'a)b*b is a unit of R.

2 Examples

Example 1 Suppose that S =Z,, and R is the matrix

ring over S with transposition as the involution, and set C
4 4 -4 -4 -4 0
SR i R Sl

4 4 -4 0
0 A . i "

[ c B]' By a direct computation, we have C' =

4 4 + -8 0 . .
[4 4],A _[—8 0 and CC'B = B. It is simple to
find that u =1,, then M exists, and using Theorem 4 or

-4 0 4 4

. s -4 0 4 4

Corollary 5, we obtain M' = 80 0 0

0 0 -8 -8
Example 2 Consider the complex matrix ring R with
0 A]

transposition as the involution, and set M = [ C B

1 0 1 0 1-i i
where A = [ | B=[, Jandc=[, 7 ).
It is simple to find that CC* X = C and YC" C = C,
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-1 0
where X = [1(6+3i) —L(2+i) and Y =
5 5
1 1+Li
L Clearly, C* =C is regular. Then by Lem-
0 —71'

ma2, C'=C" XY (CC )", then we have C' =
1r1+3i 1+3i
10l -2-i -2-i
EBF =0 and u =1,, then M’ exists. Using Theorem 1,
we can obtain

]. By a direct computation, we have

. 1 3. 1 3.

2 +6i 0 10+101 10+101

. 1 1 1 1

. R S U B

M' = 4-2i 0 5 101 5 101
1 0 0 0
0 0 0 0
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